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PREFACE 


This book is designed to emphasize those aspects of classical electricity 
and magnetism most useful to the modern student as a background both 
for experimental physics and for the quantum theory of matter and radia** 
tion. We have made no attempts at novelty beyond those inherent in 
looking at subject matter that has become a part of the foundations of 
physics, and has thus gained in usefulness as it has lost in immediacy. 
While no rigid adherence to historical development is attempted, the em- 
phasis is on physical theory as evolved from fundamental empirical laws 
rather than on mathematics and strict internal logic. Thus MaxwelFs 
equations are derived from the experimental laws of Coulomb, Ampere, 
and Faraday, instead of being postulated initially. In the opinion of the 
authors the physical concepts emerge more cieaiW in this way, and the 
approach represents the manner in which physical theory evolves in prac- 
tice. The field formulation is preferred to the action-at-a-distance view- 
point even in electrostatics, however, since for the con\'entional treatment 
it is more readily extended to the nonstatic case. This despite the fact 
that it is possible, both for static and for nonstatic phenomena, to formu- 
late an entirely consistent electromagnetic theory’' based on the delayed- 
action-at-a-distance principle. 

The climax of 19th century electrodynamics was the theory of electro- 
magnetic waves and its confirmation, and it is inevitable that any treat- 
ment of the subject today includes the principles of recent applications 
involving metallic boundaries. The introduction of the electrodynamic 
potentials and the Hertz solution of the wave equation are treated in the 
conventional way, but we have chosen to introduce the special theory of 
relativity before undertaking the theory of the electron. Historically the 
evidence was building up simultaneously along two separate lines, and 
many of the early difficulties in the derivation of radiation theory as ap- 
plied to elementary charges were clarified in a very simple way by rela- 
tivistic considerations. This approach has the advantage that the other 
problems of classical electron theory, especially those which have taken 
on added significance with the advent of quantum theory, can be ex- 
hibited more clearly. 

Rationalized mks units are used throughout, simply because the ma- 
jority of modern reference books and papers are now written in this sys- 
tem. Especially in the consideration of the electron, all quantities are so 
written that they can be immediately translated into Gaussian units. In 


V 


Ai)i)endix I will be found a discussion of the units in current use, and 
Uiides t*o!itaiu the fundamental relations of electrodynamics expressed in 
\’ario!is systems as well as numerical conversion factors. 

llie I ext is !)ased on graduate course lectures given one of us (Panof- 
sky) at tlie University of California and Stanford University. Early 
mimeographed notes on much of the subject matter were prepared with 
t'he aid of Howard Chang, Roger Wallace, Richard Madey, and Lee 
Aamodt. whose help is gratefully acknowledged. The editorial help of 
iMiss Laurose Becker is also acknowledged with thanks. 

Tile reader is assumed to have had courses in advanced calculus, differ- 
ential equations, vector analysis, and, at least for the latter portions, is 
assumed to be familiar with classical mechanics on the graduate level. 
Prior knowledge of tensor analysis would be helpful, but is not necessary, 
lli^ferenees to appropriate collateral and background material are included 
at tile end of each chapter, with some indication of what relevant material 
is to he found in each reference, and a full bibliographical list is given at 
the end. 

Tfie presentation is designed to be somewhat flexible, depending on the 
organization of course material. For purely theoretical courses Chapters 
4 anti a, together with portions of other chapters dealing with particular 
app]i<*ations of potential theory, etc., may be omitted entirely. Some of 
the marerial in Chapter 11 is often covered in optics courses. And if a 
course in relati\'ity theory is given separately Chapters 14-17 may be 
omitted, since we have endeavored to make Chapter 18 continuous with 
Chapter 13, insofar as the theory of radiation is concerned. 

A final word about problems: for the most part they are designed to 
supplement the text. It had been our intention to give credit to original 
sources for those we did not invent ourselves, but in almost every case 
this turns out to be impossible: like discoveries, problems are rarely made 
siiigiv, and in a subject as old as this ingenuity mainly recreates old ideas. 
And despite our adherence to the exhortation used by Becker, ye 
doers of the word and not hearers only, deceiving your own selves,’^ we 
have not concentrated primarily on problem solving. The heart of the 
matter, we belie\o, lies in the ideas and their development. 
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CHAPTER 1 


THE ELECTROSTATIC FIELD IN VACUUM 

The interaction between material bodies can be described either by for- 
mulating the action at a distan(‘,e between the interacting bodies or by 
separating the interaction process into the production of a field by jne 
system and the action of the field on another system. These two alterna- 
tive descriptions are physically indistinguishable in the static case. If the 
bodies are in motion, however, and the velocity of propagation of the 
interaction is finite, it is both physically and mathematically advantageous 
to ascribe physical reality to the field itself, even though it is possible in 
the electromagnetic case to replace the field concept by that of “delayed 
direct interaction.” Moreover, the concept of field as describing the 
physical condition of space has played a key role in the historical develop- 
ment of electromagnetic theory. We shall therefore formulate even the 
electrostatic interactions as a field theory, which can then be extended to 
the consideration of nonstatic cases. 

1-1 Vector fielas. Field theories applicable to various types of interac- 
tion differ by the number of parameters necessary to define the field and 
the symmetry character of the field. The electric field is a three-dimen- 
sional vector field, i.e., a field definable by the specification of three com- 
ponents. The term “vector field” implies that the field components trans- 
form like coordinate intervals under transformations of the coordinates. 
Electric fields are also linear fields, which obey the principle of super- 
position, i.e., two or more fields may be added geometrically to deter- 
mine the resultant field. The theory of vector fields was developed in 
connection with the study of fluid motion, a fact which is betrayed re- 
peatedly by the vocabulary of the theory. We shall consider some general 
mathematical properties of such fields Defore specifying the physical con- 
tent of the vectors., 

All vector fields are uniquely defined if their circulation densities and 
source densities are given functions of the coordinates at aU points in 
space, and if the totality of sources, as well as the source density, is zero 
at infinity . Let us prove this theorem formally. Consider a three-dimen- 
sional vector field N{x,y,z) such that 

V • V = s, 


V X V = c. 

1 


( 1 - 1 ) 

(1-2) 


We shall first show that if 


where 


and 


(l)(Xa 


A(xc^ 
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f VXA, 

(1-3) 

■ sCxi) 



(1-4) 

r(Xa,Xa) 


C(Xa) f 

—dv , 

(1-5) 

r(Xa,Xa) 



then V satisfies Eqs. (1-1) and (1-2). 

It is necessary to examine the notation of Eqs. (1-4) and (1-5) before 
proceeding with the proof. The symbol Xa stands for x, y, z at the field 
point; the symbol stands for re', ?/', 2 :' at the source point; the function 
r(xa,Xa,) is the symmetric function 


r{XajXa) 


- 2:a)^ 


representing the positive distance between field and source point. The 
reader should note carefully the functional relationships explicit in Eqs. 
(1-4) and (1-5). In integrals of this type these functional dependences 
will often not be fully stated; for example, we may write the volume 
integrals 


1 


(1-40 

^ = w j 

1 -dv' 

47r J 

r 

1 



^ = :r 1 

1 -dv', 

(1-50 

47r J 

as a short notation. 

r 

Let us demonstrate that V as expressed by Eq. (1-3) is 

a solution of 


Eqs. (I'l) and (1-2): 

V • V = - + V . (V X A) = 



The Laplacian operator operates on the field coordinates; hence 




( 1 - 6 ) 


l-l] 

Now we can show that 
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for any arbitrary function / so long as the volume of integration includes 
the point r = 0. The 5-function is not an analytic function but essentially 
a notation for the functional properties of the three defining equations. It 
will always be used in terms of these properties. 

Since it is evident by direct differentiation that V^(l/r) = 0 for r 7 ^ 0, 
we have only to prove that 

j V^{l/r)dv' = ~- 47 r (1-11) 


in order to verify Eq. (1-7). [In Eq. ( 1 - 11 ) the point r = 0, that is, 
Xa = is included in the volume of integration.] By the application of 
Gauss’s divergence theorem, applicable to any vector V, 

Jv • V dw = y V • dS, 

it is seen that 



where 0 is the solid angle subtended at Xa by the surface of integration 
S' over the variables x'^. Since S' includes x^, we have simply /d £2 = 4x, 
and Eq. (1-11) is verified. Hence from Eqs. (1-6) and (1-10), 


jsix:,) 5(r) dv' = sixa), (1-12) 


which was to be proved. 
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Similarly, 

V X V = -V X V(^ + V X (V X A) = V(V • A) - V^A 

-j; 0*1 

We shall be able to show that the first integral vanishes if c is bounded in 
space. If we anticipate this result, we see immediately, from Eq. (1-/ ), 

that 

V X V = / c(a:«) 5(r) dv' = c{Xa), (1-14) 


so that Eq. (1-2) is also satisfied. 

To prove that the first term of Eq. (1-13) vanishes, let us examine the 
coordinate variables involved in the integrand. The operator V has the 
components d/dxa. If we introduce the operator = d/dx^, operating 
on the source coordinates, then for any arbitrary function g[r(xa^Xa)], we 
have 

Vg = -Vg. (1-15) 

Therefore the first integral of Eq. (1-13) may be written 

I =j(c-V)V 0 dv' =jic- VOV' dv'. 

The differential operators now operate on the variables of integration and 
we may integrate by parts. Each component of I becomes 



The second integral vanishes because the divergence of c is zero, since 
c = V X V. The first term can be transformed to a surface integral by 
means of Gausses theorem; if c is bounded in space the surface may be 
taken sufficient!}?' large so that c is zero over the entire integration. Hence 
Eq. (1-16) is zero, and the proof is complete. 

We have thus proved that if the source density s and the circulation 
density c of a vector field V are given everywhere, then a solution for V 
can be derived from a scalar potential (j> and a vector potential A. The 
potentials (#> and A are expressed as integrals over the source and circula- 
tion densities. 

It can be proved that this system of solutions is unique if the sources 
are bounded in space, i.e., there are no sources at infinity, and thus the 
fields themselves vanish at sufficiently large distance from the sources. 
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Suppose that there are two functions, Vi and V 2 , which satisfy Eqs. (1-1) 
and (1-2). Their difference, the function W = Vi - V 2 , obeys the con- 

ditions 

V • W = 0 , (1-17) 

V X W = 0, (1-18) 

at every point in space and is zero at infinity. If we now show that W 
vanishes everywhere, we shall have proved that for finite sources there is 
only one solution for Eqs. (1-1) and (1-2). To prove this we note that if 
Eq. (1-18) is satisfied we can always put 

W = (1-19) 

and, from Eq. (1-17), 

VV = 0 (1-20) 

everywhere. If we apply Gauss’s divergence theorem to the vector 
we obtain 

jm • J dv. (1-21) 

The left side vanishes if the boundary is taken at sufficiently large dis- 
tance from the sources, since tends to zero at least as 1/r, and the first 
term on the right is identically zero because of Eq. (1-20). Therefore 
Eq. (1-21) reduces to 

j dv==j (W)2 dv = 0, (1-22) 

and hence W = Vi — V 2 = 0 everywhere. Thus V as given by Eq. (1--3) 
is unique. 

We have gone into this formal proof in great detail not only because 
the theorems are of fundamental importance but also because the methods 
are of general usefulness throughout the study of electromagnetic fields. 
For convenience, let us summarize the results obtained : 

(a) If the source density s and the circulation density c of a vector 
field V are given for a finite region of space and there are no sources at 
infinity, then V is uniquely defined. 

(b) If V has sources s but no circulation density c, V is derivable from 
a scalar potential cp. 

(c) If V has circulation density c but no sources s, V is derivable from 
a vector potential. 

(d) V is always derivable from a scalar and a vector potential. 

(e) At points in space where s and c vanish V is derivable from a scalar 
potential (p for which V^<p = 0, or from a vector potential A for which 
V X V X A = 0. We may add that at such points the field is said to be 
harmonic. 
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(f) If s and c are identically zero everywhere, V vanishes everyivhere. 

(g) The uni(|iie solution for V in terms of s and c is given by means oi 
the potentials as expressed by the integrals (1-4) and (1--5). 

(h) We have established a systematic notation for source and field 

coordinates. If we add the convention that the vector r points jroni 
source to field point we may extend our list of useful mathematical re- 
lations: O,. / V 4 ./X 

V^(l/r) = —Att 5(f), 


V[g(r)] = -V'[g(r)L 
Yf = — V'f = r/r, 


V • r = +3. 


These properties of general vector fields will be indispensable in the 
physical considerations which follow. We shall have a consistent field 
theory representing the empirical laws of electricity and magnetism when 
we have written these laws as a set of equations giving the source and 
circulation densities, i.e., the divergence and curl, of the field vectors rep- 
resenting the electromagnetic fields. This is the fundamental program of 
classical electromagnetic theory. 


1-2 The electric field. We shall first consider the electrostatic field in 
vacuum. The electric field is defined in terms of the force produced on a 
test charge q by the equation 

F 

limit— = E, (l-“23) 

g->o q 

where F is the force (newtons) on the test charge q (coulombs). The 
definition is entirely independent of the system of units, but in the mks 
system* the electric field E defined by this equation is in volts per meter. 
The limit g — > 0 is introduced in order that the test charge will not influ- 
ence the behavior of the sources of the field, which will then be independent 
of the presence of the test body. The requirement that the test charge 
be vanishingly small compared with all sources of the field raises a funda- 
mental difficulty, since the finite magnitude of the electronic charge does 
not permit the limit g -> 0 to be carried out experimentally. This re- 
striction therefore limits the practical validity of the definition to cases 
where the sources producing the field are equivalent to a large number of 
electronic charges. Definition (1-23) is thus entirely suitable only for 
macroscopic phenomena, and we shall have to exercise great care in apply- 
ing it to the treatment of the elementary charges of which matter is actually 

* See Appendix I for a discussion of units and the relations between units of vari- 
ous systems. 
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composed. For microscopic processes the field cannot be defined ''opera- 
tionally” in terms of its effect; it must be descrihed in terms of its sources, 
assuming that the macroscopic laws of the field sources are still valid. 


1-3 Cotiiomb^s law. The experimentally established law for the force 
between two point charges in vacuo was originally formulated as an action 
at a distance: 


47r6or^ 4xeo \r/ 


(1-24) 


Here F 2 is the force on charge ^2 due to the presence of charge and r 
is the radius vector position of charge measured from an origin located 
at charge qi] €0 is a constant, 10V4 tc^ farads/meter in this S 3 ^stem of 
units; c is the experimental value of the velocity of propagation of plane 
electromagnetic waves in free space (see Appendix I), and ail distances are 
measured in meters. In the mathematical identity on the right the gra- 
dient operator acts on the coordinates of the charge ^ 2 - The law applies 
equally to positive and negative charges, and indicates that like charges 
repel, unlike charges attract. If the test charge in Eq. (1-23) is assumed 
positive, comparison with Eq. (1-24) yields immediately 


q r 
47r€o r 



(1-25) 


giving the electric field E at the position r due to a charge q at the origin 
of the radius vector. Here q corresponds to qi of Eq. (1~24). 

We can prove Gauss’s flux theorem 


E • dS = - 

s €0 


(1-26) 


as a direct consequence of Coulomb’s law: Consider an element of sur- 
face dS, expressed as a vector directed along the outward normal of the 
element as showm in Fig. 1-1, at a distance r from a charge g at a point 
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Zcf By taking the scalar product of both sides of Eq. (1 25) we secure 

1 q q 

E-dS = ^t-dS = - — d^. 

4x60 ^ ^Treo 

Since the integral of dQ over a closed surface which includes the point 

is just 47 r, Gauss’s theorem follows immediately. The principle of super- 
position enables us to sum the separate fields ol any number ol point 
charges, so that q of Eq. (1-26) is the total charge inside the boundary 
surface S. 

If we apply the divergence theorem to E, 

j E-dS = jv -Edv, 

and make use of the fact that the total volume integral of the charge 
density p is simply the total charge q, the application of the flux theorem 
enables us to put Eq. (1-25) into the form 

V-E = -- (1-27) 

€o 


Here p is the charge per unit volume at the point where the electric field 
is E. Since the curl of the gradient of a scalar is zero, it further follows 
from Eq. (1-25) and the principle of superposition that 



V X E = 0. 

(1-28) 

The electrostatic field is thus irrotational. That the electrostatic field is 
completely defined by a charge distribution then follows from the theorem 
that a vector field is uniquely determined by the curl and the divergence 
of the field. 

It is instructive to note that Eqs. (1-27) and (1-28) follow directly 
from Coulomb’s law in the form 


E(a;„) = - — [ p{xL) — dv' 

47r€o J r 

(1-29) 

It follows that 

1 r /1\ , 

= / pV I - 1 dv . 

4^60 J \r/ 

(1-30) 

1 

X7 . F = — 

/ (;) / p(^-) Kr) dv' 

p(^a) 

= (1-27') 

4t€o 
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VXE = 


1 

iireo 


pV XV 



dv' = 0 


(1-28') 


since the curl of a vector expressible as a gradient vanishes identically. 

1-4 The electrostatic potential. Since the static field is irrotational, it 
may be expressed as the gradient of a scalar function. We may define an 
electrostatic potential ^ by the equation 


E = -V4>. 


(1-31) 


In Cartesian coordinates the components of the field parallel to the Xa axes 
respectively are given by 


E 


dip 

dXa 


(1-32) 


The application of the general vector relation known as Stokes’ theorem, 

J(V X E) • dS = ^ E • dl (1-33) 

where dl is the infinitesimal vector length tangent to a closed path of 
integration, leads to 

^E.dl = 0, (1-34) 

since the curl of E is everywhere zero. This shows that the electrostatic 
field is a conservative field: no work is done on a test charge if it is moved 
around a closed path in the field. Since the work done in moving a test 
charge from one point to another is independent of the path, we can 
uniquely define the work necessary to carry a unit charge from an infinite 
distance to a given point as the potential of that point. If one considers 
fields of less than three dimensions, i.e., sources extending to infinity in 
one or more directions, this definition will lead to difficulties and a point 
other than infinity must be taken as a reference point. So long as only 
finite sources are considered, however, this definition of potential is both 
adequate and convenient. 

The substitution of Eq. (1-31) in Eq. (1-27) leads at once to Poisson’s 
equation 

= -p/eo, (1-35) 

and in a region of zero charge density to Laplace’s equation, 

V^<j> = 0. (1-36) 


The fundamental problem of electrostatics is to determine solutions of 
Poisson’s equation appropriate to the conditions under particular con- 
sideration. 


10 


THE ELECTROSTATIC FIELD IN VACUUM 


[chap. 1 


1-5 The potential in terms of charge distribution. The electrostatic 
potential at a given point was defined by Eq. (1-31) in terms of the elec- 
tric field at that point. Since the source density of the electrostatic field 
is just p/eo, we know from Eq. (1-4) that the potential is 

p{Xa) dv^ 
r(Xa,Xa) 

in terms of the charge density at all points in space. Field theory, how- 
ever, permits us to find a solution even if p(Xa) is known only within an 
arbitrary surface S ; the effect of the other sources is then replaced by the 
knowledge of the boundary values of the potentials or their derivatives on 
the surface S. 

To obtain an explicit expression for (l>{xa) in terms of p within S and ^ 
and on S, we make use of Green’s theorem, which states 

j (<^VV - dv=j - fV<#>) • rfS. (1-37) 

Here and \l/ are scalar functions of position that are continuous with 
continuous first and second derivatives in the region of integration and on 
its boundary. The integration will be taken over the source coordinates, 
Xa, SO that the field point Xa is simply a parameter. Let (f> be the elec- 
trostatic potential defined in Eq. (1-31), and let \l/ = 1/r, the point source 
solution of Laplace’s equation. Since V(l/r) = — r/r^ and we have from 
Eq. (1-7) that V^(l/r) = — 47r 5(r), substitution of these expressions into 
Eq. (1-37) gives 



Hence 



( 1 - 38 ) 


Note that we have made use of the functional properties of the 5-func- 
tion. Clearly, Eq. (1-38) could also have been obtained without the aid 
of the 5-function by a limiting process. Such a process was actually im- 
plicit in the derivation of Eq. (1-7), however, so that it is unnecessary 
here. 

The first integral of Eq. (1-38) is simply the contribution of the volume 
charge distribution within v. Note that the distance r is a function of the 
coordinates both of the point of observation, and of the point of inte- 
gration, x'^. 
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The surface integrals of Eq. (1-38) summarize the effect of any charge 
distribution outside the region y, and thus not contained in the first term. 
We therefore conclude that the potential at any point within S is uniquely 
determined by the charge distribution within S and by the values of (j> 
and the normal component of V<^> at all points on the surface S, In par- 
ticular, the potential within a charge-free volume is uniquely determined 
by the potential and its normal derivative over the surface enclosing the 
volume. What we have shown here is that knowledge of the potential 
and its normal derivative over the surface is sufficient to determine the 
potential inside, but we have not shown that both these pieces of infor- 
mation are necessary. We shall see later that it is, in fact, sufficient in a 
charge-free region to have either the potential or its normal derivative 
over a surface in order to determine the potential at every point \wthin 
the surface except for an arbitrary additive constant. The reason is that 
<t) and 7(1) may not be independently specified over the surface, since cj) 
must be a solution of Laplace^s equation. 

If the surface S is extended to include all charges in space, and arbi- 
trarily expanded away from such charges, then the second and third terms 
of Eq. (1-38) vanish. This is true because the integrands involving (j) and 
V0 decrease at large distances at least as the inverse third power of r, 
while the surface of integration increases only as r^. In later sections we 
shall be led to a physical interpretation of these surface integrals as equiva- 
lent to a charge and dipole distribution on the surface S. We shall there- 
fore be able to conclude that the potential can be calculated by the direct 
superposition of the individual potentials of all the volume charge distri- 
bution, but that we can, if we wish, replace any part of the distribution 
by an equivalent surface charge layer and dipole layer distribution. 

The volume term of Eq. (1-38) can be looked on as being a particular 
integral of Poisson’s equation, while the surface terms are complementary 
integrals of the differential equation in the sense that they are general 
solutions of the homogeneous equation, i.e., Laplace’s equation. 

1-6 Field singularities. We have written the solution of the potential 
problem as a sum of boundary contributions and a volume integral extend- 
ing over the source charges. These volume integrals will not lead to singu- 
lar values of the potentials (or of the fields) if the charge density is bounded. 
If, on the other hand, the charges are considered to be surface, line, or 
point charges, then singularities will result as shown in Table 1-1. Note 
that if either surface or line charges are infinite in spatial extent (i.e., the 
fields are considered one- or two-dimensional) the potential cannot be re- 
ferred to infinity. Although these singularities do not actually exist in 
nature, the fields that do occur are often indistinguishable, over much of 
the region concerned, from those of simple geometrical configurations. The 
idealizations of real charges as points, lines, and surfaces not only permit 
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Table 1-1 


FIELD SINGULARITIES 


Type of 
charge 
distribution 


Surface 

Line 

Point 

Point 2” pole 


Behavior of 
potential near 
distribution 


r 

logr 

n— 1 


Behavior of 
field near 
distribution 


Constant 



great mathematical simplicity, they also give rise to convenient physical 
concepts for the description and representation of actual fields. For these 
reasons we shall now discuss in more detail the nature of potentials corre- 
sponding to such sources. 


1-7 Clusters of point charges. The potential (p at the point due to 
the charge q located at the point is given by 

, ■ 1 g M g ] 

4x60 r 4x60 \V{^ - + (2/ - v'f' + (z - z'f\ 


g 

[S(a;„ - 

It has a first-order singularity at the point corresponding to r = 0. 
Singularities of higher order can be generated by superposing on this po- 
tential a potential corresponding to an equal charge of opposite sign, dis- 
placed a distance Ao:' from the original charge. This process is equivalent 
to differentiating Eq. (1-39) with respect to We have noted in Eq. 
(1-15), however, that differentiation of a function of the relative coordi- 
nates only with respect to x^ gives the same result as differentiation with 
respect to except for sign, and at the field point Laplace's equation 
holds. Since the derivative of a solution of Laplace's equation is also a 
solution, the process of differentiation with respect to the source point 
as physically described above will generate new solutions with succes- 
sively higher order singularities near r = 0. Such potentials are called 
multipole potentials. 

For a single differentiation, we obtain 


(1-39) 



/O', , Q Ax'(x — a;') 


cos d 
4T€or^ 


( 1 - 40 ) 


If we let 


q Ax' = 


(1^1) 
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be the dipole moment of the distribution (positive from to +g as 
indicated in Fig. 1-2), we can write this potential as 


= 




1 • r 

4x60 


(1-42) 


(The sign conventions for r and V 
have been discussed in Sec. 1-1.) 

This solution is the dipole potential. 

The potential distribution, and 
consequently the fields of higher 
moments of the charge, or multi- 
poles, can be generated by the same 
method of geometrical construction. 

For example, the potential field of 
a 2”'”’"^ pole is generated by taking 
the potential of a 2^ pole and sub- 
tracting from it the potential of another 2^ pole that is displaced infini- 
tesimally in an arbitrary direction (or by superposing the potential of 
the displaced 2^ pole with opposite sign). 

The general form of the potential corresponding to a 2^ pole is thus 



Fig. 1-2 
trie dipole. 


The generation of an elec- 


0(2") 


p(n) QU 

4 x€on! dXadx'^ 



4x60^^! dXadx^ • * • 



(1-43) 


in terms of the multipole moment p^'^\ defined by the recurrence relation 
p(n) ^ ^p(n-i) where Ax^ is the displacement leading to the 2^ pole. 
The displacement need not be along coordinate axes, but the derivative 
corresponding to an oblique displacement can be written as a sum of de- 
rivatives with respect to x, y, z, having the direction cosines of the dis- 
placement as coefficients. A few examples of simple multipoles are shown 
in Fig. 1-3. In the special case where all the displacements are in one 
direction the problem has axial symmetry and only one angle is needed 
to specify the position of the field point. For a linear 2’^ pole, 




p(»> Q-n 
4iTr€onl 



P„{cosd) 

4x60 


(1-44) 


where P„(cos d) is the Legendre polynomial of order n which may 
fined by the relation 

P^jeoBd) _ (-!)» 3’^ /ly 
n! \r/ 


be de- 


(1-45) 


in which 6 is the angle between x and r. 

Equation (1-43) can be recognized as the nth term of a general Taylor 
expansion of 1/r in terms of the source coordinates. The coefBcients are 
the multipole moments as defined in terms of the specific charge distribu- 
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-hq 


-q 

o 

Ax ^ Ax ^ 

-0 - 0 - 


-q 


+q 


^(2^) - (S cos^ ^ ” 1) _ P2(C0S 6 ) 

47 r€o 47 r €0 

p(2) - 2!g(Aa;)2 


(a) 


♦ 2 / 


Ax 


+qo 

~-}-qo— (?o- 


Ax 


+qo -go 

- 15 cos^ g — 9 cos 6 _ p®P 3 (cos 6 ) 


4 x 60 

p(3) = S\q(Ax)^ 


47r€Qi'^ 


(b) 




-g 

At/ 



y 

y 

^q 

A ^ ✓ 

✓ 

y 

illl 

y 

B 

\ 


<jE) ( 23 ; 22 /) 


Ax —g 

ZqAxAy cos B sin B 


47 r€ 07 ^ 


(c) 



(d) 


of multipoles: (a) linear quadrupole; (b) linear octupole; 
(c) two-dimensional quadrupole; (d) three-dimensional octupole. 
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tion referred to above. We shall now show that the potential of an arbi- 
trary charge distribution p{x„) of finite extent can at large distances always 
be expressed as the sum of multipole potentials where the coefficients are 
certain integrals (moments) of the charge distribution. 

To facilitate the proof of this statement, we shall choose the origin of 
coordinates in or near the charge distribution. Let R be the distance from 
the origin 0 to the field point, i.e., let the components of R be a-v. We 
may then expand 1/r in powers of about 0, assuming that a/R « 1, 
where a is a limiting dimension of the bounded distribution of charge. 
By Taylor’s theorem, 

1 1 , r ^ 

- = Xa 7 1 - 1 

r R VdXa\r/ 


+ t / 

~ XaX^ 

r=:R 2! 


L dx'adxe 


+ • 


r/ 


(1-46) 


In Eq. (1-46) we are employing the ''summation convention'' which we 
shall continue to use throughout: when indices are repeated in the same 
term summation over these indices is implied. Upon substituting Eq. 
(1-46) in the general potential, we obtain the "multipole expansion": 


1 

47reo 




dv^ 


r 


4'7reo 


11 f 

[rJ 


p dv' + 



+ ■ 


21 IdXadXp 


r/J 


/ xLx'^p dv^ + • 

r=R J 


(1-47) 


The coefficients represent the moments of the charge distribution: jpdv' 
is the total charge q, Jx'^p dv' is the of-component of the dipole moment, 
etc. The radial and angular dependence of each term in Eq. (1-47) is 
clearly identical with that given by Eq. (1-43). 

Note that the words "dipole," "quadrupole," etc., are being used in 
two ways: first to describe a specific charge distribution, and secondly to 
designate moments of an arbitrary charge distribution. Both physical 
quantities give rise to the same potential distribution. 

The ratio of the magnitudes of successive terms in the multipole expan- 
sion, Eq. (1-47), is of order a/E, where a is a parameter characteristic of 
the size of the charge distribution. Hence if E » a the potential of an 
arbitrary distribution may be very conveniently replaced by the poten- 
tials of the moments of the distribution. 

1-8 Dipole interactions. The energy of position of an already created 
dipole in an electrostatic field is given by 


17 = -p • E. 


(1-48) 
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This expression follows directly from the torque relation of a dipole^ 


L = p X E, (1-49) 

in a way indicated in the problems. Here L is the torque exerted in such 
a direction as to rotate the positive end of the dipole toward the direction 
of the field. The force acting on a dipole in an inhomogeneous electric 
field, when the relative orientation of the dipole and field is not free to 
change, is given by* 

F = ^ Vt/ = -V(-p • E) = (p • V)E. (1-50) 

Note that this force vanishes for uniform fields, as would be expected 
from symmetry arguments. 

Let us now consider the interaction force and energy between two di- 
poles, such as those shown in Fig. l-~4, whose moment vectors are oriented 
in space at an arbitrary angle with each other. On combining the force 
equation above with the potential equation (1“42) and the field equation 
(1-31), we have for the force Fi on dipole 1 in the field of dipole 2 and, 
conversely, for the force F 2 on dipole 2 due to dipole 1, 



Fig. 1-4 Interaction of two dipoles. 


The interaction energy betiveen the two dipoles may be obtained by 
inserting the field Ei above into the expression for the energy U. We 

^ *Since V(p*E) =pX (VXE)+(p.V)E = (p-V)E VXE = 0. If curl 
E IS not equal to zero, an additional term is obtained. 
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find for the energy I7i2 of dipole 1 in the field of dipole 2, and conversely 
for C/ 21 : 


C/12 


-Pi • El = - 


(Pi * Vi) 

4'7r6o 


p2 • Vl 



C /12 


1 

47r€o 


Pi • P2 


^(Pi-r)(p2T)J, 


( 1 - 52 ) 


U21 = C/12. 


This is the general expression for the interaction energy of two dipoles. 


1-9 Surface singularities. Surface singularities of the second order or 
dipole form are of particular interest in both electrostatics and magneto- 
statics. Let us consider a double layer charge arrangement with a dipole 
moment per unit area designated by t. The potential arising from such a 
distribution is given by 


<!> = 


1 

47reo 


T • r 


■dS, 


(1-53) 


This expression reduces, in the case when t is uniform and normal to the 
surface over the dipole sheet, to 


4X60 


fr-dS 

J “ 7 ” 



4x60 


(1-54) 



Here Q is the solid angle subtended by the dipole sheet at the point of 
observation, as in Fig. 1-5. The solid angle subtended by a nonclosed 
surface jumps discontinuously by 4x as the point of observation crosses 
the surface. This means that in the ideal case of an infinitely thin dipole 
charge layer the potential function will have a discontinuity of magnitude 
[xl/eo; but it will have a continuous derivative at the dipole sheet. 
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Fig. 1-6 Behavior of the potential at a dipole layer, (a), and at a layer of 
charge, (b). 

On the other hand, a simple surface charge layer will not result in a 
discontinuity in potential, but will produce a discontinuity in the normal 
derivative of the potential, the magnitude of discontinuity being a/eQ, 
where a is the surface charge density of the layer. A. comparison between 
the two cases is shown in Fig. 1-6 (a) and (b). Since surface charge layers 
and dipole layers enable us to introduce arbitrary discontinuities in the 
potential and its derivatives at a particular surface, we can make the 
potential vanish outside a given volume by surrounding the volume with 
a suitably chosen charge layer and dipole layer. This is a further explana- 
tion of the significance of the surface terms in Eq. (1-38), which was de- 
rived from Green’s theorem. These terms, when <t> and V0 are properly 
evaluated on the surface in terms of t and <t, are precisely those necessary 
to cancel the field of those charges inside the surface S in the region outside 
of S. This can be seen by writing Eq. (1-38) as 


4 > = 


47r€o \J r J Jr/ 


(1-55) 


where r = eo<#> and or is €o times the normal derivative of <t>. 

As an example of a combined surface charge and dipole la3"er that will 
just cancel the field outside a given surface, j^'et leave the field inside the 
surface unchanged, consider a point charge q located at the point i2 = 0, 
and the surface R = a surrounding this charge. If we place a surface 
charge density a = —qliira^ per unit area on the sphere R — a, it will 
give rise to a potential: 

1 — , fQj. u < 

4x60^1 



47r€o-R 


for R > a. 
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If, in addition, a surface dipole layer of moment x = gR/ 47 rai 2 per unit 
area is placed on the sphere, it will make a contribution 




R < a. 


47r€oC& 

= 0, R > a. 

The potential of the original charge qiscl>o = q/4:Tr€oR for ail R. The total 
of all these potentials is 

q 

^ = <^>o + + <#>r = » for R < a, 

4x€oE 

^ = 0, for > a. 

The electric field produced by a 
dipole layer of area S as shown in 
Fig. 1“7 can be derived as follows. 

Consider a change in the potential 
corresponding to a displacement of 
the point of observation Xa by a dis- 
tance dx, 

d<j) — — E • dx. (1-56) 

The change in solid angle, sub- 
tended by the dipole layer at the 
field point is the same whether the 
field point moves a distance dx or 
the layer moves through —dx. The 
latter case is shown in the figure. 

Since in this displacement an ele- 
ment di of the boundary sweeps over an area dx X dl, the total change in 
solid angle is 

I (dx X dl) • r / (dl X r) • dx 

^—75 — f — — (‘-57) 



Fig. 1-7 Illustrating the derivation 
of the electric field produced by a dipole 
layer. 


do 


The change in potential corresponding to this change in solid angle is, 
from Eq. (1-54), 

dcj) = do. (1-58) 

4t€o 

(The negative sign follows from the fact that the negative side of the 
dipole layer is toward the observer at Xa-) Equating the two expressions 
for d<^>, we obtain 

-T / (dl X r) • dx 


"E • dx 


■ ch- 


4^60 r 


(1-59) 
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Since dx is an arbitrary displacement and this last expression holds for all 
possible dx, it is permissible to write 


E 


ireo J 


dl X r 


-L-(£dlx V 
4reo J 


0- 


(1-60) 


That the potential due to a dipole layer is double valued at the surface 
is strictly true only in the limit in which the dipole layer has zero thick- 
ness (see Fig. 1-6) ; for this reason the discontinuity does not actually have 
physical reality. Nevertheless, the method of generating nonconservative 
potentials by means of such discontinuities is a useful one, particularly in 
the theory of magnetic fields due to currents, where the corresponding 
potential does have a multivalued behavior completely analogous to the 
properties of the surface dipole moment. 


1-10 Volume distributions of dipole moment. The potential due to the 
volume distribution of dipole moment is found by considering the dipole 
moment in Eq. (1-42) as a volume density and integrating over the vol- 
ume. If P is the dipole moment per unit volume, 

<^» = — (1-61) 
47r€o J \r/ 

This can be changed into a form that is physically more revealing by 
means of Gauss’s divergence theorem and the relation 

+ (1-62) 

We obtain 

1 r /■ , /p\ /■ 1 1 

4> = - — V'-(-)dv'- -V'.Pdp' 

4ir€o LJ \r/ Jr 


1 

4rr6o 


P-dS 

r 


v'.p 


■dv' 


( 1 - 63 ) 


This expression can be interpreted as follows. The first term, a surface 
integral, is a potential ei^uivalent to that of a surface charge density, while 
the second term is a potential equivalent to that of a volume* charge 
density. The charge densities which have potentials equivalent to those 
produced by the volume polarization of a region of space are 

= Pn, Pp = - V' • P. ( 1 - 64 )* 

* Since Pp = -V; P is a field equation, the prime on V can be dropped without 
ambiguity. The prime on the V is only necessary in integral expressions which 
relat© a ncid quantity to an integral over a source quantity. 
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The relations between these surface and volume charges and the polar- 
ization can be derived from purely geometrical considerations. If for ex- 
ample, we have an inhomogeneous dipole moment per unit volume 
will represent the charge density that accumulates from incomplete cah- 
cellation of the ends of the individual dipoles distributed in the volume 
The quantity ap, on the other hand, represents the charge density on the 
surface produced by the lack of neighbors for the dipoles which'lie with 
their ends on the surface. It is evident that will vanish in a homo- 
geneous medium , in fact, a sufficient condition for its vanishino* is that the 
dipole moment per unit volume have a zero divergence. In oeneral how 
ever, the potential due to the two forms of polarization charg'^es is ’ 


<l> 



<XpdS 

r 



Pp dv' 
T 


( 1 - 65 ) 


Note that the “equivalence relations” of Eq. (1-64), although derived 
above by means of the electric field which the respective terms produce, are 
actually simple geometrical quantities. We can see this formally by con- 
sidering the total dipole moment p of a distribution. According to the 
“equivalence relations,” we should have 

P=l^dv'= I |pp dv' + j IcTp dS = - Jkv' . P) dv' +/l(P • dS) , (1-66) 

where | is the vector whose components are The ath component of p 
can be integrated by parts from the identity 

V' • (4p) = •p + Pc. 

Therefore, 

Vex. ~ J dv = — J .XaV • P dv^ ' i^'aP) dv^ 

= — j a-aV' -Pdv' +j XaP • dS. 


Equation (1-66) is thus proved as a geometrical relationship without ref- 
erence to any interaction. 
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EXERCISES 

1, Show that Green’s theorem, Eq. (1-37), follows from Gauss’s divergence 
theorem. 

2. We shall need the ' 'one-dimensional” 5-function defined by 

y 8(x — a) dx = 1, 

j f{x) d(x — a) dx - f(a) 

when a: = a is in the interval of integration, and both integrals vanish otherwise. 
Show by means of the Fourier integral theorem that 



cos kx dk — 27r 


5(x) 


in the sense that both behave the same w^ay as factors in an integrand. 

3. Prove by considering the axial point on a disk that the potential undergoes no 
sudden change from one side to the other of a charge layer, and that the same 
statement holds for the normal derivative of the potential in the case of a dipole 
layer. 

4. Functions of the type <!> x, or indeed cj) = x^ + 2y^ - satisfy Laplace’s 
equation at all points of space. Does this mean that such potentials have no 
sources? Discuss in detail the significance of such solutions, and their bearing on 
the uniqueness proof for potentials. 

5. If the electric field of a point charge q were proportional to qr~^~-^i where f 
IS a radial unit vector and 5 « 1, (a) calculate V • E and V X E, for r 0; (b) and 
if two coiicentiic spherical shells of radii a and b were connected by a wire, with 
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qa on the outer shell, prove that 

^ 2(a 2a - (a + 6) log (« + 6) + (« _ &) log (« - 6)] | + 0(5^) 

will reside on the inner shell. (Adapted from Jeans.) 

6. Show that the static potential (j)(x,y,z), correct to third order in a, is equal to 
the mean of the potentials at the points 


xd=:a,y, z; x, y ± a, z; x, y,z±a. 

7. For a finite spherically symmetric charge distribution the potential as calcu- 
lated by = j E • dr is 




r' 

Co Jr Jq 


pr'^ dr'. 


By dividing the distribution into thin shells, each of which contributes constant 
potential at all points inside it, obtain an expression for 4> that involves only single 
integrals. Prove the equality of the two expressions. 

8. (a) From the relation between torque and potential energy show that U = 
— p*EifL = pXE for a dipole of moment p. 

(b) Consider two coplanar electric dipoles with their centers a fixed distance 
apart. Show that if the angles the dipoles make with the line Joining their centers 
are 6 and 6' respectively, and if 6 is held fixed, 


tan 0 = — I tan 6' 


for equilibrium. 

9. The differential equations of the ^ dines of force” are 


dx _ dy _ dz 

For a dipole of moment p directed along the x’-axis and located at the origin, find 
the equation f(x,y) = constant that gives the lines of force in the plane 2 : — 0. 

10. Calculate the quadrupole moment of two concentric ring charges q and —q, 
having radii a and b. 

11. Two uniform line charges, each of length 2a, cross each other at the origin 
in such a wa.y that their ends are at the points (d=a,0,0) and (0,±a,0). Determine 
cj) for points r > a, up to but not including terms in 

12. Show that the potential of a symmetrical 2” pole generated by differentiat- 
ing the point potential n times along successive directions making an angle 27 r/n 
with one another is given by 

^ir,e,<p) = p^cos 0) cos v(<p - <po). 

13. Show that Fi = — F 2 in Eq. (1-51). 


CHAPTER 2 


BOUNDARY CONDITIONS AND RELATION OF MICROSCOPIC 

TO MACROSCOPIC FIELDS 

The dipole moments per unit volume considered in the foregoing chap- 
ter are special examples of sources which give rise to electrostatic fields 
and can therefore be treated as special types of charge densities in Pois- 
son^s equation. Since such volume distributions are produced in mate- 
rial media by electric fields, the behavior of a medium in a field can be 
described in terms of its polarization, i.e., its dipole moment per unit vol- 
ume. It is customary, in order to clarify the understanding of polariza- 
tion, to separate the total charge that produces an electrostatic field into 
two parts: a true, free, movable, net charge p, and a bound, zero-net, 
polarization charge p^. This division is to a certain extent arbitrary, in 
the sense that the polarization charge Pp simply represents separated 
charges which on the scale of observation being considered in a particular 
experiment are essentially inaccessible, but which would be treated as free 
charges on a smaller scale. If, for example, we place a piece of metal be- 
tween the plates of a condenser, we can describe the resultant field be- 
tween the plates either in terms of the true charges produced on the metal 
or in terms of an equivalent polarization of the piece of metal, depend- 
ing on whether we consider the charges individually measurable. If, in- 
stead of the metal, we introduce a piece of dielectric between the con- 
denser plates, we are forced to describe the phenomena by a polarization 
charge, rather than by a true charge, since it is assumed in the theory 
that observation shall not be made on an atomic scale. An atomic scale 
observation would be necessary in order to “resolve^’ the voiiime polar- 
ization into individual charges. 

2-1 The displacement vector. It is seen that the distinction between 
p and pp is an arbitrary one, but this arbitrariness will in no way disturb 
the formalism used to describe the fields produced by polarization charges. 
Since we have divided the sources of electric fields into these two types, 
the Poisson source equation becomes 

= -V • E = (p + pp). (2-1) 

€o 

The symbol p now denotes only the true free charge at the point where 
the divergence is taken. If pp is expressed in terms of the divergence of 
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the polarization P, as given by Eq. (1-64), we obtain from Eq. (2-1) 



It is thus convenient to define an electric displacement vector D (meas- 
ured in coulombs per square meter in the mks system) by 


D = €oE + P. 

(2-3) 

The source equations then become 


V-D = p 

(2-4) 

and V “ E = — , 

^0 

(2-5) 


with the total charge density pt written for the sum of the true and polar- 
ization charge densities. The corresponding integral relations, secured by 
means of Gauss’s divergence theorem on integration over the volume con- 
taining all the charges, are 


II 

(2-6) 

[E-dS = -> 

(2-7) 


€0 


where qt is the total charge, the sum of q and the integral of — (V • P) 
over the volume. 

It is clear that D represents a partial field, namely, that electric field 
whose sources are only the true charges. Note that the relation (2-3) 
between D and E is basically an additive one, the difference between D 
and €oE being the polarization P. Note also that the polarization, although 
defined in a purely geometrical fashion as the dipole moment per unit vol- 
ume, has the properties of an electric field. The polarization field P is 
that field whose flux arises only from the polarization charges Pp. The 
solution of an actual field problem involving polarized bodies will depend 
on the manner in which the polarization depends on the external field. 
In most cases the polarization is proportional to the field, and can be ex- 
pressed by an equation of the type 

P = 6oxE, (2-8) 

where % is called the electric susceptibility. Such a description excludes 
the consideration of electrets (materials possessing a permanent dipole 
moment), but electrets are not ordinarily of much importance. In case we 
do have a simple medium whose polarization depends linearly on the im- 
posed electric field as expressed by Eq. (2-8), then all three vectors D, 
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E, and P will be related by constants of proportionality: 


D = €oE + P = €o(l + x)E. (2-9) 

We may define the specific inductive capacity (often called the dielectric 
constant) hj 

K = 1 + X, (2-10) 

so that 33 = k6qE (2-11) 

and P = €o(k - 1)E. (2-12) 


As it stands, Eq. (2-8) presupposes that the medium polarizes iso- 
tropically, or that the polarization properties of the medium do not de- 
pend on the direction of the polarization. This is not the general case 
and, in fact, the scalar proportionality is valid only for liquids, gases, 
amorphous solids, and cubic crystals. In crystals of symmetry lower than 
cubic the relation between each of the components of the polarization 
vector and of the electric field vector is still linear but the constants of 
proportionality in the various directions may be different. This means 
that the relation between the components of the polarization vector and 
the components of the electric field vector are given by a tensor, 

Pa = (2-13) 

and P is no longer in the same direction as E. From geometrical con- 
sideration of the fact that the magnitude of P is proportional to that of 
E, while the angle between P and E is constant for a given orientation of 
the material in the field, the tensor Xa /3 may be shown to be symmetrical. 
(The details of this proof are left as a problem.) It is therefore possible 
to express Xa/s in terms of principal coordinates by a set of only three con- 
stants, and there are at least three directions in which P and E are paral- 
lel. The symmetry of Xa^ can also be deduced from energy considerations. 

The case where E and P are not proportional and there is no linear 
relation between them will not be treated here, but the analogous case 
will be discussed in connection with magnetic media where nonlinearity is 
of more practical importance. It should be pointed out, however, that 
the relation we have here assumed between P and E is only a special sim- 
plification, and not a fundamental equation of the theory. 

2-2 Boundary conditions. MaxwelFs field equations, to be discussed 
later, are a set of equations whose sources are divided into accessible and 
inaccessible charges. To obtain a solution of MaxwelFs equations the 
inaccessible charges must be related to the accessible charges, or to the 
fields produced by the accessible charges, by additional equations. The 
relations that evaluate the inaccessible charge sources in terms of the ex- 
ternal fields which produce them are called the constitutive equations. 
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Equation (2-8) is an example of such an equation. The constitutive 
equations must, of course, depend on the properties of the material in 
which the inaccessible charges arise. While Eqs. (2-8) to (2-13) are not 
entirely general, they depend only on linearity and do not imply homo- 
geneity. The susceptibility and specific inductive capacity may therefore 
be arbitrary functions of the coordinates. A. case of much interest is one 
where the specific inductive capacity varies dis continuously, as at the 
boundary between two dielectrics. 

To determine the behavior of the 
fields at a boundary, let us first im- 
agine a small volume, as in Fig. 

2-1, w^hose dimension normal to 
the interface, h, is smaller than 
its other dimensions by an order of 
magnitude, to be placed so that one 
of its large surfaces AA. lies in me- 
dium 1, the other in medium 2, 
and both are parallel to the inter- 
face. This small volume can be 
used to derive the behavior of the normal components of the fields. 

Let us take the surface integral of D over this small volume. 

jl> -dS = q- ( 2 - 6 ) 

In the limit as the dimension h approaches zero, q approaches aAA, where 
0 - is the true surface charge density on the interface. The contribution of 
the sides of the volume normal to the surface vanishes, so that Eq. (2-6) 
becomes 

n • (Ds - Di) = 

where n = dS/dS is the unit vector normal to AA, the top of the cylinder 
hAA, And on the a,ssumption that Eq. (2'11) valid, we obtain 


n * (/C 2 E 2 — /qEi) 

(2-15) 

(7 

n * (/w 2 V 02 — xiV^i) ^ 


We have assumed that Ad is small en»»8l> “ ™ 

tially constant. 



Pig. 2-1 Volume considered for de- 
termining the boundary conditions on 
the normal component of D. 
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The behavior of the tangential 
components of the fields as they 
cross the interface can be deter- 
mined from the consideration of 
a small loop, as in Fig. 2-2, 
its major extent lying parallel 
to the surface, one side in me- 
dium 1 and the other in medium 
2. From Eq. (1-34), we have foi 2_2 Loop considered in deter- 

the closed line integral of the elec- mining the boundary conditions on the 
trie field tangential components of E. 

E-dl^O. (1-34) 

If we apply this to the path indicated in the figure and let the ends of the 
loop shrink to zero, we have 

Es • - El • dl = 0. (2-16) 

In Fig. 2-2, n is again the unit normal to the interface and no is a unit 
vector normal to the loop of integration and lying in the surface. Since 
dl/dl = no X n, and, with this substitution for dl, Eq. (2-16) is a scalar 
triple product, 

no*nX (E2- El) =0. (2-17) 

Now no may be oriented in any direction relative to E, and Eq. (2-17) 
holds for all orientations, so that 

n X (E 2 - El) = 0, (2-18) 

and the tangential component of E is the same on both sides of the bound- 
ary. In terms of the potential, 

n X (V (^>2 ~ = 0. (2-19) 

We have assumed that the loop is sufficiently short so that the fields are 
essentially constant over its length. 

The relation (2-18) follows directly from Eq. (1-34) and an application 
of Stokes' theorem, but condition (1-34) is not necessary for the validity 
of Eq. (2-18). We shall see that the tangential component of E is con- 
tinuous across a boundary even in the nonstatic case where curl E is not 
zero. In general, the boundary conditions on the normal component of D 
and the tangential component of E are implicit in the field equations, but 
the constitutive equations are necessary for deriving Eq. (2-15) and the 
relation for the tangential component of D. Since the tangential com- 
ponent of V<#> is continuous, we may put <t>i = ^2 at the boundary; the 
fact that the normal component of kV 0 is continuous in the absence of a 
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surface charge singularity completes the set of boundary conditions on the 
potentials and the fields on the two sides of an interface between two 
media. 


2“-3 The electric field in a material medium. We first defined the elec- 
trostatic field produced by free charges in a vacuum, and then we intro- 
duced material media containing charges that are inaccessible to measure- 
ment. The behavior of these media has been described in terms of their 
dipole moment per unit volume. Certain difficulties arise in the definition 
of the electric field within material media if one attempts to maintain 
a strictly phenomenological point of view. A definition of the field might 
be made by any of the following three methods, which will not necessarily 
be in agreement with each other: 

(A) We may define the field on an atomic electron scale, where the 
question of the polarizability of material media would presumably not 
arise. Then for our macroscopic definition of the field we would take 
the space-time average of these atomic fields. A fast electron would 
experience such an average field. 

(B) We might consider a hole cut in the dielectric material and de- 
fine the field as that measured in this hole in terms of a unit charge 
such as was used in the vacuum definition. This cavity definition of 
the field will make the field strength depend on the geometry of the 
cavity and on its orientation with respect to the direction of the field 
in the medium. This will lead to a unique definition only if the shape 
and orientation of the cavity are standardized in an arbitrary way. 

(C) We may define the field as that acting on an individual molecule 
of the dielectric. 

Let us examine these methods separately. 

(A) Space-time average definition. 

Consider a function f(x,y,z;t) de- 
fined in a certain region of space 
during a certain time interval, as 
indicated in Fig. 2-3. The space- 
time average of f(x,y,z;t) over a 
time interval 2T and a region of 
space of radius a is given by 



Origin 


Fig. 2-3 Coordinates for averaging 
atomic fields, = (S? n, D- 


fix^y^Zjf) 


2T ^TTd 


f[{x + ^), iy + v), (s + r); (t + e)] 




X drj df dd. (2-20) 
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Performing this integral is a linear operation and may therefore be com- 
muted with linear differential operators, as, for example, 

Vf - V/. ( 2 - 21 ) 

On an atomic scale an equation corresponding to Eq. (2-5) holds: 


= ( 2 - 22 ) 

eo 

where 6 is the atomic electric field and pa is the charge density in the 
atomic distribution. On taking the space-time average of pa, we obtain 


Pa Pt 


and from Eqs. (2-21) and (2-5), 


V • e = V * E. 


(2-23) 


(2-24) 


Hence the macroscopic field E is actually the space-time average of the 
atomic field 6, even in the presence of dielectrics. 


r/S 



Fig. 2-4 Cavities for defining fields in a dielectric : slot A with short dimension 
parallel to the field; slot B with long dimension parallel to the field; and sphere C. 


(B) Cavity definitions. 

Consider the three shapes of cavities shown in Fig. 2~4. There are no 
true charges on the boundaries. From the boundary condition of Eq. 
(2-15) the field measured in slot A, whose major extent is oriented normal 
to the field, is KEm, where E^i is the field in the medium. The field in slot 
B, whose major extent is oriented parallel to the field, is just E^^, by Eq. 
(2-18). The field measured in the spherical cavity C can be shown to be 


3kE^ 1 ^ ^ 

2<c + 1 ~ (2/c + 1) 


(2-25) 


by methods to be discussed in Chapter 5 for the solution of boundary 
value problems. It is introduced here only to indicate how cavity defini- 



2-3] 


THE ELECTKIC FIELD IN A MATERIAL MEDIUM 


31 



Fig. 2-5 Field profile measured by the cavity technique on a horizontal line 
passing through the centers of Fig. 2-4A, and C, 


tions depend on the geometry of the cavity. For large values of k Eq. 
(2-"25) reduces to 

E = |E^. (2-26) 

The three types of fields existing in these cavities are shown graphically 
in Fig. 2-5. Each of the cavity definitions will thus give a definite value 
of the field, provided that the geometry is standardized. 

(C) Molecular fields. 

Consider a dielectric placed between the plates of a parallel plate con- 
denser, as shown in Fig. 2-6, the dielectric and condenser being suffi- 
ciently large in the directions parallel to the plates so that end effects may 
be neglected. Consider one of the molecules constituting this dielectric. 
Let us draw a sphere of radius a about this particular molecule, intended 
to represent schematically the boundary between the microscopic and the 
macroscopic range of phenomena concerning the molecule. The molecule 
is thus influenced by the fields arising from the following charges: 

(1) The charges on the surfaces of the condenser plates. 

(2) The surface charge on the dielectric facing the condenser plates. 

(3) The surface charge on the interior of the spherical boundary of 
radius a. 

(4) The charges of the individual molecules, other than the molecule 
under consideration, contained within the sphere of radius a. 



Fig. 2-6 Indicating the contributions of a dielectric to the field on one of its 
molecules. ^ 
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The fields due to these sources may be computed separately: 

(1) The charge on the condenser plates produces a field at the molecule 
in question equal to 

D P 

— = E H (2-27) 

€0 

(2) The polarization charge on the surface of the dielectric facing the 
condenser plates, ap = Pn, produces a field at the molecule given 

- (2-28) 
eo 


(3) The polarization charge present on the inside of the sphere produces 
a field that may be calculated as follows. The magnitude of the electric 
field at the center of the cavity, Ep, due to the polarization on the surface 
of the cavity, is given by 




Op cos d dS 




(2-29) 


where d is the angle between P and the radius vector from the molecule to 
the surface element dS. The differential element of surface charge between 
6 and 6 + dd is 

Gp dS = |P| 27ra^ sin 6 cos 6 dd. (2-30) 

Equation (2-29) thus becomes 


P27ra2 p 

Ep == / sin $ cos^ B do, 

4:Treoa^ Jo 


(2-31) 


and on integrating, we obtain Ep = P/3eo, or 


Ep = T. (2-32) 

3«o 

Note that Ep is not the solution of the boundary value problem of a 
spherical cavity within a dielectric, as was the field given by Eq. (2-25), 
but is the solution of the problem of a spherical cavity within a dielectric 
if the polarization is considered to be unaffected by the presence of the 
cavity. 

(4) The field due to the individual molecules within the sphere must be 
obtained by summing over the fields due to the dipoles within the sphere. 
We have the potential of an individual dipole from Chapter 1 : 


4ireo r® 


(1-42) 
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The field at a distance r from a dipole is 


33 


E = — V</) = 


-1 

4x€n 


P 3(p • r)r 


Lr 


( 2 - 33 ) 


Summing over all the dipoles within the sphere is equivalent to taking 
the spatial average of the x'-component of the field: 


E, 


-1 

S 

47r€o 



- Pyxy - p^xz) 


(2-34) 


Since according to our assumption the dielectric is isotropic, the x-, y-, 
and 3 -directions are equivalent, and 


= y^ = = r^/Z, xy = yz = zx = 0. (2-35) 

Hence the field due to the dipoles within the sphere vanishes. 

On adding the partial fields of expi-essions (2-27), (2-28), (2-32), and 
the zero field of Eq. (2-34), we have for the total field acting on one mole- 
cule 

P P P P , , 

Eeff = E -| h - — = E -h - — (2-36) 

6o eo 3«o 3eo 

This expression, derived for isotropic substances, is also valid for a lattice 
point within a cubic crystal, but is not valid for crystals of lower sym- 
metry. Note that we have considered only dipole-dipole interactions be- 
tween neighbors. Clearly, this will be inaccurate for substances having 
large oriented molecular groups. 

The difference between Eq. (2-36) and method (A) is that here we con- 
sider what happens to an actual molecule of the medium, rather than take 
an average of the field at a random point. The physical significance of 
the space-time average of all the atomic fields would be the average field 
on a fast moving charge traversing the medium. 

2-4 Polarizability. The field definition (C) is useful for describing the 
large-scale behavior of a dielectric in terms of the constants of its mole- 
cules. In order that such a description be made, the specific inductive 
capacity must be associated with the polarizability of a single molecule. 
This connection may be made by means of Eq. (2-36), which gives the 
field and thus the force acting on a single molecule within the body of a 
dielectric in terms of the external field. The quantity a, called the polar- 
izability, is defined by the equation 


p = aeoEeff, 


(2-37) 
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where p is the dipole monieRt induced in R single molecule. If iV is the 
number of molecules per unit volume, the total polarization is 


P = Np = aNeoEeU 


P = 


Noga 

~ir 


«oEe£f, 


(2-38) 


where g is the density and M the molecular weight of the material, and 
No is Avogadro’s number, so that N = Nog/M. Therefore P may be found 
if o: is given for a particular material. Furthermore, by combining Eq. 
(2-38) with Eqs. (2-12) and (2-36), we may eliminate the fields and ob- 
tain the relation sought; 

^ ^ ^ ^ ( 2 - 39 ) 

K + 2 3 m 

This formula, known as the Clausius-Mossotti relation, gives the correct 
dependence of the specific inductive capacity on density for a wide class 
of solids and liquids. For dilute gases, where k is not very difi'erent from 
unity, Eq. (2-39) becomes 

NoQol 

Na = — (2~40) 
M 


just as would be expected for an approximation corresponding to the neg- 
lect of the interaction between each molecule and its neighbors. The 
molecular polarizability in general arises from two basic physical causes: 
(1) the lengthening of the bonds between atoms, and (2) the preferred 
orientation of molecules along the direction of the field as opposed to the 
random orientations brought about by thermal motions. 

It is this second effect which is responsible for the temperature depend- 
ence of the specific inductive capacity. In statistical mechanics it is 
shown that under conditions of thermal equilibrium the probability that 
any one molecule has energy U is proportional to where k is Boltz- 

mann’s constant and T is the absolute temperature. If we have a mole- 
cule of intrinsic moment po in a field E, then according to Section 1-8, 

U = -po • E 

= —poEcosOy 

which depends on the orientation of the molecule with respect to the field. 
The contribution of each molecule to the total dipole moment would be 
Po cos 6, to be summed over all molecules. If there are N molecules per 
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unit volume^ the mean effective polarization would be given by 


J Npo cos de^ ^ do, 

p 

j e* « dQ 


(2-41) 


where for convenience we have written x = poE/kT. The denominator is 

easily integrated, and apart from the constant factor Npo the numerator 
is just the partial derivative of the denominator with respect to x. The 
final evaluation gives 


P = Npo 



(2-42) 


which for small x becomes 


P 



NplE 
ZkT ' 


(2-43) 


This effect is to be added to the polarizability due to distortion of the 
molecules by the field, which we may call ao. Equation (2-40) thus 
becomes 


/c — 1 = Nao + 


Npl 

SeokT 


(2-44) 


In the chapters immediately following we shall return to the problem of 
the electrostatic field in vacuum, but we are now able to consider dielec- 
trics both as boundaries and as sources. 


SUGGESTED REFERENCES 

All the references listed at the end of Chapter 1 for the fundamental principles 
of vacuum electrodynamics contain treatments of dielectrics and boundary condi- 
tions. For the derivation of Eq. (2-42), called the Langevin formula, see almost 
any textbook on statistical mechanics, for example: 

R. H. Fowler, Statistical Mechanics. Uses the elegant methods invohdng the 
partition function. 

J. E. Mayer and M. G. Mayer, Statistical Mechanics. Mathematically simpler 
than Fowler, and more than adequate for our purpose. 


EXERCISES 

1. The fact that the magnitude of P is proportional to that of E, and that the 
angle between P and E is constant for a given orientation of a crystal dielectric in 
the field, can be expressed by 


P = (e • e)E - (e • E)e. 
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Find e in terms of P, E, and the angle between P and E, and show that Xa/s in Eq. 
(2-13), Pa = eoX«^F^, is a symmetric tensor. 

2. Consider a simple cubic lattice of point dipoles, all of equal moment and like 
orientation. Show that the field at the position of one dipole due to all others in 
a sphere of arbitrary radius about this point is zero. 

3. A long very thin rod of dielectric constant k is oriented parallel to a uniform 
external field E. What are E and D within the rod? What are the fields in a very 
thin disk of dielectric oriented perpendicular to the field? 

4. Show that for an electret (fixed P) the integml J’ E • D dv over the enti.-e 
field volume vanishes. 

5. Consider an electron of charge ~e moving in a circular orbit of radius Uo 
about a charge H-e in a field directed at right angles to the plane of the orbit. Show 
that the polarizability a is approximately 47rao- 



CHAPTER 3 


GENERAL METHODS FOR THE SOLUTION 
OF POTENTIAL PROBLEMS 

We have seen that, in principle, potential problems are solvable if all 
charge distributions are known, and we shall prove the uniqueness of any 
solution which reduces to the correct values on the boundary of a region. 
Actually only a few of the most idealized problems can be solved with any 
degree of simplicity . F or practical applications experimental and numerical 
methods of mapping fields have been devised, as well as graphical and semi- 
graphical procedures involving some calculations. Analytic methods rarely 
lead to solutions in closed form, while infinite series must converge fairly 
rapidly to be useful. Nevertheless, analytic solutions of geometrical bound- 
ary configurations approximating the actual situation furnish a valuable 
check even when experimental mapping is finally necessary, and graphical 
methods depend on prior knowledge of the general behavior of the poten- 
tial. The solution of problems with relatively simple boundaries and 
charge distributions is therefore of value, even for more complicated engi- 
neering applications. 

Unfortunately, no general methods of solution are available which will 
apply to all types of geometrically simple problems, and therefore each in- 
dividual case demands, to some extent, special treatment. Certain methods 
apply to general classes of problems, however, and can be discussed as in- 
dividually characteristic of these classes. 

3--1 Uniqueness theorem. This theorem states that if within a given 
boundary a solution of a potential problem is found which reduces to the 
given potential distribution on that boundary, or to the given normal 
derivative of the potential on that boundary, then this solution is the 
only correct solution of the potential equations within the boundary. 
The theorem provides justification for attempting any method of solution so 
long as the resulting solution can be shown to obey Laplace’s equation in 
a charge-free region. No matter how the solution is obtained, if it satis- 
fies these conditions the problem is considered solved. 

The proof of the theorem is very similar to that indicated (Section 1-1) 
for the unique definition of vector fields from their source and circulation 
densities, except that here the integration does not extend to infinity. If 
we put into Gauss’s divergence theorem as the vector field, we obtain 
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The last term vanishes, from Laplace’s equation, if we choose the surface 
of integration in such a way as to exclude all charged regions from the 
interior of the region of integration. It may be necessary to employ sur- 
faces internal to the outer boundary in order to exclude the charges from v. 

Let us suppose that two different potentials, <^>1 and ( 1 ) 2 , are solutions of 
a given potential problem. Both (j&i and <#>2 are to satisfy the boundary 
condition, and hence on the boundary either = <^>2 or (V<#>i)n = (V02)n. 
(The component of V<#> normal to a surface is often called the ''normal 
derivative” and may be designated by dcp/dn.) If we substitute the differ- 
ence 4 >i — ^2 for <#> in Eq. (3-1), we have 

I - <^>2)V(.^1 - <^2) • dS = /" [V(<^1 - <l> 2 )?dv. (3-2) 

Either boundary condition (equality of the potentials or their normal 
derivatives) assures the vanishing of the left side of Eq. (3-2). Since the 
integrand of the right side of Eq. (3-2) is positive definite, it must be zero 
in order for the integral to vanish; hence throughout the volume v 

V^i = V<^>2J <^>i = ^2 + constant. (3-3) 

Thus the two potentials that were assumed to be different yet satisfying 
the same boundary condition can differ at most by an additive constant 
which makes no contribution to the gradient; therefore these potentials 
will give the same electric field distributions. 

If linear dielectrics are involved, Eq. (3-1) may be replaced by 

j 4 , kVcI> • dS = j [k(V<^)2 + • {KV<j>)] dv. (3-10 

Laplace’s equation for dielectrics is 

V • (/cV</)) = 0, 

and hence the proof for uniqueness remains valid. If non-linear dielectrics 
are involved, the region may be divided into subregions having uniform 
polarization densities, and for which the theorem holds separateljo 

3-2 Greenes reciprocation theorem. A large number of theorems that 
are useful for the solution of electrostatic problems serve to transform the 
solution of a knovm, presumably simpler, problem into the solution of 
another problem whose solution is desired. Of such theorems one of the 
most useful is Green’s reciprocity theorem. Let us consider a set of n 
point charges qj, at positions where the potentials due to the other charges 
are given by a set of numbers (l>j. The potential at the point j is related 
to the charges at the other points (designated by i for purposes of summa- 
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4>j — 


47160 t=l Tij 


(3-4) 


The prime on the summation sign means that the term i = j is to be 
omitted from the summation. If, on the other hand, a different set of 
charges Qj is placed at the same points, giving rise to the corresponding 
potentials a similar relation holds: 


47160 i=l Tij 


(3-5) 


Let us now multiply Eq. (3-4) by and Eq. (3-5) by qj, then sum each 
expression over the index j : 


" " ” , qiq'j 1 

— - 

j"l 3=1 i=l '^ij 47r6o 


n n n / . -j 

E _ qiqj i 

Mj = 1. — 

y=i y=i i=i Tij 47reo 

Since i and j are summation indices, we may interchange them in one 
product of the q^s, and see that 


n 


n 


2 = S 4>'i9i, 

3=1 3=1 


(3-7) 


which is the desired theorem. 

This theorem can be generalized from a set of point charges to a set of 
n conductors of potentials carrying charges qj: the generalization fol- 
lows if we combine the points of equal in Eq. (3~7) into a single term. 
Equation (3-7) thus applies directly to such a system of conductors. 
If all but two conductors i and j are grounded, Eq. (3-7) implies that the 
potential to which the uncharged conductor i is raised by putting a charge 
q on conductor j is equal to the potential of j, when uncharged, produced 
by a charge q on i. An application of Eq. (3-7) to the solution of a poten- 
tial problem is indicated at the close of Section 3-3. 


3-3 Soitition by Greenes function. A great variety of solutions of po- 
tential problems can be generated from what is knowm as a Green’s func- 
tion. The Green’s function for a particular geometrical arrangement is 
the solution of the potential problem for this given geometrical arrange- 
ment of grounded conducting boundaries when the only charge present is 
a unit point charge at point Xa. It should be noted that the grounded 
conducting boundaries may be at infinity and the point charge need not 
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be surrounded by a zero potential surface at a finite distance. It may be 
shown with the aid of Green’s reciprocity theorem that the Greenes func- 
tion for a particular geometry is a symmetrical function of the coordinates 
of a unit charge located at the point and the coordinates of the point 
of observation Xa. 

Tw^o general types of problems can be solved by the use of Green’s 
function. One type is that in which the potential distribution over a cer- 
tain conducting boundary is given, and the other is one in which the 
charge distribution is given in a region within a conducting boundary. 
The derivation of the solution of both these problems can be given to- 
gether by means of Green’s theorem, 

j - 4>V%) dv = j ■ dS, (3-8) 


where \p and <t> are arbitrary functions of position which are required 
to be nonsingular throughout the volume v. Let 4) be the desired solution 
of a particular potential problem and let yp ~ G be the Green’s function 
for the geometry of the problem, i.e., the solution of the problem of a unit 
point charge located at r == 0 with the surface S grounded. Then G will 
be of the form 


G = 


1 

47r€or 


+ X, 


(3-9) 


where x represents the potential due to the induced charge on >S. Here x is 
harmonic in r, i.e., it is a solution of Laplace’s equation. Therefore, G has 
a singularity only at r ~ 0, which we may handle by means of tlie 5-func- 
tion. On substituting Eq. (3-9) into Green’s theorem, we have 


/ 


{GV^4> - 4,V^G) dv = 


H- 




eo 


dv 


= j {GV4> - 0VG) • dS. (3-10) 

Also, by definition, (? = 0 on S. Hence, on collecting the nonvanishing 
terms, we find 

^!> = - ao (/ GV^ dv+j <l>sVG ■ dS^ • (3-11) 

Let us now consider the two cases mentioned earlier: 

(1) The surface surrounding the point is grounded, making <#>« = 0, 
and V^(l> = — p/eo due to the charge distribution p throughout v. Equa- 
tion (3-11) then reduces to 
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This expression is fairly obvious, since it merely represents the principle of 
superposition applied to the density of point sources within the volume v, 
with each unit source of which the density p consists contributing its share 
to the potential by the superposition indicated by the integral. 

(2) Let there be no sources of <t> throughout the volume v, so that = 
0, but let us assume that (ji is a given function <l>s on the surface S. In 
this case, Eq. (3-11) reduces to 

J <t>^'VG • dS. (3-13) 

Equation (3-13) gives the potential within a given region enclosed by a 
conducting boundary where different parts of the boundary are raised to a 
given set of potentials. This solution expresses the potential within this 
boundary in terms of the surface integral of the potential on the boundary 
multiplied by the normal derivative of the Green’s function. .Physically, 
the normal derivative of the Green’s function represents the surface charge 
density that is induced on the grounded conducting boundary by a unit 
charge at the point av Equation (3-13) thus gives the solution of the 
potential problem corresponding to a given potential on the boundary in 
terms of the integral of this potential multiplied by the charge induced on 
the grounded boundary by a unit charge placed at the field point. If we 
wish to express Eq. (3-13) explicitly in terms of the charge au induced 
on the grounded boundary we note from Eq. (2-15) that 

dS (Tis 

V(?.-=+-L, (3_j,4) 

db €o 

Thus Eq. (3-13) becomes simply 

(j>{xa) = — y* (j>s(risdS. (3-15) 

Theorem (3-15) may also be derived directly by the use of Green’s 
reciprocation theorem : 

(1) Let the surface S be grounded and let a single charge be located 
at the point The charge induced by on the jth region of the bound- 
ary S will be designated by qi.. 

(2) Let the charge at x^ be removed, but let the surface S be divided 
into sections, each at a constant potential, the potential of the jth section 
of S being c^js. In this case represents the potential at x^. 

If we relate these two cases by means of Eq. (3-7), we obtain 

n 

+ 2 D ==0 4 - 0 . 

0=1 


(3-16) 
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The two zeros on the right arise from the fact that the potential is zero 
over the entire boundary in case (1), and that the charge at is zero in 
case (2). Remembering that is unity in our consideration, we have 

n 

(l>{xa) = “ X] (3—17) 

i=l 

This expression is identical with Eq. (3-15), but it has been obtained 
directly in terms of the induced charge in a way that is more obvious 
physically. 

In the consideration of more specific problems, we shall derive Green’s 
functions for various conducting boundaries. The solutions for the prob- 
lems, both for grounded conductors enclosing charge distributions and for 
charge-free regions surrounded by conductors whose potentials are given, 
can then be written down immediately. 

3-4 Solution by inversion. There are various kinds of transformations 
by which a set of solutions of one potential problem can be transformed 
into the solutions of another problem. The process of inversion is a special 
case, important because it is valid in three dimensions as well as in two 
dimensions. In two dimensions classes of such transformations more gen- 
eral than inversion can be found. 

One of the simplest and most useful methods by which the solution of 
a problem can often be transformed into the solution of a simpler problem 
is the inversion in a sphere, as shown in Fig. 3-1. It can be shown by direct 
differentiation that if (l>p = is a solution of Laplace’s equation, 

then = \p{r',d,(p) - ~j(t> ^ solution of Laplace’s eciuation. 

In relation to a sphere of radius a this transformation of the point r into 
the point by the relation rr' = maps the point p(,r,d,(p) into its in- 
version point p'(ci^/r,d,(p), moving the point along the radius vector from 
a position inside the sphere to a point outside, or vice versa. Let a charge 



Fig. 3-1 Solution by inversion. 
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^ bo placed at distance I and a charge at distance V from the center such 
that ir = a^. The relations rr' = and IV = imply that r/V = Ifr', 
and therefore the triangles with sides rid and r'Vd' are similar. Thus we 
have r/V = l/r^ = d/d'. The potential at p before inversion is = 
g/47r€od and the potential at p' after inversion is <^p/ = g'/dreod', so that 

(jip c/ d q' I q' r 

= = — ; = (3-18) 

d q qr q V 

To formulate a law for the inversion of charges, we make use of the fact 
that zero potential surfaces must transform into zero potential surfaces. 
We can make the potential of the inversion sphere zero by taking two 
charges initially, qi = q at I, and gn = -qa/l at a distance V from the 
center such that IV = a/. Now the inversion sphere at zero potential 
under the influence of the two charges is to remain so after inversion. 
This is assured if the twm charges change places thus: 

gi = g at I becomes gi = aq/l at a^/l, 

Qu = —qa/l at a^/l becomes gii = — g at 1. 


In either case the transformed charge is the original charge multiplied by 
the inversion radius a over the original distance of the charge from the 
center of the sphere, 




a 




(3-19) 


It seems more convenient for a charge to retain its original sign and change 
only its magnitude when it is inverted, although this is not necessary if all 
charges undergoing inversion are treated in the same way. We now se- 
cure, by substituting Eq. (3-19) into Eq. (3-18), the rule for the inversion 
of potentials, 

<i>p^/4>p = gl/'t' = r/a, (3-20) 


in agreement with = - </)(r,0,^). The transformation equations for 

such quantities as volume or surface charge densities can be obtained by 
multiplying the charge transformation Eq. (3-19) by the transformation 
of the appropriate geometrical quantities. 

In an inversion transformation a point charge will often appear at the 
center of inversion in the transformed geometry. This point charge arises 
from the fact that the net charge in the original geometry had electric 
field lines that terminated on equal and opposite charges located at in- 
finity and, in the inversion, infinity is brought in to the origin. 

The main utility of the inversion transformation is that it rectifies 
spherical boundaries if the center of inversion is taken on the spherical 
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boundary. Two freely charged intersecting spheres may be inverted into 
two intersecting planes, and the plane boundary problem is usually easily 
soluble by the method of images. 

3-5 Solution by electrical images. If we have two equal and opposite 
point charges, the zero potential surface is the plane of points equally dis- 
tant from the two charges. The zero potential plane could be replaced 
by a plane grounded conductor, and the potential and field on the left in 
Fig. 3-2 (a) would remain unchanged. Thus the solution for a point charge 
and grounded plane is just that of two point charges throughout the region 
of space in wdhch the field exists. The fictional charge —q is called the 
‘hmage” of q, by analogy with reflection in a mirror. A case in which two 
semi-infinite intersecting plane conductors produce five images is shown in 
Fig. 3-2(b). 




Fig. 3-2 Examples of charge ‘‘images’’ in plane grounded conductors. 

The method of inversion discussed above justifies the solution of the 
problem of a point charge opposite a grounded conducting sphere, as 
shown in Fig. 3-3 (a), by the method of electrical images. The sum of 
the potential from a point charge qi located in free space near a grounded 
sphere of radius a, and from the charge that is induced on this sphere 
by qi, will be a potential distribution in whkh the sphere is a zero po- 
tential surface. This system can be transformed into q'l and a plane by 
inversion in the sphere of radius 2a indicated in the figure. The unique- 
ness theorem requires that the potential outside the original spherical 
conductor will be identical with that of the reciprocally transformed point 
charge and plane, or equivalent point charge and image. But the plane 
conductor image transforms into which may be called the image of qi 
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Fig. 3-3 Inversion of a point charge and conducting sphere, (a), into a point 
charge and conducting plane, (b). 

in the conducting sphere. The potential corresponding to the point charge 
and the image it makes in the grounded sphere is therefore the correct 
Green’s function in the region bounded by the conducting sphere and by 
infinity. 

By combination of the methods of electrical images and inversion one 
can readily write down the solutions to problems of the type in which 
various areas of the surface of the conducting sphere are raised to different 
arbitrary potentials, since the problems involving a plane of which various 
areas are raised to different potentials can be easily solved by using the 
potential of the point charge and its image as a Green’s function. Prob- 
lems in which there is an arbitrary charge distribution in the region out- 
side of a grounded conducting sphere are also immediately transformable 
to plane problems and solved by the image method. Similarly correspond- 
ing solutions to problems involving the inside of a grounded conducting 
sphere are obtained. Even problems involving two or three intersecting 
spheres can be transformed to problems of intersecting planes if the center 
of inversion is taken at a point of intersection of the spheres. 

3-G Solution of Lapiace^s equation by the separation of variables. Ex- 
cept within a distribution of charge, the fundamental problem of potential 
theory is to find a solution of Laplace’s equation which satisfies certain 
conditions on the boundaries of the region under consideration. If these 
boundaries correspond to coordinate surfaces in a system of orthogonal 
coordinates, the solution by separation of variables is often much more 
convenient than the general Green’s function method. For one thing, it 
is very easy to state the boundary conditions in the appropriate system 
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of coordinates, whether the condition be continuity of <p or its derivative 
or the assignment of some definite value of (j) or d4)/dn, when each state- 
ment refers to a constant value of a particular coordinate. This would 
be true of any system of coordinates, but in certain systems we can go 
further and write the solution as a product of functions of the coordinates 
separately, so that the boundary conditions can be applied to the separate 
single-variable factors. It may be added that while there is no direct 
general method of solving partial differential equations the separation re- 
duces Laplace’s equation to a set of ordinary differential equations which 
in principle are always solvable. 

The essential features of the method can best be demonstrated by means 
of an example. Consider a pair of parallel grounded conducting plates at 
2/ = 0 and ?/ = a, as shown, with a line charge parallel to the 0 -axis at the 
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(a) (b) 

Fig. 3-4 Showing two ways of dividing the space between condenser plates by 
planes containing the line of charge at a; = 0, y = d. 


point (0,d). We seek a solution valid between the plates, assuming there 
are no other charges. The problem is thus a two-dimensional one for 
which rectangular coordinates are appropriate. Let us assume that 
(ti{x,y) = X{x)Y{y), where X is a function of x alone and Y is a function 
of y. Except for the point (0,d) the equation to be satisfied is 

= FX" + XF" = 0, (3-21) 

where the double prime denotes the second derivative of the function with 
respect to its argument. If we divide Eq. (3-21) by (#>, we obtain 

X" F" 

Y + Y = (^-22) 

Since a: and y can vary independently, both terms of Eq. (3-22) must be 
independent of either variable, and we can write 

X"JX = -Y"/Y = C. (3-23) 

The constant C is called the separation parameter. If there are no re- 
strictions on C the product of the general solutions of the ordinary differ- 
ential equations is a general solution of the two-dimensional Laplace 
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equation. The boundary conditions of the physical problem, however, will 
limit both the nature of the solutions and the values of the separation 
parameter. The solution we seek is a sum (or integral, depending on 
whether the allowed values of the parameter are discrete or continuous) 
of allowed product solutions, with coefficients determined so that the 
boundary conditions are exactly satisfied. In order to determine these 
coefficients we shall make use of a property of the functions known as 
orthogonality. 

There remains a choice in the sign of the separation constant C and 
thus in the nature of the corresponding solutions. Let us first assume 
that C of Eq. (3~23) is positive, G = so that the ordinary differential 
equations become 


7 " + h^Y = 0 , 
Z" - h^X = 0, 


(3-24) 


having general solutions 


Y = A sin ky + B cos ky, 
X = 


(3-25) 


The boundar}^ conditions to be satisfied are that = 0 at y = 0, ^ = a, 
and x = dzco. The potential may be made to vanish at the plates simpl}^ 
by setting B = 0 and limiting k to the values n7r/a, where n is an integer. 
The conditions at plus and minus infinity along x, however, cannot be 
simultaneously satisfied by either term of X, so that we must write the 
solutions separately for the regions of positive and negative x: 

<^>i = E Cne^^^^^sin— r 

” CO <C3J <^0 71=1 ^ 

(3-26) 

A / 

4>2 = L • 

0<a;<co j2=l ^ 

At X = 0 (j) is continuous, so that the coefficients in the twm series are 
equal term by term, i.e., Cn = A^. We have yet to determine these coeffi- 
cients, however, and we have not taken account of the flux from the line 
charge. The physical requirement must exactly correspond to the mathe- 
matical determination of the X,^’s, since the potential is unique. 

Now a line charge could be represented by a two-dimensional S-func- 
tion, but since we are writing the solution separately for regions 1 and 2 it 
is possible to use our knowledge of the boundary conditions at a surface 
charge and employ a one-dimensional function 5(y — d) as a special case 
of an arbitrary charge distribution along the surface x = 0. In other 
words, on X = 0, 


<^iy) = qKv - ^ 


(3-27) 
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where <i is the charge per unit length perpendicular to the a;(/-plane and 
6(i/ — d) is defined by the equations 


h{y - d)d.y = 1, 


fiy) Ky - d) dy = fid), 0<d<a. 


(3-28) 


The potentials must then satisfy the conditions 

<^iy) 9 Ky - d) 


*0 


«0 


dcj>i d(j)2 

L dx dx . 


x=0 


2mr mry 

= sin (3-29) 

a a 


The Fourier coefficients are determined in the usual way by multiplying 
both sides of Eq. (3-29) by sin rriTy/a and integrating from 0 to a. All 
terms of the series on the right will vanish except that for v^hich m = n, 
i.e.j the sine functions are “orthogonal” over the interval. Therefore 


q rnird 2nnr a 

— sin = Am 

eo a a 2 


or, on writing n for m, 

q ^ Third 

An == sin 

e^nir a 

The entire solution is then 


01 = 


g 1 Third 

— S - sin 

€Qir n a 


niry 

sin ’ 

a 


02 = 



Third 
sin 


. niry 
sin » 


eoir Th a 


a 


(3-30) 


(3-31) 


and the problem is solved. 

It is instructive to note that the same potential may look quite different 
with the opposite choice of sign for the separation parameter in Eq. (3-23). 
If we put C = — the solution for X(x) is just cos kx, since the poten- 
tial is obviously an even function of x, but no limitations are imposed on 
k. No single function Y will vanish on the two conducting plates, how- 
ever, and we must again divide the region into two parts, this time by the 
plane y = d. It can be easily verified that for any k the two solutions 
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which vanish at ^ = 0 and y = a, and are continuous at t/ = d, are 


sinh ky 

U = 0 <y <d, 

smh kd 

sinh k{a - y) 

Yu = » d < y < a. 

sinh k{a - d) 


(3-32) 


The potentials are integrals over k, with coefficients which we may call 

A(^): 


sinh % 

d>i — A (k) cos kx dk, 

i_oo sinh/cd 

sinh /c(a — 

011 = 1 A (k) cos kx dk. 

J_oo sinh^(a--d) 


(3-33) 


The charge density on the plane y = d is now a function of x, and the 
condition on the potentials is 


€0 


d<j)i d<f)ii 

dy dy ly^d 


= j A (k) cos kx 

= U(k) 


cosh kd cosh k(a — d) 
Lsinh kd sinh k(a — d). 
cos kx sinh ka 


kdk 


sinh kd sinh k(a — d) 


■ kdk. 


(3-34) 


But it follows from a formal application of the Fourier integral theorem, 
and has been indicated in a problem at the end of Chapter 1, that 


cos kx dk = 27r 8{x) 


(3-35) 


in the sense that both behave in the same way as factors in an integrand. 
Therefore 

q sinh kd sinh k(a — d) 


A(fc) = , . , , 

27r6o k smh ka 

and the potential is given explicitly by 


(3-36) 


= 


0 II = 


2tC€q 

Q 


sinh k(a — d) 


k sinh ka 
sinh kd 


cos kx sinh ky dk, 


(3-37) 


27r€o J k sinh ka 


cos kx sinh k(a — y) dk. 
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If g = 1 this solution [Eq. (3-31) or (3-37)] is the Green’s function for 
the two-dimensional parallel plate geometry, and we shall see that the 
method is general for determining the Green’s function for a set of equi- 
coordinate planes. But for our immediate purpose the details of this par- 
ticular problem are less important than the principles they illustrate. 
Usually one choice of parameters and corresponding functions is more 
convenient than the other, but a choice must be made. 

To achieve separation of variables in three dimensions we follow the 
same procedure. In Cartesian coordinates <t>ix,y,z) = X(x)Y{y)Z(z), and 
substitution in Laplace’s equation yields 


4 > 



Z" 


We may therefore set 


Z" 

Y 




X" 

Y 





(3-38) 


(3-39) 


There are now two separation parameters; in general, the number of such 
parameters corresponding to N independent variables is N — 1. The 
lack of symmetry in the equations for the factor solutions is intrinsic in 
Laplace’s equation, and may be said to correspond to the complete sym- 
metry in sign of the coordinates themselves in the Laplacian operator. 
In three-dimensional rectangular coordinates two of the factors may be 
circular functions, but not all three. It is necessary that the functions be 
orthogonal in order to permit the determination of coefficients at a con- 
stant surface of the third variable, but this can be showm to be a general 
property of solutions of Laplace’s equation, independent of the coordinate 
system for every case in which separation is possible. 

The orthogonality of the allowed functions may be demonstrated by 
means of Green’s theorem. Let us apply the proof in the case of spherical 
polar coordinates, where the geometry is easily visualized, and then see 
that it is applicable to other coordinate systems as well. Assume that 
Laplace’s equation is separable, so that <#>(r,0,^) - R{r)Y{e,(p), and that 
whatever the nature of the functions or the parameter involved in the 
separation, <j>i and <J >2 are two allo^ved solutions. If we put these two 
potentials into Green’s theorem, we obtain 

- <f-2V2^i) dv = J[RiYiViR 2 Y 2 ) - R 2 Y 2 V{RiYi)] • dS. (3-40) 
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The left side vanishes, since <j!>i and (j >2 are solutions of Laplace's equation. 
If we let S be the surface of a sphere, the component of V parallel to S 
does not operate on the function 7, and therefore 



7i72 dS = 0. 


(3-41) 


But if the two radial functions correspond to different values of the sepa- 
ration parameter they have different dependence on r, and thus their 
logarithmic derivatives are unequal. Equation (3-41) is thus a statement 
that the two functions Yi and 72 are orthogonal to each other when inte- 
grated over the surface of a sphere. 

If the coordinate surface is not closed the proof follows in exactly the 
same way except that use must be made of the fact that the potentials 
are zero at infinity. For sources confined to a finite region the potentials 
do approach zero sufficiently fast so that the integral over the infinite 
surface vanishes. We can therefore conclude that, in general, orthogonal 
functions are generated in the solution of Laplace's equation, and that if 
the equation is separable it is possible in principle to complete the solution. 

It can be shown that the set of allowed functions is complete as well as 
orthogonal. We shall not take up the proof of this statement, but it 
should be remarked that completeness is necessary for the existence of 
satisfactory potential theory. Without it the representation of arbitrary 
potential or charge distributions on surfaces could not be guaranteed. 
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EXERCISES 

1. If cl>ix,y,z) is a solution of Laplace’s equation, show that -<56 —1 -j is 

also a solution. 

2. Let (t>{r,z) be the electrostatic potential at a point (r ,z) in a situation of axial 

symmetrjq with, r the two-dimensional radius such that + ?/“. Let a be a 

small quantity and let r = na. Show that 

(j>{T,z) = { 2 n[(l>{T,z -f a) H- <#>(^,2: ~ a)] + (2n + l)0(r + a,z) 

-f- (2n — l)<^(r “ a,z)]/Sn, 

at a charge-free point in space, correct to order a^. This is one of the typical 
theorems useful in the ‘‘net point” method of field plotting. 

3. Two coaxial pipes of the same diameter with a small gap between them are 
maintained at a potential difference V. Divide the region within the pipe near 
the gap into a rectangular net and guess the potentials at each point. Check the 
correctness of your guesses with the result from the theorem of Exercise 2 above, 
adjust incorrect values, and repeat until a reasonably correct distribution is ob- 
tained. This is called the relaxation method. 

4. Find the condition that a set of two-dimensional equipotentials 4>2 = 

can generate a set of equipotentials when rotated about the 2-axis. Show that if 
this is possible the potential is 

^ = 1 + B 

where F{<f> 2 ) = - (See Jeans or Smythe.) 

y {W(j)2y dy 

5. Consider the field due to an electric dipole of moment p. What charge distribu- 
tion would have to be introduced on a sphere with p at its center to produce zero 
field outside the sphere? 

6. Find a charge distribution that would produce the Yukawa potential 

q ^~rja 

<b — • 

47reo r 

7. Two closed equipotentials <j)i, are such that <^i contains <l>p is the poten- 
tial at any point between them. If a charge q is now put at point p and the equi- 
potentials are replaced by grounded conducting surfaces, show that the charges 
gi, go induced on the two conductors satisfy the relation 

gi/(<35>0 - <i>p) = go/(02> ~ 91) = - <#>o). 

8. Show that Eqs. (3-31) and (3-37) converge, and that both correspond to the 
physical situation. 

9. Determine the potential inside an infinitely long rectangular prism with 
grounded conducting walls at a: = 0, a, ^ = 0, 6, due to a line charge of g per unit 
length located at the point (c,d) inside the prism. 

10. (a) Find the charge density on a grounded spherical conductor of radius a 
in the presence of a point charge g at a distance ro > a from the center of the sphere. 
(5) Find the charge density on an insulated spherical conductor of radius a in a 
uniform electric field, (c) What is the least positive charge that must be given 
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to an insulated spherical conductor of radius a influenced by a point charge q at ro 
in order that the surface charge density be everywhere positive. 


11. Obtain the solution of the problem 
d'<t>{x) __ p(^0 


0<x <7r, 

dx^ eo 


0(0) = A, 0(7r) = B, 

vith p(x); A, B given arbitrarily, in terms of the Green’s function defined by 
G{x',x) = -5(x' - x), 0 < X < IT 


G{Q,x) = G(ir,x) = 0. 



CHAPTER 4 


TWO-DIMENSIONAL POTENTIAL PROBLEMS 

Potential problems involving geometrical arrangements that may be ap- 
proximated by a two-dimensional geometry with an infinite uniform ex- 
tent in the third direction are frequently easier to solve than three-dimen- 
sional problems. Some methods are really only simpler in two dimensions, 
and can be generalized to the study of three-dimensional geometry. On 
the other hand, certain mathematical techniques which have no genuine 
counterpart for three dimensions may be applied to two-dimensional prob- 
lems. The method of complex variable potential description combined 
with conformal transformation is an especially powerful method of this 
second kind. 

4-1 Conjugate complex functions. We shall show that in two dimen- 
sions any analytic function W of a complex variable Zi = Xi + iyi will 
have real and imaginary parts each of which individually satisfies La- 
place’s equation in two dimensions. (That the symbol is used for the 
complex variable should cause no confusion with the third Cartesian 
coordinate, since all :r^-planes are identical in the geometry under con- 
sideration.) Thus a suitable function W = W (zi) can completely describe 
the potential surfaces and field lines of a particular problem. If 4 > + = 

W = W{z^ = W{xi-\- f^i), WQ may separate real and imaginary parts 
and obtain <#>(xi,'^i) and The equations (^> = constant and = 

constant will represent the equipotential and field line surfaces or vice 
versa. Therefore any transformation from one complex variable Zi to 
another Z2 will transform the solution of one potential problem described 
by the first variable to the solution of another potential problem described 
by the second variable. In general, a whole class of two-dimensional po- 
tential distribution problems can be solved by the following process: 

( 1 ) Obtain a transformation Z2 = f(zi) that will transform the geo- 
metric arrangement of the Zi coordinate system into an arrangement of 
the Z2 coordinate s^^stem so as to bring about a simplification in the prob- 
lem. This coordinate transformation, 22 = /(^i) or Zi = g{z2), must be so 
chosen that it will carry the complex potential geometry W = Wi{zi) of 
the original problem into a simpler complex potential geometry IT = 
ITi(^(^ 2)) = IT2(^2)- The new complex potential W2 must be that of a 
more easily soluble problem. 

( 2 ) Express the potential solution (j) in the transformed (i.e., Z2) plane 
in such a way that <j> -f- i\l/ is an analytic function of a complex variable. 

54 
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(3) Transform this solution back into the original Zi plane. 

We shall now discuss the justification for this process. Consider a func- 
tion IF = (ji H- fi/- = f{z) where z = x -{■ iy. If this functional relationship 
is to be analytic, cj) and f must satisfy the Cauchy-Riemann differential 
equations: 


dxj/ d<j> 

dx dy 


(4-1) 


d-ip dip 

dy dx 


(4-2) 


By partial differentiation of Eq. (4-1) with respect to x and of Eq. (4-2) 
with respect to y and combination of the two resulting equations, 

VV = 0 = (4-3) 


The last equality follows from a repetition of the partial differentiation 
with the roles of x and y interchanged. Thus both <j> and \p are harmonic 
functions. 

The functional relationship W = 

W(z) can be demonstrated graphi- 
cally (Fig. 4-1) by plotting the 
lines cp = constant and the lines 
ip = constant in the z — x iy 
plane, after the function W has 
been separated into its real and 
imaginary parts. Note that the 
Cauchy-Riemann relations, Eqs. 

(4-1) and (4-2), ensure that these 
curves are normal to each other. 

The curves of constant cp obtained by giving a succession of values to W 
may be taken to represent the potential field of a problem, and the corre- 
sponding i/' curves taken to represent the electric field, although the latter 
are usually referred to as the streamlines. 

The flux of the electric field crossing a surface S may be defined by 



tween flux and stream lines. 


= 


Je • dS. 


(4-4) 


Let us consider a surface lying along one of the equipotential curves, 
<p = constant, between two stream curves \pi and ^ 2 ^ and of unit height 
normal to the rry-plane. For the purposes of this proof let i, j, k represent 
unit vectors in the directions of increasing x, y, z, and let t be the length 
along the (p curve, as shown in Fig. 4-1. Since the surface is of unit height, 
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rft = k X dS. Then Eq. (4-4) becomes 


$ 


E-dS 


'V<t>-dS 




dcj) 

i + -j).ds. 

dy 


By substitution from Eqs. (4-1) and (4-2), we have 




•— i - — j • dS = (Vi/' X k) • rfS 

1 \dy dx 


Vi>-dX = ^2- '/'!• 


(4-5) 


Thus the difference between two stream functions and 4/2 represents 
the electric flux passing between the right cylinders of unit height generated 
by two neighboring lines 4^i and \p 2 ‘ This means that no lines of force 
cross the constant 4^ lines. This is the justification for calling 4^ the stream 
function, since in two-dimensional hydrodynamic problems the ^ lines do 
trace the streamlines of the fluid. In our case, the streamlines traced by 
giving 4^ different constant values will trace the electric field, when lines 
are the equipotentials of the field. If, on the other hand, ^ had been 
assumed to be the potential, then would have been the stream function. 
This possibility of exchanging the meaning of ^ and 4^ is frequently useful 
in the solution of two-dimensional problems. 


4-2 Capacity and field strength. The above considerations permit us 
to obtain immediately the capacity between any two conductors whose 
boundaries coincide with two equipotential lines and 4 > 2 , and extend 
between two streamlines and ^ 2 - From Eq. (1-26) and the definition 
of i>, 

$ = f E • rfS = q/eo. 


The capacity is given by 



eQ^ 

m' 


(4-6) 


Since the flux $ is the change in the stream function ^ between the edges 
of the conductor surfaces being considered, Eq. (4-5) becomes 


C = 


4/1 — 4/2 
<I>1 “ 4>2 


(4-7) 


Note that all the charges are assumed to lie on the bounding ^ surfaces! 
in general the stream function will be multiple-valued if charges are pres- 
ent in the field. 
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The absolute magnitude of the field strength can also be calculated from 
a known function of the form TF = representing a particular geom- 
etry as in Fig. 4-1. Consider the modulus of the derivative of W : 


dW 

dz 

= 

0(0 + ip) dx ^ 0(0 + ip) dy 
dx dz dy dz 

j 


dW 

dz 


00 dp dp dp 

— dx + f — dy + i — dx -\ dy 

dx dy dx dy 

1 

dz 


With the aid of the Cauchy-Riemann equations, we obtain 


dW 

dz 


dcj) d(j) 

dx dy 


dx 




|V<^>| = |Ei. (4-9) 


The real and imaginary parts of dW /dz are thus respectively the x- and 
y-components of the gradient of the potential and therefore the modulus 
of dW/dz is equal to the magnitude of the electric field strength. 


4-3 The potential of a uniform field. Before examining some of the 
transformations that are useful for simplifying complicated problems, we 
shall look at two basic potentials from which many more general cases 
may be generated by transformations and superpositions. The simplest 
is that of a uniform field E directed along x, for which (i> = “-|E|a:. The 
complex potential can be seen by inspection to be 

W = -|E|^ = -\E\(x -b iy) = ^ + (4-10) 

and the stream function is — — jEj?/. (The potential (j> has been arbi- 
trarily set equal to zero along the ^-axis.) 


4--4 The potential of a line charge. The Coulomb field around a line 
charge with a linear charge density q is found by means of Gauss's elec- 
tric flux theorem, Eq. (1-26), the surface of integration being that of a 
circular cylinder of radius r and unit height coaxial with the line charge. 
This field is 


2ireor2 


(4-11) 


The corresponding potential may be secured by substituting this field into 
Eq. (1-31) and integrating: 

^ = (lii f — In ro). (4-12) 

27reo 

Again we note that in two-dimensional potential expressions it is not pos- 
sible to set the potential at infinity equal to zero, since the two-dimen- 
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sional expression really represents the potentials due to charge distribu- 
tions of infinite extent perpendicular to the xy-phme. It must be re- 
marked that a two-dimensional problem can be, at most, only an approxi- 
mation to physical reality, for it implies not only infinite extent but in- 
finite charge. A physical problem can be treated by two-dimensional 
methods only when it is possible to neglect end effects arising from the 
finite linear extent of the physical arrangement. Usually it is convenient 
to choose some conductor as the potential base, whether or not any ele- 
ment of the system is actually grounded. In Eq. (4-12) the cylinder sur- 
rounding the line charge at a distance Tq has been arbitrarily set at zero 
potential. 

The complex potential function W corresponding to the line charge 
potential may be derived by means of the Cauchy-Riemann ecpiations, 
but it is easily written down merely by inspection of Ecp (4-12). If w^e 
introduce the complex polar notation 2 : = we have 

If = — s — In 2 : 0 ) = — — (In r id ~ In ? 0 ) = (j) + (4-13) 

27r€o 2-^60 

where 4 > represents the potential and x// represents the stream function. 
Note that the stream function, as might be expected from the axial sym- 
metry of the arrangement, is proportional to the argument of i.e., just 
the polar angle 6 , if zq is arbitrarily taken as real. The complex poten- 
tial function for any system of line charges can be obtained by superposi- 
tion of appropriately displaced expressions like Eq. (4-13), one for each 
line charge. 

4-5 Complex transformations. We now turn to the analysis of the be- 
havior of curves in a small region of the complex potential plane when a 
transformation of the plane is made. Consider a transformation from the 
zi plane to the ,^2 plane given by the equation ^2 = /(^i) and let the trans- 
formation function / be analytic except at a finite number of singularities. 
At all nonsingular points such a transformation is conformal. This means 
that the angle between two intersecting lines in the Zi plane, such as in 
Fig. 4-2 (a), transforms into an equal angle between the transformed lines 
in the Z 2 plane, as 62 in Fig. 4-2 (b). This can be demonstrated as fol- 
lows. Since ail derivatives of an analytic function of a complex variable 
exist and are continuous, the derivative dz 2 /dzi will be finite at all points 
except for the singularities. Let us consider two line elements intersecting 
at point Pi, for both of which dz 2 /dzi = f{zi) evaluated at the point Pi. 
The argument of a product is equal to the sum of the arguments of the 
factors, so that w^e have for the argument of the differential line element 
-^2^2- 


arg (dz 2 ) = [arg/'( 2 i)]p^ + arg (d^i), 


(4-14) 
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Fig. 4-2 To show that angles are preserved in a complex transformation. 

and for the argument of P 2 R 2 . • 

arg (& 2 ) = [arg/'C 2 :i)]p, + arg {dzi). (4-15) 

Subtracting Eq. (4-15) from Eq. (4-14), and noting that the angles and 
62 are the differences in the arguments of the respective dpE, we obtain 

= 6>2. (4-16) 

The modulus of the derivative dz 2 ldzi — f(zi) represents the scale fac- 
tor by which all spatial intervals in the neighborhood of a point are mul- 
tiplied. This follows from the fact that the modulus of a product is equal 
to the product of the moduli of the factors. An infinitesimal triangle will 
thus transform into a similar infinitesimal triangle in the new system, and 

\dZ 2 \ = |/'(2l)Pal • M^ll- (4-17) 

The similarity of this transformed infinitesimal triangle and the original 
one provides an alternate way of seeing that angles are preserved in com- 
plex transformations. This means that the orthogonality betw-een stream 
functions and equipotentials is invariant under a complex variable trans- 
formation. 

4-6 General Schwarz transformation. A transformation that will re- 
duce any number of rectilinear boundaries in the zi plane to a single 
straight line boundary in the ^2 plane is due to Schwarz. The Schwarz 
transformation will map the inside of a polygon in the zi plane (although 
the polygon need not be closed) into the upper half of the Z 2 plane. It is 
based on the special transformation, useful in itself, which changes the 
size of an angle whose vertex is at the origin in the zi plane, as shown in 
Fig. 4-3. 

Consider the simple transformation 


2l = 4 


(4-18) 
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Fig. 4-3 Schwarz transformation for a single angle. 


where p is real but not necessarily an integral or a rational number. By 
this transformation points on the positive real axis are mapped on the 
positive real axis, although the scale along the axis is changed by raising 
.xi to the 1//3 power, or at least a branch of the transformation can be 
chosen where this is so. On the other hand, for points lying on the nega- 
tive real axis in the Z 2 plane (z 2 = ^ 26 ^^^), zi is complex, since by the trans- 
formation zi is equal to Hence the negative real axis of the Z 2 

plane is the mapping of a straight line in the zi plane, as required by the 
conformal properties of the transformation, but this line will make an 
angle 7r/3 with the positive zi axis. The transformation of Eq. (4-18) with 
/3 < 1 therefore maps the area of the upper half of the Zi plane lying be- 
tw-een = 0 and di — irfi into the entire upper half of the 5:2 plane. Of 
course, /3 may be greater than one, in which case the angle is obtuse. 
The transformation has a branch point at Z 2 == 0, at which angles are ob- 
viously not preserved, but it is analytic eveiywhere else. 

In the more general case of Fig. 4-4 there are a number of points hi in 
the 2:1 plane which are the corners of a polygon whose interior angles are 
ai. We wish to map the interior of the polygon into the upper half of the 
Z 2 plane. Consider a transformation defined by the differential equation 


d/Zi ^ 

— = n fe - dif*- ( 4 - 19 ) 

dZ2 i=l 




Fig, 4-4 The general Schwarz transformation. 
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Here Ci is a constant, possibly complex. This transformation is analytic 
everywhere except at the points Z 2 = Avhich are real but otherwise as 
yet undetermined. Hence by the conformal properties of such a trans- 
formation the real Z 2 axis, Z 2 = ^ 2 , will consist of mappings of straight 
line segments in the zi plane. The angles which each of these straight 
line segments make with the real axis will be given by the argument of 
dzi/dz 2 evaluated in the segment in question. We may take the argument 
of Eq. (4-19): 


arg 


But 


dzi 

.dZ2, 


)- 


arg Cl + /Si arg - ai) 

+ & arg (22 - as) H h Pn arg - a„). (4-20) 


arg 


dzi 

dz‘ 


;) = 


arg 


dxi + i diji 

dx2 + i dij2 


(4-21) 


and when dz 2 lies along the real axis in the Z 2 plane dy 2 = 0. Therefore 
Eq. (4-21) becomes, when evaluated in the i\h interval, 


/dz{\ /dxi 

arg ( — 1 = arg I — 
\dz2/ \dx2 


, .dyi 
1 — 
dX2 dX2. 


— tan" 


dm 

dxi 


Si. 


(4-22) 


Now when Z 2 lies on the real axis between a-i and a^ 4 _i, the argument of 
Z 2 minus any point to the left is zero and the argument of Z 2 minus any 
point to the right is just tt. Therefore a combination of Eqs. (4-20) and 
(4-22) leads to 

Si = arg Cl + + Pi +2 H ftO- (4-23) 

Thus all points of the real axis segment — ai are mappings of a line 
segment with slope Si in the Zi plane. If we subtract Eq. (4-23) from a 
similar expression for Sij^i, we obtain 

Si — Si = —TT^j+i. (4-24) 

From the geometry of Fig. 4-4 (a) we see that this angle difference of 
— TT/^i+i at the point hij^i is related to the interior angle at each 
corner by the relation 

= TT + (4-25) 

For convenience, we may change the subscript to i and solve for 


Hence Eq. (4-19) becomes 



dzi 

dZ2 


Cin(z2-a.A' t 

Z=:l 


(4-26) 


(4-27) 
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where the scale factor Ci gives both the relative scale and the relative 
angular orientation of the two geometries. This is the required transfor- 
mation for a polygon with internal angles ai. 

In general, the Schwarz transformation is a useful one provided that 
Eq. (4-27) is integrable in terms of elementary functions. This is pos- 
sible, with the exception of special cases, only when the angles are multi- 
ples of 90° and not more than two corners are involved. One further 
difficulty in the practical application of the Schwarz transformation is 
that the resultant transformation is given in terms of = f(z 2 ) with the 
coordinate along the real axis in the Z 2 plane as the independent variable, 
rather than in terms of the coordinates of the zi plane, or the problem 
polygon, as the independent variables. Therefore considerable computa- 
tional labor is often necessary to find out what the coordinates in the 
Z 2 plane actually are in terms of the geometry of the given problem. Once 
the Qi are determined, the remainder of the solution of the potential prob- 
lem is usually simple. The consideration of some special simple cases will 
serve to indicate the power of the method and to illustrate its use. 

4-7 Single-angle transformations. A single angle can always be trans- 
formed into the origin of the Z 2 plane, so that = 0 in each case. For 
some special angles Eq. (4-27) is immediately integrable: 

(a) a = TT. The integration of Eq. (4-27) gives 

Zi = Ci22 + (4-28) 

This is simply a uniform translation and rotation, and is of no physical 
interest. 

(b) a = 7r/2. The integration of Eq. (4-27) gives 

^1 = Csz"{^ + ^2. (4-29) 

If we assume that the constant of translation C 2 is zero, Eq. (4-29) will 
map the first quadrant of the Zi plane into the upper half of the Z 2 plane. 
If, for example, the complex potential in the Z 2 plane is given by the com- 
plex potential solution corresponding to a uniform field E, 

W = -'|E|2:2 = ^ + ill/, 

<I>=-\E\x2, i^=-|E| 2/2, 
then W in the zi plane, according to Eq. (4-29), is 
W = -C4\E\zI 

= — C4|E|(x? — yl + 2ixiyi), 

^ = -C^lEKx? - yf), 

= -C4E\i2x,y{). 
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Fig. 4-5 Schwarz transformation for a — 7 r/ 2 . 

This will solve the problem of the charged rectangular boundary (see Fig. 
4-5) or, if the interpretations of 4> and yp are interchanged, problems in- 
volving charged hyperbolic cylinders. 

If the complex potential in the Z 2 plane is taken to be the logarithmic 
potential corresponding to a line charge, Eq. (4-12), and if the transforma- 
tion of Eq. (4-29) is then applied, we obtain the two-dimensional Green's 
function for an inside rectangular corner, provided that we have trans- 
lated the line charge into the upper half of the Z 2 plane. This same trans- 
formation will give the Green's function for a problem having hyperbolic 
cylindrical boundaries, and thus problems involving such geometries are 
amenable to solution. 

(c) a — 0. In this case, the integration yields 


zi = Cs In 2:2 = C 3 In r 2 + C 3 'i^ 2 , (4-30) 

if we omit the translation constant. If C 3 is real the real part of zi is 
C 3 In r 2 , the positive real Z 2 axis is the mapping of the whole real zi axis, 
and the upper half Z 2 plane maps into a strip of width Cstt, as in Fig. 4-6. 
The transformation can be visualized by considering the origin in the Z 2 



Fig. 4-6 Schwarz transformation for a = 0. 
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plane to be pushed to minus infinity, and the negative real axis of the Z 2 
plane to be revolved clockwise to a position parallel to the positive real 
axis but located above it a distance C^tt, as seen in Fig. 4-6. This trans- 
formation thus results in a periodic configuration in the zi plane; of this 
the strip Cstt wide is the first repeat. The upper half of the Z 2 plane is 
the mapping of the first strip of this configuration in the zi plane. The 
lower half of the Z 2 plane is the mapping of the strip bung between yi = 
C^T and yi = 2Cst in the zi plane, and so on. This transformation is a 
very useful one in the solution of potential problems involving grids, re- 
peating condenser plates, and other geometries that repeat in one direction. 


4-8 Multiple-angle transformations. A simple example is one of the 
most useful. If two vertical lines in the Zi plane are rotated into the 
positive and negative real axes, respectively, then the upper half of the 
Z 2 plane will be the mapping of the vertically oriented, semi-infinite strip 
seen in Fig. 4-7 (a). The two transformed corners may be taken at Z 2 = 
and the differential equation becomes 


dzi 

dz2 


C'lfe - a) ^(22 + a) ^ = 




( 4 - 31 ) 


The relation Ci = iC 2 has been introduced to rotate the figure 90° to the 
orientation shown. Integration yields 



In practice this transformation is most often used to transform a solution 
in the zi plane into the Z 2 plane. If we consider a uniform complex poten- 
tial field W in the Zi plane, 

W = -|E|^i, (4-10) 

mapped into the 5:2 plane by Eq. (4-32), we see that we have obtained 
the cross section of the potential around a charged conducting strip of 



Fig. 4-7 Two-angle transformation. 
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width 2a, or, exchanging potential and stream functions, the potential due 
to a slot in a conducting sheet. The major axis of the slot or strip is nor- 
mal to the plane of Fig. 4-7. If the real and imaginary parts of the trans- 
formed W are given sets of constant values they will characterize the field 
of the arrangement. These equations turn out to be the equations of 
confocal elliptic and hyperbolic cylinders, as indicated in Fig. 4-7. 

Many other practical examples of double-angle transformations are 
readily integrable, and still others may be most easily found by simple 
successive transformations, as indicated in the references listed at the end 
of this chapter. Frequently the solution appears in a form that is decep- 
tively simple, since, as we have noted earlier, it is sometimes very difficult 
to solve for the Z 2 coordinates as a function of zi. Despite these difficul- 
ties, the method is obvious!}^ a powerful one. 


4“9 Direct solution of Laplace^s equation by the method of harmonics. 
Many two-dimensional problems are at least as conveniently solvable by 
methods for which analogs do exist in three dimensions as by complex 
potential methods. Two-dimensional inversions and images are useful 
special cases of general methods already treated. The solution of the two- 
dimensional Laplace equation by separation of variables for plane polar 
coordinates is particularly useful, since it has general validity whenever 
circular or radial boundaries are encountered. Let us consider the appli- 
cation of this method in some detail. 

Laplace’s equation in the plane polar coordinates r and d is 


d 

r — 
dr 



d^(l> 


(4-33) 


To achieve separation we let <l>{r,d) = R{r)€)(6), substitute in Eq. (4-33) 
and divide by <l>. The result is 


r d 
R dr 



1 

^ 0 ^ 


= 0 . 


(4-34) 


The two terms must be individually constant, and we may choose the sign 
of the separation parameter so as to give circular functions in the angle 6. 
Since the maximum range of 6 is 2t, the boundaries of 6 are always ''closed,” 
so to speak, and only certain values of the parameter will be allowed, just 
as in the first treatment of the example of Section 3-6. In other words, 
we may set the first term of Eq. (4-34) equal to to obtain 


dd^ 


+ kl® = 0 , 



d 

r — 
dr 


klR = 0 


(4-35) 
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where the separation parameter hi is in general restricted to discrete values. 
For kn 9 ^ 0 the solutions are 

An COS kj + Bn sin knd, 

Rn = 

and if kn = 0, 

©0 = + Fe, 

= G + jyinr. 

The general solution is obtained by a linear superposition of the individual 
(“harmonic”) solutions: 

00 

n=0 

00 

= X) cos krfi + Bn sin knB){Cnr^^ + Dnr'~^^) 

n==l 

+ {E + Fd) (G + H In r) . (4-36) 

In order to apply Eq. (4-36) to the solution of a practical problem, we 
shall first express certain already knoAvn potentials in this form, and then 
superpose additional potentials, with undetermined coefficients, of the 
same general form. The coefficients are determined by the boundary 
conditions of the given problem, just as in Section 3-6. 

4-10 Illustration: Line charge and dielectric cylinder. To solve the 
problem of a line charge located at a distance Vq from the axis of a dielec- 
tric cylinder of radius a and specific inductive capacity k, as seen in Fig. 
4-9, let us first express the logarithmic potential of the line charge alone 
in the same form as Eq. (4-36). This amounts to shifting the origin of 
the potential, as indicated in Fig. 4-8. We may omit the arbitrary poten- 
tial base, so that Eq. (4-12) reduces to 

^=-— InE. (4-37) 

2x60 



Fig. 4-8 Shifting the origin of coordinates for the potential. 
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Since Eq. (4-36) is in general nonsingular except at the origin r = 0, Eq. 
(4-37) cannot in general be expressed by a single expansion about the new 
origiUj but must be written as two different solutions, one valid in the 
region where r < ro and one valid where r > tq. These two solutions 
must fit together at r = fo in such a way that the derivative shall be dis- 
continuous only at the point where the line charge is located, and con- 
tinuous at all other points. The discontinuity is such that the total flux 
emerging from that point corresponds to the value of the line charge per 
unit length. 

The logarithmic potential Eq. (4-37) of a line charge at the origin can 
be put into the form of Eq. (4-36) of an isolated line charge located at 
6 = 0 and r = tq, as in Fig. 4-8, if we express the radial distance R by 
the law of cosines, R = (r^ + rl — 2rro cos 0)^^, and then expand in a 
power series in t/vq for use where r < ro, and in a pow’^er series in ro/r to 
use where r > ro. Both series converge within their respective ranges of 
validity. The result gives us the potential due to a line charge only : 

n f ^ 1 /rY 1 

^ ~ ^ „ I __ j cos — In ro [ » (4-38) 

0<r<ro 2 x 60 ln=l Vq/ J 

^ ~ I 2 - f—') cos nO — In r| • (4-39) 

ro<r<oo 2^60 ■* 

For the problem of the line charge and dielectric cylinder we shall choose 
the origin of the polar coordinate system at the center of the dielectric 
cylinder, with the radius vector corresponding to ^ = 0 passing through 
the charge, as shown in Fig. 4-9. This is the same coordinate system as 
that in which Eqs. (4-38) and (4-39) are written. To satisfy the bound- 
ary condition at the surface of the cylinder r = a we shall superpose on 


\ 

Field point^ 


Dielectric cylinder 
I 
i 


— g (jYfr) charge for <^ij 
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H ro 


r \ /I ‘ 
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_ / 

“ ro 
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charge for <562) 


'q (effective charge for <^i) 


Fig. 4-9 Line charge and dielectric cylinder. 
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the line charge solution (4-38) a general solution of the type of Eq. (4-36) 
with kn = n and with undetermined coefficients An, Bn, E, and F, and 
make a separation of the potential into two parts and 02 to be valid 
outside and inside the cylinder respectively. The coefficients are to be 
determined so as to account for the polarization of the dielectric cylinder, 
and the separation is made to ensure a finite value for the potential at 
the origin and convergence of the second series in each expression. 


= Z — I Z-. - \ - 
a<r<ro L ^^==1 U \Tq. 


q [ “ 1 / r ’ 

^ _ ( _ ) I 


+ Z cos nd + F, (4-40) 

n=l 


(^2 — j 

0 <F<a 27r€o * 71=1 n Ktq/ 


f ^ 1 fry 1 

i N _ r __ j 0 OS nd — In roj 


+ Z ^ 7 ^^^ COS nd 4" E. (4-41) 


Since the effect of the induced polarization charges in the cylinder is non- 
singular both at the origin and at infinity, and the solution is obviously 
symmetric about the line ^ = 0, it has already been possible to simplify 
the expression (4-36) by omitting the logarithm, the angle and its sine, 
and by using only positive or negative powers of r as necessary to assure 
convergence. 

For any angle d the boundary conditions of Section 2-2 for the surface 
of the dielectric r = a are just 

^01 d<t>2 

01 = 02, — = K- — — (4-42) 


dr 


dr 


We can evaluate the coefficients Bn, F, and F by applying these con- 
ditions to Eqs. (4-40) and (4-41) and then equating the coefficients of 
cos n^, term by term, to zero. This procedure is justified mathematically 
by the fact that these Fourier series functions form a complete orthogonal 
set. The resultant solution is 


*1 

a <r <ro 2 X 60 ^ 71=1 ^ 


02 

0 <r <a 


ry /I - A /AN" 1 ] 1 

— ) + 1 11 — 1 — cos — In *' 

V \l +<c/Vro/ r”J 

n=i n Vro/ 


xeo(l + 


cos nd 


JL 

2x60 


roj’ (4-43) 
In ro. (4-44) 


For r greater than tq the solution may be written down immediately, 
analogously to Eqs. (4-38) and (4-39). 
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If we add zero to Eq. (4-43) by adding and subtracting 

(1 — k) In f 

(1 + /c) 2ir€o 

we see that the potential <j>i outside the cylinder corresponds to an effec- 
tive line charge arrangement , with the role of the cylinder taken by two 
line charges. This arrangement consists of an effective charge — g(l ~ k)/ 
(1 + k) located at the origin, an effective charge ^(1 — k)/(1 + k) located 
at the inversion point of the actual external charge, and the actual charge. 
The inversion point lies on the vector tq at a distance a^Ao from the origin. 
This problem could therefore have been solved by the method of images, 
a fact which can be verified directly by the use of the logarithmic poten- 
tials. On the other hand, the potential ^2 inside the cylinder is seen to 
correspond to a single effective charge at the position of the actual charge 
but of strength 2g/(l + /c), except for an additive constant. The potential 
everywhere, then, is equivalent to some line charge arrangement and the 
dielectric cylinder absent. 

4-11 Line charge in an angle between two conductors. As another ex- 
ample of the solution of a problem in terms of circular harmonics, let us 
consider a wedge-shaped region bounded by grounded conducting surfaces 
intersecting at the origin with an interior angle <x, as in Fig. 4-10, together 
with a line charge of strength q per unit length located at the point ro, ^ 
within the wedge. The solution of this problem will give the Green’s 
function for the region bounded by the intersecting conducting planes. It 
is again clear that we cannot hope to express a solution by means of a 
single equation valid throughout the region from r = 0 to r = 00. The 
solution must be written in two parts, one valid for r < and the other 
valid for r > Tq, joined together at the cylindrical surface r = ro by the 
flux condition corresponding to the charge q. 

Since the potential vanishes on the boundaries (9 = 0 and (9 = o:, the 
angular part of the solution must be of the form sin {mrS/o^. Thus, in 



Fig. 4-10 Line charge parallel to two intersecting plane conductors. 
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Eq. (4“36), kn = nir/a. The potentials are then formally: 


r <ro 



<l>2 

r>ro 


= Z £>« 

n==l 



(4~45) 


The coefScients Cn and Dn must be equal in order to assure continuity of 
the potentials across the cylindrical surface r = tq , so that we shall have 
solved the problem if we determine the Cn^ 

The line charge is equivalent to a surface charge <j{d) on the cylinder 
r == ro, where <r(0) = qb{Q — /S). The angular 5-function can be defined 
by the equations 


ro / 5(5 1, 

r a 

•Jo 


(4-46) 


The flux condition is thus 

qB{9-p) = -60 


d<j>2 d(j>i 

L 5r 5r J 


(4-47) 


The determination of the coefficients is almost identical with that of Sec- 
tion 3-6, and leads to 


„ Q . /wx8\ 

Cn = Sin i I • 

nireo \ a / 


(4-48) 


The complete solution is therefore 



q 

00 

1 


UttP 

mrd 

<t>l = 


z 

— 

( - ) sin 

sin 

r <ro 

7r€o 

n=l 

n 

Vro/ 

a 

a 

<^>2 = 

_ 

00 

z 

1 

l-l sm 

mrB 

nrO 
sin 

r >ro 

7r€o 

n=l 

n 

\r / 

a 

a 


(4-49) 


Just as in the case of parallel plates, this solution is the desired Green’s 
function when q is set equal to unity. It is thus evident that the method 
is a general one for deriving the Green’s function within a set of bound- 
aries corresponding to equi-coordinate planes. 
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SUGGESTED REFERENCES 

W. R. Smythe, Static and Dynamic Electricity. Chapter IV is devoted to two- 
dimensional potential problems, with many examples. 

J. C. Maxwell, Electricity and Magnetism, Yol. 1. There have been many 
elaborations of potential theory since Maxwell’s time, but this remains one of the 
best fundamental texts. 

J. H. Jeans, The Mathematical Theory of Electricity and Magnetism. Follows the 
general presentation of Maxwell, and gives many examples. 

E. Weber, Electro-Magnetic Fields, Vol. 1. A more modern treatment. 

L. A. Pipes, Applied Mathematics for Engineers and Physicists. Chapter XX is 
a good example of the clear and simple treatment of conjugate functions found in 
several books on applied mathematics. 

EXERCISES 

1. By inversion, find the law of image formation for a line charge parallel to a 
conducting circular cylinder. Apply this method to the case of a large cylinder of 
radius h containing a smaller cylinder of radius a, the distance between their axes 
being c <h — a. Find the capacity per unit length, and show that for c = 0 the 
result reduces to that for coaxial cylinders. 

2. Derive the two-dimensional form of Green’s boundary value theorem: if 
4>{x,y) is the two-dimensional potential, show that 

where S is the area bounded by the contour C and r is the distance between the 
point X, y and the point x', y'. n is the outward normal. 

3. Find the field surrounding a charged conducting cylinder whose cross section 
is an ellipse. 

4. Consider two planes intersecting at right angles raised to potentials 7/2 and 
“7/2, respectively. Calculate the electrostatic field. 

5. The transformation 



transforms the region outside the cylinder ri = ai in the zi plane into the entire 
Z 2 plane with a cut along the real axis for —a < x < a. By transforming the 
complex potential function corresponding to a conducting cylinder in a uniform 
field, find the complex potential function corresponding to a strip of width 2a with 
its plane (a) in the direction of an applied field E, and (b) perpendicular to an ap- 
plied field E. 

6. Consider a parallel plate con- 
denser, y = of infinite extent, and 
2/ = 0 semi-infinite, as indicated in Fig. 

4-11. The two outside plates are at the 
same potential. Calculate the capac- 
ity per unit length along z contributed 
by the edge effect, i.e., the difference 
between the actual capacity per unit 
length and that estimated by assuming 
zero field for < 0 and uniform fields 
for a: > 0. 


Fig. 4-11 
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7. An infinite circular cylindrical sheet of radius a is divided longitudinally into 
quarters which are raised to potentials V, 0, — V, 0, respectively. Show that the 
potential inside the cylinder is given by 





What is the potential outside? 

8. Consider the region of space between the cylinder x- + and the xz- 

plane. All the curved boundary and that portion of the plane boundary for which 
a < X <h are at zero potential. That portion of the plane boundary for which 
—a < .r < a is at potential V. Show that the equation of the lines of force in the 
region for which a < r < fe is 

? i " constant, 

where only odd values of n are taken. 

9. Let (l){x,y) be the potential in a two-dimensional field. Let F{x) = (t>{xfl) and 
Fn be the nth partial derivative of F with respect to x. Show that, if (t>(x,y) = 

where A„ = (— l)V(2n)!. 



CHAPTER 5 


THREE-DIMENSIONAL POTENTIAL PROBLEMS 


Laplace’s equation may readily be written in any orthogonal coordinate 
system for which the infinitesimal line elements are known : the operator 
is just the divergence of the gradient, and the application of the diver- 
gence theorem to the gradient over the surface of an infinitesimal volume 
element yields the rec|uired expression.* In a number of these systems the 
equation is separable, so that the methods of Section 3~6 can be applied. 
The two coordinate sj^stems treated in this chapter further illustrate the 
general method, and correspond to geometrical configurations often en- 
countered in practice, namely, spheres and circular cylinders, or parts 
thereof. Spherical coordinates also furnish a particularly useful repre- 
sentation of the potential due to an arbitrary distribution of charge con- 
fined to a region near the origin of coordinates. 

5-1 The solution of Laplace’s equation in spherical coordinates. Ex- 
pressed in spherical polar coordinates, Laplace’s equation becomes 





+ 


1 a 

sin 6 66 



+ 


1 6 ^ 
sin^ 6 dcp^ 


= 0 . 


( 5 - 1 ) 


In order to separate the radial and angular parts of this equation, we put 

^ = i2(r)F(a,^) (5~2) 

and proceed in the usual way. The separated equations are 

a / dR\ 

— ) - nin+l)R = 0, (5-3) 

dr \ dr / 


a / a Y\ 1 a^ Y 

— ( sin a — I d r + n{n 1) sin 6Y = 0. (5~4) 

66 \ 66/ sin 6 dcp^ 

The form of the separation constant n(n -f 1), where n is a real integer, is 
dictated by the necessity that there be a regular solution at the singulari- 
ties of the equation for Y, which occur at 0 == 0 and a = tt. In general, 
Y{6,(p) is known as a spherical harmonic. It has already been proved that 
the set of functions Yn(6,<p) have orthogonality properties similar to those 
of the Fourier functions we have considered in connection with two-dimen- 


See Appendix II. 
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sional solutions. The general solution of the differential equation for the 
radial part of Eq. (5-3), is simply 

R(r) = Anr^ + (5-5) 


The spherical surface harmonics can be further separated by means of 
the substitution 

Y{d,<p) = (5-6) 

If the new separation constant is called then, in terms of the more con- 
venient polar angle variable, ju = cos 9, the two resulting equations are 


d 

dp. 


(1 - M^) 


d@' 
dp . 


+ 


n(n + 1) — 


1 



— - + = 0 . 

dcp^ 


The solutions of these equations are 

e = CnP^ip) + DnC(M). 

= E-m COS nup + Fyn sin m 0, ] 

^ = m = O.J 


(5-7) 

(5-8) 


(5-9) 

(5-10) 


The functions (cos 9) and Qjr(cos 9) are the associated Legendre func- 
tions of the first and second kind, respectively. Their mathematical 
properties can be found in numerous references, some of which are listed 
at the end of the chapter. We need note here only that P^ is the solu- 
tion that is finite for /x = ±1, and thus the only solution allowed when the 
space involved in the problem includes the polar axis. 


5-2 The potential of a point charge. For problems having azimuthal 
symmetry, so that the solution does not depend on the value of the co- 
ordinate (f, the separation parameter m is equal to zero. The potential of 
a point charge at a distance tq from the origin of coordinates has such sym- 
metry if the radius vector of the charge is taken as the polar axis. We 
may obtain the potential of a point charge, expressed in terms of a series 
expansion in the radial and angular functions obtained in the above 
separation of coordinates, by expanding the cosine law expression for 1 /R 
(see Fig. 5-1) in powers of r/ro and Vq/v, 


[(- 

r \ 2 ^ 

— ] -1-1 — 2 — cos 9 

1 

Y^o\^ To 1 

- + 1 -2-^;cos0 


*0/ To J 

r 

L\r/ r 


(5-11) 



5-3] 


A BIELECTEIC SPHERE AND A POINT CHARGE 


75 



the potential due to a point charge. 

Equation (5-1 2) is often taken as 

the definition of Pn(M)- It is obvious from carrying out the expansion 
that these functions are polynomials of degree n in the variable fi. By 
explicit differentiation of l/R with respect to /x and with respect to the 
expansion variable, it can be readily shown that P^(m) satisfies Eq. (5-7) 
with m = 0. 

For the same reasons as in the harmonic expansions of Chapter 4, we 
must use two potentials, one valid where r is less than Tq and one for r 
greater than ro. The two potentials are 


ct>l 

r <ro 


— i: (-)” 

dTTCoro n =0 V o/ 


Pn(M), 


<t>2 

r >ro 


2 


47reo>' n=o 



(5-13) 


The resulting potential of the point charge is therefore just a Taylor- 
Laurent series in r whose coefficients are the Legendre polynomials in cos d. 


5-3 The potential of a dielectric sphere and a point charge. Problems 
involving point charges and boundaries which have spherical symmetry 
can be solved in terms of the functions of the foregoing section. As an 
example, we shall consider the simple problem of a point charge and a 
dielectric sphere of radius a, as shown in Fig. 5-2, with ro being the dis- 
tance from the center of the sphere to the point charge. We shall need 



Fig. 5-2 Dielectric sphere and point charge. 
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three expressions for <t ) : 

00 

<^)l = Z) 

0<r<a n=0 

4-2 = E (~TPnM + Z (5-14) 

a<r<ro 4 x 60^0 n=0 ^^0' n=0 

<^.3 = -^ Z (-)Vn(M) + Z 

ro<r<3o 4x€or 7i=o n=() 

The fit of <f>i to <^>2 at r =- a can be made in the same ^vay as for the two- 
dimensional case. The boundary conditions of Eqs. (2-15) and (2-19) 
must be satisfied for all values of the angle d, and the fact that the angular 
functions are orthogonal makes it possible to equate the terms of the series 
separately to determine the coefficients An and Bn- The fit of <^2 fo <#>3 is 
inherent from the nature of the solutions in Eq. (5-13). For k = ^ the 
solution reduces to that obtained by the inversion process outlined in 
Chapter 3. 

5«4 The potential of a dielectric sphere in a uniform field. As a second 
example of a problem with spherical geometry, let us consider a dielectric 
sphere of specific inductive capacity k in the presence of a uniform field 
whose force lines are parallel to the a;-axis, as shown in Fig. 5-3. The 
lines of electric displacement D are shown. 

Since the field at infinity is uniform, the potential is given b}^ 

<j>ao -= '-EqX = —For cos 0 = —EorjjL - — EorPi(g). (5-15) 



Fig, 5-3 Dielectric sphere in a uniform field. 
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By inspection of Eqs. (5-5) and (5-9), we may write 

(j)l = XAnT^'Pnilj), 

(5-16) 

<^>2 = E - £?orPi(M), 

71 ~0 


for the potentials inside and outside the sphere. The boundary condi- 
tions, (j)i = <#>2 and /c(d0i/dr) = (d 4 > 2 /dr) at r = a, must hold for all values 
of the angle 6. We therefore evaluate the constants An and Bn by equat- 
ing the coefficients of Pn(fJ^) for the same and find that 


Aq = Bq = 0 = An = Bn for n greater than 1, 




-SEq 
/c -f- 25 


Bi 


(k - DEpa^ 

/v -f" 2 


(5-17) 


The potentials are therefore 

^EqV 

61 == cos 6 , 

K + 2 

(5-18) 

(k — 1) EqO.^ cos B 

= ^ J57 j. (jQg 0 ^ 

(k + 2) 

Note that the field E inside the sphere is uniform, but is smaller than the 
field at infinity by the ratio 3 /(a: + 2). It is also seen that the induced 
field of the sphere in the region outside the sphere is that of a dipole whose 
moment is 

p = (ELI) Eo. (5-19) 

\/f i" 2/ 


Let a quantity L be what is known as the depolarization factor for a 
dielectric body, defined as 


L = 


|Eo| [Einsidel 
^ojEmsidel 


(5-20) 


It will be remembered that P = eo(/c — 1)E, from Eq. (2-12). Then for 
a sphere L = -g-, while for a thin rod oriented parallel to the field L 0, 
and for a thin disk oriented normal to the field L = 1 . Thus the electric 
field within a dielectric body in a uniform field is always smaller than the 
field at a large distance, while the dielectric displacement is always larger. 
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5-5 The potential of an arbitrary axially-symmetric spherical potential 
distribution. The potential at any point in space corresponding to a given 
potential distribution, 0(a,0), over a sphere of radius a, can also be written 
in terms of Legendre polynomials. From Eqs. (5--5) and (5“9), we shall 
have two potentials, one valid inside and one valid outside the surface: 


= E AnV^PniUi), 

r<a n=Q 

( 5 - 21 ) 

oo 


We can determine An and Bn by taking advantage of the orthogonality of 
the functions PnC/x) if we know the normalizing factor, i.e., the integral of 
PI over the range of its variable. Stated in a general way, so as to include 
orthogonality, the integral needed is 



2 

d, 

2n + 1 


(5-22) 


where dmn == 1 if w = n, and is zero otherwise. 

Either of Eqs. (5-21) may then be equated to <l>{a,9) for r = a, the re- 
sulting equation multiplied by Pm(M) and integrated from /x = “1 to 
^ = -fij only one term of the series survives, namely, that for which 
n = m. As a result of solving for A^ 


2n+ 1 

An on/ n(M) djX 

2a J _i 

(5-23) 

Bn = a^^+^An, 

(5-24) 


The potentials therefore become 

271 -4" 1 f 

<l> = Ha,e')PnW) dM', 

r <a n~0 ■"U J — 1 

(5-25) 

°° 2n A- 1 r 

n=0 ^ J 


6-6 The potential of a charged ring. Let us consider the potential of a 
charged ring, of total charge g, located at a distance Tq from the origin, as 
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seen in Fig. 5-4, with vq making an an- 
gle do with the axis of symmetry. If the 
distance from the origin along the polar 
axis is called 2 ;, the potential along the 
polar axis, found by expanding 1/R in 
the Coulomb potential by Eq. (5-13), is 

cf ^ / z\^ 

<^. (Z,0) = S ( — ) PnioOSdo), 

r<ro 47reoro n=0 v’o/ 

<i> {z,G) = S ( — ) ^(cos 0o). 

r>ro 47r€oro n=0 \ ^ / 

(5-26) 



Tj. • -A 4. ^ i r? Fig. 5-4 Coordinates for finding 

It IS evident from the series of Eq. ,, + . • i ^ . 1 j • 

(5-12) that P.(l) - 1 . Therefore the a-e potent,.! due to a charged .mg, 

potential at a general point, not lying on the polar axis, may be found by 
multiplying the nth term in the series by Pn(At) and writing r for < 2 : 


a /tY 

<t> (r,d) = Z) ( — ) Pnicos eo)Pn(cOS 6) , 

r<ro 4x€oro n=o 'h^o/ 

(5-27) 

q A 

^ ir,d) = Z ( — ) Pn{cOSdo)Pn(cOSe). 

r>ro 4:7reoro n=0 \r / 


The uniqueness theorem is essential to justify the argument that led to 
the above result. 

5-7 Problems not having axial S3nnmetiy. If the geometr}^ of a prob- 
lem does not have axial symmetry, but does have spherical boundaries, 
the potential solutions for the problem may be written down formally just 
as in the examples above. The constant m must be allowed to have values 
different from zero in order to represent the asymmetry, the spherical har- 
monics are characterized by two parameters, and the series solu- 

tion is a double sum: for each n there is a set of values for m, with the 
condition that m < n. The functions ^ are simply the Fourier functions, 
and the functions © are (m) associated Legendre func- 

tions. Thus the form of the separated functions is different, but no prin- 
ciples are involved which have not been exemplified in problems for which 
^ is constant. We shall therefore omit a detailed discussion of such prob- 
lems. We shall also omit the consideration of problems with conical 
boundaries that exclude the polar axis from the range of potentials, and 
which require the use of Qniij) in order that the boundary conditions be 
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satisfied. Abundant references for the treatment of many such problems 
are listed at the end of the chapter. 


5-8 The solution of Laplace’s equation in cylindrical coordinates, La- 
place’s equation in the cylindrical coordinates r, 5 : is 


1 d / d(l>\ 1 d^<p 

r dr \ dr) d(p^ dz^ 


(5-28) 


Separating by means of the product functions, 


we obtain 


(pir,<p,z) = R(r)^^)Z{z), 

(5-29) 

^ + {k^r^ — n^)R — 0, 

(5-30) 

_ + n'4> = 0, 
acp" 

(5-31) 

<fz 

(5-32) 


where k and n are the separation parameters. Equation (5-30) is known 
as Bessel’s equation, and its solutions are called Bessel functions. The 
character of the solution will depend markedly on the sign of the separa- 
tion constant, i.e., on whether n and k are real or imaginary. If solutions 
are desired which are single valued in the azimuth angle (p, then the solu- 
tions must be periodic in and n must be a real integer. If k is real, the 
solution Z{z) is a real exponential, and the radial solutions are combina- 
tions of the Bessel functions designated by Jiiikr) and Nn(kr), Excellent 
treatments of Bessel functions and their properties are listed at the end 
of the chapter. We need remark here only that Jn and Nn are oscillatory 
functions of their arguments, and that Jn is the solution which is regular 
at r = 0, a point for which Eq. (5-30) has a singularity. For real n and 
/c, then, the integrals are of the form: 

R{r) = AnJnikr) -b BnNn{kr), 

R{r) = Ar'^ -f 

^{(p) = Cn cos n(p -f Dn sin ncp, 

H<p) =^C<p + D, 

Z(z} = 

Z(z) = Ez + F, 


k 9 ^ 0 , 
fc = 0, 

n9^0, 

(5-33) 

n = 0, 
k 9 ^ Oj 

k = 0. 
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If n and k are both zero, 

0 = (A In r + B){C<p + D){Ez + F). 


We shall illustrate the use of these cylindrical functions by outlining 
the solution for a sample problem. Consider a case which has azimuthal 
symmetry, so that n = 0. If the solution extends to infinity radially, so 
that there are no cylindrical boundaries that might impose restrictions on 
the radial function R{r), there are correspondingly no restrictions on k and 
the solution involves an integral over all k. The integral will have the form 


e^’‘^f{k)Joikr) dk. 


(5-34) 


Instead of determining a set of coefl&cients in a sum, we have now to de- 
termine the value of the function /(/c). The potential of a point charge 
may be expressed by an integral of this kind and, in fact, is given in teims 
of a mathematical identity 

i = — ■ ^ - = / e^’’^Joikr) dk, (5-35) 

R Jo 

where the exponential is positive for z < 0 and negative for z > 0. The 
Coulomb potential <f) = q/iinoR is 

(j) = — ^ f e^*’*Jo(fcr) dk. (5-36) 

47reo Jo 

The potential of Eq. (5-36) can then be used in combination with the in- 
duced potential of the form Eq. (5-34) to write down the solution of a 
problem corresponding to plane boundaries normal to the z-axis and under 
the influence of a point charge located at the origin. This layer structure, 
shown in Fig. 5-5, composed of several layers of different inductive capaci- 


K4 ^4 

Z 

(}>4= f n{k)e~^^Jo{kr)dk 


= C l{k)e^^jQ{kr)dk + f m{k)e-^^Jo{kr)dk 

K 2 < p 2 

^ = r g{h)d=‘Jo{kr)dk + r h{k)e-'^Mkr)<lk 

Jq ^ 

, ■ 

A , = J - r e-*^Jo{kr)dk+ r Smd‘’>J{.kr)dk 
Att^qJo 


9 


Fig. 5-5 Parallel layers of dielectric materials under the influence of a point 

charge q. 
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ties, Ki, IC2, etc., has the potentials shown in the figure. If we apply the 
boundary conditions at all of the interfaces and equate the functions 
under the integral sign, there will be a sufficient number of equations to 
determine the functions of fc, and therefore the solution in every layer. 

If the cylindrical solution is required to be periodic in the ^-direction, 
k must be imaginary, and the solutions of the radial equation are Bessel 
functions of an imaginary variable which are usually designated by In 
and Kn. Just as in rectangular and spherical coordinates, we note that it 
is impossible for all three factors to be oscillatory functions of their respec- 
tive variables. 

5-9 Application of cylindrical solutions to potential problems. Lists of 
the mathematical properties of Bessel functions necessary for the solution 
of actual physical problems are found in the references. To solve prob- 
lems involving conducting cylindrical boundaries, we must make use of 
tables, much as we make use of trigonometric tables for circular functions. 
Inside a grounded cylindrical conductor of radius Tq, for example, each 
solution must satisfy the condition Jn{kro) = 0, so that k is limited to a 
discrete set of values /c^, where I is an index numbering the zeros of Jn 
from 1 to infinity. The entire solution is, in general, a double sum over n 
and I, with coefficients determined so as to satisfy the boundary condi- 
tions. The orthogonality of the functions follows from the general proof 
of Section 3-6, or it may be shown from the differential equation (5-30) 

fro 

that I Jn(kir)Jniki'r)r dr = 0 ii I 9^ I'. The orthogonality of the partial 
Jo 

potentials corresponding to different n is obvious from the form of 

The method can be adequately illustrated even with loss of complete 
generality by the problem of a point charge at the origin of coordinates 
within a grounded conducting cylinder about the 2 :-axis. The simplifica- 
tion here arises from the azimuthal 
symmetry, so that the entire poten- 
tial is independent of (p, and the ra- 
dial solutions are confined to/o(^z0- 
The desired solution has the form 

00 

Ai^‘Vo{kir), for z < 0, 

(5-37) 

CO 

<l>2 = H Aie~’‘‘^Jo(kir), for 2 > 0, 

1=1 

where fci is such that at the radius ^xg. 5-6 Point charge inside a 
of the cylinder r — ro? JoikiVo) — 0. grounded conducting cylinder. 


Z=1 
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The flux condition at the plane z — 0 can be stated by means of a two- 
dimensional 5-function defined by the relation 


so that 


2t I d{r)r dr = 1, 


g5(r) 


eo 


d<j)i d(l>2 

dz dz . 


2:=0 


2i:kiAiJo(kir). 


(5-38) 


(5-33) 


If we multiply both sides of Eq. (5-39) by Jo(kpr)rdr and 
r, we obtain 


qJoiO) 

27r€o 



integrate over 


or 


q/ ^ 0 Jo{0) 

4:Tkl f ’'o 

/ [Jo{kir)frdr 


(5-40) 


Now the Bessel functions are defined in such a way that Jo(0) = 1, and it 
may be shown by multipbdng Eq. (5-30) by (dJn/dr)r^ dr and integrating 
by parts that 


[Mkir)frdr=^{[Mkiro)f 


if we take account of the boundary condition at tq and the mathematical 
identity 


dJ fi 
d{kr) 


n 

J n+l 

kr 


(5-41) 


Therefore 


g/^o 1 
2^kirl[Ji{kiro)? 


(5-42) 


and 


2irr^6o itl ki[Ji(.kiro)f 
2xroeo ki[Ji(kiro)f 


(5-43) 
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A generalization of this procedure can be used to determine the Green’s 
function for the interior of a conducting cylinder if the point charge is 
located at an arbitrary position r = a, <p = z — a:o. In that case the 
potentials are written separately for z < Zo, z > zo, and the flux condition 
is expressed in terms of the generalized two-dimensional 5-fimction for 
which 

j 8 {t — a) d{(p — a) T dr dip = 1. (5-44) 

The resulting Green’s function is a double sum over n and I which reduces 
to Eq. (5-43) with g = 1 for the unit charge at the origin. 


SUGGESTED REFERENCES 

Of the references listed in earlier chapters those by Srnythe, Jeans, Stratton, 
Weber, and Morse and Feshbach will probably l:)e most useful for solving more 
elaborate potential problems than we have included. Tlie projjerties of Legendre 
and Bessel functions are developed in an elementary way l)y Byeiiy in Fouriefs 
Series and Spherical Harmonics, and more complete treatments are to be found in; 

T. M. MacRobert, Spherical Harmonics. 

G. N. Watson, Theory of Bessel Functions. 


EXERCISES 

1. What is the potential distribution inside a spherical region bounded by two 
conducting hemispheres at potentials ±F/2, respectively? 

2. Find the potential at points outside a spherical volume distribution of charge 
in which the charge density is proportional to the distance from a diametral plane. 

3. The equation of the surface of a conductor is r ~ a[l 4- 5P«(cos0)], where 
5 <3C 1 . Show that if the conductor is placed in a uniform field E parallel to the polar 
axis the surface charge density is given by 

0 - = cro + a l)P„+i(cos0) + (n - 2)P„_i(cose)]| . 

where ao is the induced charge density for 6 ~ 0. 

4. A uniform field is set up in a medium of specific inductive capacity k. 
Prove that the field inside a spherical cavity in the medium is given by 


ii 

2k + 1 

5. A conducting sphere of radius a carrying charge q is placed in a uniform field 
of strength Eq. Find the potential everj'where. What is the dipole moment of the 
induced charge on the sphere? 

6. What is the capacity of a thin hemispherical shell? (Hint: Invert a charged 
circular disk. The solution of this problem was originally due to Kelvin.) 

7. A solid dielectric sphere of radius a has a sector removed so that it fits the 
edge of an infinite conducting wedge of external angle a, its surface meeting the 
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wedge faces orthogonally. If the wedge is charged, show that the potentials inside 
and outside the sphere are 

= const. 5^(rsin.)W«cos^. 


<^out = const. 


ir(K - 1)0^''“ 

a + 7r(fC + 1) 


(“) 


(Tr/a) +1-^ 


(sin eyl^ cos 


Tip 


(Hint: Note that the geometry of the problem permits only a single surface har- 
monic. Which is it?) (Smythe) . , „ . , 

8. Show that the potential due to a disk of radius a carrymg a charge q is 


<l>{r,z) = 


47reoa Jo ^ 


in cylindrical coordinates. Can you suggest other methods for the solution of this 

problem? 


CHAPTER 6 


ENERGY RELATIONS AND FORCES 
IN THE ELECTROSTATIC FIELD 

Our discussion of the electrostatic field has thus far been based entirely 
on a single experimental law, namely Coulomb’s law of Eq. (1-24) for the 
action-at-a-distance force between two point charges. The electric field 
has been introduced as an intermediate agent whose purpose is to simplify 
the description of the interaction between charges. The question of the 
reality of the field as an independent physical entity therefore does not 
arise in these considerations. Maxwell attempted to ascribe a larger de- 
gree of physical reality in a direct mechanical sense to the electric field 
than will be necessary for our purpose, since the fundamental reason for 
attributing physical reality to the field will not become apparent until 
nonstatic effects are discussed. However, if the field is a truly valid rep- 
resentation of the experimental facts it is necessary that all of the me- 
chanical properties of an electrically interacting system can be described 
either in terms of the sources which partake of the interaction or in terms 
of the fields themselves which are produced by the sources. 

This means that the detailed nature of the sources should not influence 
the action of a field on a given system of charges. The description of the 
electric field alone must be a sufficient description to determine what 
interaction occurs if a number of charges are introduced at given points 
in the field. This interaction must be formulated in terms of the field 
itself, and not depend explicitly on the configuration of the charges that 
produce the field. 

It should therefore be possible to develop a field theory in which we can 
describe the over-all mechanical properties, such as energy and force, 
equivalently in terms of the charges which are the sources of the field, or 
in terms of integrals over the field produced by the charges. The only 
criterion for the correctness of such over-all relations when expressed in 
terms of the electrostatic field shall be that the results are equivalent to 
those which are obtained from a direct consideration of the action-at-a- 
distance interaction of the charges responsible for the field. 

6-1 Field energy in free space. Let us consider a set of charges qi in 
free space. The work done in the course of physical assembly of these 
already-created charges, which are initially located an infinite distance 
apart, is given by 

n 
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( 6 - 1 ) 



6 - 1 ] 


FIELD ENERGY IN FREE SPACE 


87 


where c^i is the potential produced at the position of qi by all the other 
charges. By assembling these charges we have changed the energy of the 
system and, since all of the forces are conservative, we can identify this 
expression for the work of assembly with the energy of the system. This 
energy must be stored somewhere. Just as in mechanics, however, the 
location that one selects as the place of energy storage depends on one’s 
point of view. 

If, for example, we consider two masses at the ends of a compressed 
spring, we have a system that possesses potential energy which will be re- 
leased if the spring is allowed to expand. In the expansion the masses will 
acquire kinetic energy. The physical location of the energy in this me- 
chanical system in its initial condition is not necessarily in the spring. 
Phenomenologically the masses may be considered to be initially in regions 
of higher potential energy than they are after the expansion of the spring. 
Equation (6-1) corresponds to the latter point of view. We shall now try 
to transform Eq. (6-1) to an expression which would make it appear as if 
the electrical energy resides in the (figuratively) ^^elastic” quality of the 
electric field, as would be required in order to correspond to the point of 
view that the energy of the mass-spring system resides in the spring. 

The expression obtained by Maxwell for the energy in an electric field, 
expressed as a volume integral over the field, is 

U = ^ JeUv. (6-2) 

The integral extends over all space. We shall now show that the field 
energy U is, in fact, the same as the assembly work W. To show this, 
let us introduce at any arbitrary field point the partial fields E^*, each 
being the Coulomb field of only one of the point charges g,-. E and are 
then given by 

n 

E = r Ef, 

i=l 

( 6 - 3 ) 

where the prime on the summation symbol indicates that the term for 
which i = j is omitted, since such terms are grouped separately in the first 
summation. For point charges, the first term in the summation makes an 
infinite contribution to the integral over in Eq. (6-2). However, this 
infinite term is independent of the relative position of the charges and 
therefore it must represent the work necessary to create the charges from 
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an arbitrary zero point of energy. We shall therefore designate 

= (6-4) 

2 J i=i 

as the self-energy of the system. The introduction of a finite radius for 
the elementary charges enables us to avoid infinite self-energy so long as 
the charges are stationary, as indicated in a problem at the end of this 
chapter. Later we shall find that a finite radius involves difficulties when 
moving charges are considered. 

With Eq. (6-4) the Maxwell field energy expression, Eq. (6-2), then 
becomes 

U =U, + ~'£ [e^- (-VSj^y) dv, (6-5) 

2 i=i J 

where denotes the potential at any point due to all of the charges 
except the fth charge. Using the vector identity 

V • (A0) = <^V • A + A • V<?!> (6-6) 

in order to perform an integration by parts, we obtain 

u = Us fiv- • Ei] dv. (6-7) 

2 i=i J 

Except at the position of the fth charge, V • Ey vanishes everywhere. Hence 
we may write V • Ey = gy 5(ry)/€o, and hence 

U=U,-'-^f: fE,(E'i>j) •dS + ~Z4>°~' ( 6 - 8 ) 

2 y=i J 2 y«=i eo 

where <#>? is Sy<^)y evaluated at the position of the ^’th charge, i.e., the po- 
tential at gy due to the other charges. The surface term can be made 
arbitrarily small by letting the boundary surface go to infinity, since the 
fields decrease at least as the inverse second power, the potential at least 
as the inverse first power, and the differential area of integration increases 
only as the square of the distance. If we consider that the integral in Eq. 
(6-2) extends over all of space where there is a field, then this integral, 
as a result of Eq. (6-8), reduces to 

U=U, + iZ <!>%. (6-9) 

The second term of this final equation is identical with the expression 
for the work of assembly of the charges from infinity, while the first term 
Us is the self-energy corresponding to the energy used in the creation of 
the charges themselves. The analysis shows that Eqs. (6-2) and (6-9) 
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correspond to the same energy, but Eq. (6-2) expresses this energy as a 
volume integral of an energy density eoE^/2 extending over all of space. 
It is not possible to ascertain experimentally whether the energy resides 
in the field or is possessed by the charges which produce the field. 

6-2 Energy density within a dielectric. In the presence of a dielectric 
Eq. (6-2) can under certain conditions be replaced by 

U = I /"e • D di). (6-10) 


To show this, let us consider the change of energy when a small increment 
of true charge 6p is added to the field. We shall assume rigid boundaries, 
or rigid constraints on the medium, so that no work is done on mechanical 
constraints. In the case of continuous charges the self-energy problem 
disappears, and the work done is given by 


5W 


J 4 > 


l<l>8{V- D) dv 


j <j}'^ • dl) dv. 


( 6 - 11 ) 


The vector theorem of Eq. (6-6) and Gauss’s theorem enable us to write 


8W 


j V • (d>5D) dv - 


SD • V<#> dv 




SD ■ V<t> dv. 


( 6 - 12 ) 


If we drop the surface term, as we did in the derivation of Eq. (6-9), we 
obtain 


SW 


j SD dv 


E • SD dv. 


(6-13) 


This increment of work usually cannot be integrated unless E is a given 
function of D. If, for example, E and D are related by a dielectric con- 
stant K, which may be a function of position but not of E, then the energy 
resulting from the integration of the work increment from D = 0 to 
D = D is 


U = 




Je • SD dv 



Keo S(E^) 

az; 



iJe • D dr. 


(6-14) 


At least for the simple case, therefore, in which E and D are proportional, 
Eq. (6-10) is justified. 
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6“S Thermodynamic interpretation of U, The assumption of a dielec- 
tric constant /c that does not change with time and is a function only of 
position implies that the process of change of field is an isothermal proc- 
ess, since the dielectric constant is usually a function of the temperature. 
If energy enters the dielectric it may produce heat and cause a variation 
of K with time. To assure isothermal behavior, the dielectric material in 
question must be in contact with a heat bath which can abstract heat from 
it to maintain a constant temperature. Thus we cannot equate the incre- 
ment of work done, hW of Eq. (6-13), to the increase in total energy, 
since heat changes are also involved. Equation (6-13) does, however, 
represent the maximum work which can be extracted at a later time from 
the total electrical field energy. 

Thermodynamically, the maximum work which can be obtained from a 
system under isothermal conditions is the free energy F of the system, 
not the total energy. This means that in the presence of dielectrics the 
expression U = -I j E • D & cannot be identified with the total energy of 
the system, but can only be identified with the thermodynamic free energy. 
Of course, the distinction vanishes when no materials with temperature- 
dependent dielectric properties are present in the field. In the thermo- 
dynamic sense, the electric field E is analogous to gas pressure and the 
displacement D is analogous to volume. 

The correct expression for the total energy can be easily derived. If we 
call the total energy U and the entropy S, and let T be the absolute tem- 
perature, then. 


F=:U-TS, dF ^dU -TdS-SdT. (6-15) 

We have identified /E • dJ) dv as the increment of work at constant tem- 
perature, 

dFir = dU -TdS = jE-dDdv. 

Hence, from Eq. (6-15), 


S = ~ 


dF 

dT 


rl 


and 


eo .^9 d/c r E • D 1 d/c 

~E^-~dv = / dv, 

2 dT .1 2 KdT 


U = F + TS = j -E^^^dv 
dT 


_ f E • D 1 diTK] 

~J 2 ~k1F 


dv. (6-16) 


The heat absorbed during application of the field is thus 


8Q = TdS 




T dK 

E • dD dv, 

K dT 


(6-171 



6-4] Thomson’s theokem 

If, for example, the specific inductive capacity has the form 
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^ = 1 + X - 1 + A/2^ (6-18) 

with A constant, as in the case of gases composed of molecules having 
permanent dipole moments, then dK/dT is less than zero, and hence 5Q < 0 
if dD > 0. Hence heat will be given off when the field is applied, and 
conversely. 


6-4 Thomson’s theorem. From now on we shall use only the free- 
energy density in our considerations, although we shall follow the conven- 
tions of electromagnetic nomenclature and designate it by U instead of F. 
This will enable us to equate changes in the free energy directly to the 
mechanical work quantities responsible for them, without making it neces- 
sary to include thermal quantities in the energy balance. The free-energy 
expression of Eq. (6-10), applicable even in the presence of dielectrics, 
behaves in electrical problems in the same manner as does the chemical 
free energy in chemical kinetics: a reaction will proceed until the free 
energy reaches a minimum value. In the electric case, charges on a con- 
ductor will redistribute themselves in such a way that the entire free-field 
energy wall be minimized. 

We can show this directly. Let us consider a virtual process in which 
charges in equilibrium on a conductor are displaced by an infinitesimal 
amount along the constant potential conductor surfaces in such a way 
that the total charge remains unchanged. The variation of free energy is 
given by 


5U = ^jK€o8{E^)dv =jE-5l>dv. (6-19) 

If we apply Gauss’s theorem and let the surface term vanish, we obtain 
SU jn-dDdv = j (-V<^> • 5D) dv = j[(j>V • 8D -'V • 5{Dd>)] dv 


8U = 'E(pi I dpi dv — S(D(f>) • dS 


- Z../ 


6pi dv == 0. 


(6-20) 


The summation extends over each individual conductor which, since it is 
at equilibrium, is at constant potential <!>{. The final expression vanishes 
because the total charge on each conductor is unchanged, and thus the 
variation of the free energy is zero when a system is in equilibrium. This 
theorem, usually known as Thomson’s theorem, shows that the free energy 
is actually an extremum at equilibrium. 
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The term 

u, = ( 6 - 21 ) 

is known as the energy density (more accurately, of course, as the free- 
energy density) of the electrostatic field. It is a density in the sense that 
its volume integral gives the over-all energy of the field. On the other 
hand, in the same sense as it was impossible to localize the energy either 
in the field or in the source charges, it is also impossible to associate energy 
in a definite way with each specific volume of field in a manner which can 
be verified by experiment. 

In deriving the energy expression it is assumed that the medium is held 
at rest and hence no work is done in motion against forces. This implies 
that the virtual process of assembling the charges in the dielectrics is a 
process with particular constraints. The resultant energy expression is 
nevertheless general, since no nonconservative forces are involved. We 
shall next consider the more general virtual process permitting mass mo- 
tion; Eq. (6-10) will still be applicable, however, since the final field 
energy is independent of history. 

6-5 Volume forces in the electrostatic field. The force per unit volume 
that acts on a dielectric body when it is under the influence of an external 
electrostatic field may be derived from the energy principle. The varia- 
tion in free energy dU when a unit volume of the dielectric undergoes a 
virtual displacement 5x is given in terms of F^, the force per unit volume, 
by* 

5U = — dxdv, (6-22) 

In view of the fact that the magnitude of the virtual displacement dx is 
quite arbitrary, we can identify in Eq. (6-22) with the true volume 
force. This information may be put in a different way: if u is an arbitrary 
velocity field within a dielectric, then the rate at which energy is lost by 
the field is given by 

dU r 

— = - Fy^ndv, (6-23) 

dt J 

where F^ again represents the volume force. 

Let us now consider the energy change due to both a change 5p in true 
charge distribution and a change k in specific inductive capacity caused 

* It is assumed here that the virtual velocities u corresponding to the virtual 
displacements dx are sufficiently slow so that the process is both reversible and 
isothermal. Under these conditions the change in free energy can be equated to 
the mechanical work done. 
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by the displacements. From Eq. (6-21), 
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BU = h 


^bJe-T) 


dv 


2€o . 


8(1 /k) dv+ E- 61) dv 


/■ 


2 


''e^ BKdv+jE-SD dv. 
Again making use of integration by parts, we see that 
Je- SDdv = - jv<j>- BDdv 

= J ipV • (SD) dv = j <j>B'V • D dv 


Hence 


dU 

dt 


4> Bp dv. 


dp €0 dK\ 

<j> E^ — ]dv. 

dt 2 dtJ 


(6-24) 

(6-25) 


(6-26) 


(6-27) 

(6-28) 


To arrive at an expression for F», we must express the time derivatives 
dp/dt and dK/dt of Eq. (6-28) in terms of the arbitrary velocity field u. 
This can be done by means of the hydrodynamic equations of continuity, 


dp 

V • (pu) + - = 0, 
at 

(6-29) 

dg 

V • (sn) + ^ = 0, 

at 

(6-30) 


which represent respectively the conservation of charge and mass if g is 
the mass density just as p is the charge density. To calculate dK/dt we 
must associate the change in dielectric constant with the velocity flow. 
Since there is net transport of material in a velocity field, the change in 
dielectric constant can be associated with changes in geometry only if we 
consider the time history of a volume element that is moving with the 
velocity u. The total derivative of a particular quantity, such as k or g, 
when evaluated so that the observation point for this derivative moves 
with a chosen volume element in a velocity field, is known as the substan- 
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tial derivative, and is related to the partial derivatives and to the velocity 
uby 


Dk 

'Ft 


Bk dx Bk By Bk Bz Bk Bk 

1 1 1 — = 

Bx Bt By Bt Bz Bt Bt Bt 


( 6 ~ 31 ) 


Hence the desired partial derivatives are 


Bk 

Bt 


— Vk • u *4" 


Dk 

Ft' 


Bt 


-Vg • u + 




(6-32) 


If there is a dielectric equation of state, i.e., a relation which gives the de- 
pendence of the dielectric constant on the density, such as the Clausius- 
Mossotti relation of Eq. (2-39), then the substantial derivative of the 
dielectric constant can be expressed in terms of the substantial derivative 
of the density by 


Dk dK Dg 
Dt dg Dt 


(6-33) 


The assumption that the dielectric constant depends on the mass density 
alone includes, of course, the assumption that the virtual processes are 
isothermal. The factor DgfDt of Eq. (6-33) may be evaluated with the 
aid of Eq. (6-32) and the equation of continuity, so that 


Dk 

Ft 


dK VBg 
dg \Bt 


+ Vg 




= — [Vg • u - V • (gu)] 
dg 


--gV-u. (6-34) 

dg 


Therefore 

Bk dK 

Vk-u. (6-35) 

Bt dg 


Equation (6-28) may now be written 


dU 

dt 



-0V • (pu) + ^£2 ^gV • u + -E^'7k • ul dv. 
2 dg 2 


(6-36) 


The integrand must be brought into the form of the dot product of an 
expression and the velocity u if we are to identify the volume force F„. 
The first term may be written in this form if we use Eq. (6-6) to integrate 
by parts and assume that the surface boundary is outside of the dielectric 
and therefore outside the region of charge density. The result is 

~ j <I>V • (pu) dv = J pY<l> • u dv. 


(6-37) 
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Similarly, the second term can be put into the desired form if we drop a 
surface term: 


«o /" o dK 

E^g — V-iidv=- 
2 J dg 

Equation (6-36) therefore becomes 



dU 

dt 



-pE + -E^Vk- 
2 



• u dv, 


and by a comparison of Eqs. (6-39) and (6-23) we see that 


(6-38) 


(6-39) 


F, = pE - E^V/c + I V 

is the volume force. 

The first term in Eq. (6-40) is the ordinary electrostatic volume force 
in agreement with Eq. (1-23). The second term represents a force which 
will appear whenever an inhomogeneous dielectric is in an electric field. 
The last term, known as the electrostriction term, gives a volume force on 
a dielectric in an inhomogeneous electric field. Note that the magnitude 
of the electrostriction term depends explicitly through dK/dg = (dK/dg)T 
on the electrical equation of state of the material. It is interesting to note 
that this term will never give a net force on a finite region of dielectric if 
we integrate it over a large enough portion of dielectric so that its ex- 
tremities are in a field-free region. Under this condition the electrostric- 
tion term, being a pure gradient, will integrate out. It is for this reason 
that the term is frequently omitted, since in the calculation of total forces 
on dielectric bodies it usually does not contribute. In cases where it can 
be omitted, however, an incorrect pressure variation within the dielectric 
is obtained, even though the total force is given correctly. 


6-6 Maxwell stress tensor. Before considering any specific examples of 
the application of Eq. (6-40), we shall reformulate this volume force in 
terms of its “space stress.” In a pure field theory it should be possible to 
calculate the net force on a given volume element within a dielectric in 
terms of the field conditions on the surface of the volume element. This 
implies that the field is the stress-transmitting medium in the same sense 
that a string tying two weights together is the medium that transmits a 
force from one weight to the other. This was a point that was empha- 
sized by Maxwell to bring out the importance and the physical reality of 
field quantities. But, as we have seen before, we can give only an alter- 
nate description of the way in which the forces act, and cannot give a 
definite physical proof of the validity of the field concept exemplified by 
Eq. (6-40) as compared with the concept of action at a distance. We 
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where h has been set equal to zero for simplicity. Note that additional 
terms will appear in. the stress tensor if the field is not irrotational as 
assumed above. 

The Maxwell tensor is a symmetric tensor of the second rank and can 
therefore be reduced to three components by transformation to principal 
axes. The principal values of the matrix can be obtained by solving the 
secular determinant: 

\Ta^ - - 0. (6-55) 


The principal values of the tensor, when 5 = 0, are 


Xi = 


iceQ 

T 


X2,3 = 



(6-56) 


When expressed in terms of principal coordinates the stress tensor there- 
fore takes the simple form : 


r = 



0 

0 


0 . 


(6-57) 


The principal axes are so oriented that the coordinate axis corresponding 
to the single root of the secular determinant, Xi, is parallel to E, while 
the two axes corresponding to the double roots X 2 and X 3 are perpendicular 
to E. This fact is often expressed qualitatively by stating that the electric 
field transmits a tension k€oE^/2 parallel to the direction of the field and 
a contraction of magnitude KeoE^/2 transverse to the direction of the field. 

Let us choose a coordinate system in which the :r-axis is parallel to the 
direction of the field, so that Ey = E^ = 0 , and consider the stress across 
a surface element, as shown in Fig. 6 - 1 , whose normal makes an angle 9 
with the x-axis. The stress will then have tw^o components, one parallel 
to E and the other perpendicular to E in the plane defined by E and the 



Fig. 6-1 Geometry for considering stresses at a surface element. 
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normal to the surface element. The magnitudes of these stresses are the 
stress components given by the matrix in Eq. (6-57) multiplied by the sur- 
face element components as indicated in the figure. The resultant stress 
on dS is the vector sum of the two stress components, as shown in Fig. 6-2. 
It is seen that the electric field bisects the angle between the normal to the 
surface and the direction of the resultant stress acting on the surface. This 
construction is frequently a useful one in the graphical evaluation of the 
forces on a charged region if an experimental field plot is available or, in 
the analogous magnetic case to be discussed later, it is useful for the com- 
putation of forces on magnetized materials, or on current-carrying con- 
ductors. 

In the special case of stress transmitted across surfaces either parallel or 
normal to the electric field, we have the simple situation indicated in the 
first two parts of Fig. 6-3, where the field transmits a pull of magnitude 
ED /2 across a surface that is normal to the field and a push of magnitude 
ED/2 across a surface that is tangential to the field. A surface that is 
oriented at 45° to the direction of the field, as also shown in Fig. 6-3, 
will receive a force that acts parallel to the surface, also of magnitude 
ED/2. These relations can be demonstrated for simple cases such as the 
attraction and repulsion between two charges of opposite or equal sign. 




Fig. 6-3 Stresses for fields perpendicular, parallel, and at an angle of 45° to 
a surface. 
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The principal axes are so oriented that the coordinate axis corresponding 
to the single root of the secular determinant, Xi, is parallel to E, while 
the two axes corresponding to the double roots X 2 and X 3 are perpendicular 
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field transmits a tension KeQE^/2 parallel to the direction of the field and 
a contraction of magnitude k^^E^ 12 transverse to the direction of the field. 

Let us choose a coordinate system in which the .r-axis is parallel to the 
direction of the field, so that Ey = Ez = 0 , and consider the stress across 
a surface element, as shown in Fig. 6-1, whose normal makes an angle 6 
with the ;r-axis. The stress will then have two components, one parallel 
to E and the other perpendicular to E in the plane defined by E and the 



Fig. 6-1 Geometry for considering stresses at a surface element. 
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normal to the surface element. The magnitudes of these stresses are the 
stress components given by the matrix in Eq. (6-57) multiplied by the sur- 
face element components as indicated in the figure. The resultant stress 
on dS is the vector sum of the two stress components, as shown in Fig. 6-2. 
It is seen that the electric field bisects the angle between the normal to the 
surface and the direction of the resultant stress acting on the surface. This 
construction is frequently a useful one in the graphical evaluation of the 
forces on a charged region if an experimental field plot is available or, in 
the analogous magnetic case to be discussed later, it is useful for the com- 
putation of forces on magnetized materials, or on current-carrying con- 
ductors. 

In the special case of stress transmitted across surfaces either parallel or 
normal to the electric field, we have the simple situation indicated in the 
first two parts of Fig. 6-3, where the field transmits a pull of magnitude 
ED/2 across a surface that is normal to the field and a push of magnitude 
ED/2 across a surface that is tangential to the field. A surface that is 
oriented at 45° to the direction of the field, as also shown in Fig. 6-3, 
will receive a force that acts parallel to the surface, also of magnitude 
ED/2. These relations can be demonstrated for simple cases such as the 
attraction and repulsion between two charges of opposite or equal sign. 




Fig. 6-3 Stresses for fields perpendicular, parallel, and at an angle of 45° to 
a surface. 
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Box 


Fig. 6-5 Lines of force for equal charges of the same sign. 


If we consider, for example, two charges of equal magnitude but of oppo- 
site sign, then the lines of force are distributed as in Fig. 6-4. If the stress 
tensor is integrated over the surfaces of a box, one of whose faces is the 
plane of symmetry between the two charges and the other faces are at 
infinity, the resulting expression is in agreement with the Coulomb attrac- 
tion of Eq. (1-24). If we consider the two equal like charges, as in Fig. 
6-5, and the same box as before, then the lines of force are parallel at the 
plane of symmetry, resulting in a repulsion whose magnitude can similarly 
be shown to be also in accord with the Coulomb repulsion. 


6-7 The behavior of dielectric liquids in an electrostatic field. Let us 
consider the behavior of an uncharged dielectric liquid resulting from the 
volume force produced by an electrostatic field. If p is the mechanical 
pressure in the liquid when in equilibrium with the electric volume force 
F^, then the mechanical volume force — Vp wLich is set up as a result of 
the pressure gradient is equal and opposite to F^. In other words, the 
equilibrium condition is that + (— Vp) = 0, so that F^ = Vp. Then 
by Eq. (6-40) the pressure gradient at any point within the liquid is given 
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€oE^ €0 / „ dli\ 

Vp = F, = Vfc + ~V — )• 

2 2 \ dgj 

This equation can be written as 



(6-58) 


(6-59) 


On integrating this, assuming that there is a definite equation of state for 
fche liquid, we obtain 


dp \ 

E^ — 


, dK 
£2__ 

jpi g 2 1 

- dg] 

2 

- dgl 


(6-60) 


This equation denotes the important fact that the pressure within the 
dielectric liquid is a unique function of the electric field at a given point, 
the function depending on the electrical and mechanical equation of state 
of the liquid. Equation (6-60) also indicates that the net pressure differ- 
ence (resulting from electrical forces) between two points outside the region 
of the electric field in a dielectric liquid will vanish. A situation that in- 
volves boundaries will be analyzed later. 

If the liquid is incompressible, Eq. (6-60) reduces to 




dKl^ 

dg\i 


(6-61) 


from which the magnitude of the pressure difference can be estimated 
numerically in terms of the Clausius-Mossotti relation or a similar equa- 
tion of state. If the Clausius-Mossotti relation [Eq. (2-39)] is valid, Eq. 
(6-61) for an incompressible fluid becomes 


V2 ■" Pi 


Noeoga 

im 


[E\k + 2)^]; = 


- eog^(<c- 1 )(k + 2) 1^ 

.2 3 Ji 


(6-62) 


As an example of the stresses that act across the boundary between two 


dielectrics, let us take the case of 
a boundary between a dielectric of 
specific inductive capacity k and 
a vacuum. We assume that the 
transition from dielectric to vacuum 
takes place in a continuous manner, 
as indicated by Fig. 6-6. For sim- 
plicity, let the problem be a two- 
dimensional one involving a pair of 
condenser plates that dip into a 


I Finite extent 


i 

p“ of boundary 

1 

Dielectric | ' 

1 

1 

1 

Vacuum 

1 1 

t 1 

1 1 tai- : 


Fig. 6-6 Assumed transition of k 
from a dielectric to vacuum. 
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Fig* 6-7 Two condenser plates dipping into a liquid dielectric. The field free 
point D may be anywhere in the dielectric, well away from the condenser. It is 
indicated as a surface point to facilitate comparison with the hydrostatic pressure. 

dielectric liquid, such as those shown in Fig. 6-7. If the net pressure 
difference from A to D is all that is desired, it suffices to integrate the one 
term of Eq. (6-40) that is proportional to the gradient of the dielectric 
constant. The resultant electrical pressure difference, which has to be 
balanced by hydrostatic effects, is 

€0 

Pa ~ Pd =— E^Vk • dx, (6-63) 

2 Ja 

or 

eo 0 ■> 

PA - Pd =- {Ef + Ei) — dx. (6-64) 

2 J A dx 


If the boundary conditions, Eqs. (2-15) and (2-18), on the normal and 
tangential components of the electric field are introduced, Eq. (6-64) be- 
comes 



EUk - 


1 ) + k^ei. 



«o(<t - 1) 
2 


[Ef -b kEI 


'B' 


(6-65) 


Note that the field quantities in Eq. (6-65) refer to the fields inside the 
liquid. This formula can be used directly to find the rise of the liquid be- 
tween the condenser plates. It does not describe the detailed pressure be- 
havior of the liquid from A to D, however, since it does not include the 
electrostriction term. In fact, the pressure change from A to B is actually 
of opposite sign from the pressure change from A to D. The detailed be- 
havior of the pressure is sho\vn in Pig. 6-8. As the field decreases from B 
to D the pressure decreases below the outside value at A by an amount 
which is larger than the pressure rise at the surface A~B. The net differ- 
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Fig. 6-8 Detailed variation in pressure from A to D. x is simply a path of 
integration from A to the field free point D, 

ence computed in Eq. (6-65) gives only the difference in pressure between 
A and D. The pressure that forces the liquid up is actually exerted at 
the region C where the field is inhomogeneous, and not at the surface of 
the liquid. The physical reason for this is that the energy of dipoles in 
an electric field is lower than their energy in field-free space, and therefore 
the dipoles in the liquid are drawn into the regions of higher field in order 
to satisfy the condition that the potential energy be a minimum. This 
action on the dipoles takes place in the region C where the field begins to 
build up. The electrostriction drop at A-B partially counterbalances this 
minimum energy effect, resulting in the net pressure difference given by 
Eq. (6“65). The example shows that considerable care is necessary in 
applying the force equation in dielectrics. 

Another example seems extremely simple, but actually leads to an ap- 
parent paradox. If a set of charged conductors are so arranged that they 
may be immersed in a dielectric liquid, and if the true charges on these 
conductors are kept constant as a liquid is introduced between them, then 
the free energy of the system as given by Eq. (6-14) will drop by a factor 
1//C, since D remains constant but E is reduced. If, on the other hand, 
the voltages were maintained at their initial values as the liquid was 
introduced, then the free energy would be increased by a factor /c, since 
in this case E remains constant while D increases. Of course, these argu- 
ments pertain only if all of the space between the conductors and outside 
of them is filled with a dielectric liquid. At least all space where there are 
electric fields must be so filled, because otherwise we cannot assume that 
the distribution of E and D remains constant as the dielectric material is 
introduced between the plates. 

This means that if a system maintained at constant charge is totally 
surrounded by a dielectric liquid all mechanical forces will drop in the 
ratio 1/k. A factor 1/k is frequently included in the expression for Cou- 
lomb’s law to indicate this decrease in force. The physical significance of 
this reduction of force, which is required by energy considerations, is often 
somewhat mysterious. It is difficult to see on the basis of a field theory 
why the interaction between two charges should be dependent upon the 
nature or condition of the intervening material, and therefore the inclusion 
of an extra factor 1/k in Coulomb’s law lacks a physical explanation. 
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To investigate this, let us con- 
sider a pair of parallel plate con- 
ductors between which is inserted a 
slab of solid dielectric, as shown in 
Fig. 6-"9. Let be the surface 
charge per unit area on each con- 
denser plate and be the polar- 
ization charge on the outer surface 
of the intervening dielectric. The 
two layers of polarization charge 
will produce ec^ual and opposite 

fields on each plate and their effects will therefore cancel each other. 
From the point of view of electrical interaction alone it is not obvious 
why any change in force at all is obtained when the dielectric layer is 
introduced, since the only direct interaction between the charges which 
are assumed to remain constant, is unaffected by the introduction of the 
dielectric slab. That is, the force per unit area remains 




Fig. 6-9 Parallel plate condenser 
with a slab of solid dielectric. 


r. = 


2€o 


( 6 - 66 ) 


as long as the dielectric does not touch the plates of the condenser. There- 
fore the decrease in force to 

gf 

F, = — . (6-67) 

2^60 


which is experienced when the experiment is performed with a liquid that 
wets the plates and also completely surrounds them, cannot be explained 
by electrical forces alone. 

This apparent paradox can be explained by taking into account the dif- 
ference in pressure in the liquid between the field-filled space and the 
field-free space outside the condenser plates. By Eq. (6-65) this difference 
in pressure is given by 



( 6 - 68 ) 


The sum of the force resulting from this pressure and the pure electrical 
force given by Eq. (6-66) gives the total force of Eq. (6-67) which was 
derived from energy considerations. Thus the decrease in force that is 
experienced between two charges when they are immersed in a dielectric 
liquid can be understood only by considering the effect of the pressure of 
the liquid on the charges themselves. In accordance with the philosophy 
of the action-at-a-distance theory, no change in the purely electrical inter- 
action between the charges takes place. 
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EXERCISES 

1. Consider a set of conductors at given potentials and carrying a total charge 
Q. Show that if the charge distribution is perturbed by an infinitesimal amount 
from that demanded by the field equations, the total energy is increased. 

2. Two charges of q at distance d repel each other with a force given by Cou- 
lomb’s law. Choose a suitable surface surrounding one of the charges and calcu- 
late F by integration of the Maxwell stress tensor. 

3. A conducting spherical shell of radius a is placed in a uniform field E. Show 
that the force tending to separate two halves of the sphere across a diametral 
plane perpendicular to E is given by 

F = freoa^E^ 

4. Consider a long fiat conducting strip of width 2a with its axis perpendicular 
to a uniform field E and its plane inclined at an angle ^ to the field. What is the 
torque per unit length acting on the strip? 

5. A dipole of moment p is placed in a uniform field E. Show by direct integra- 
tion of the moment of the Maxwell tensor over a sphere centered at the dipole that 
the torque is equal to the conventional result p X E. 

6. Find the electrostatic energy of a charge q distributed uniformly over the sur- 
face of a sphere of radius ro. What is the energy if the same charge is distributed 
uniformly throughout the sphere? (In both cases the energy is of the order ^V^vreoro.) 

7. Find the interaction energy of two interpenetrating spheres of uniform charge 
density pi and p 2 . Take spheres of equal radius, and express the answer in terms of 
the amount of overlapping or interpenetration. 

8. (a) The electric field intensity at a point immediately outside a charged con- 
ductor is cr/eo; where a is the charge per unit area. Show that half this field arises 
from charges in the immediate neighborhood and half from distant charges, and 
hence that the normal stress on the conductor is o-V2eo. (b) A piece of gold leaf of 
area 10 cm^, weighing one thousandth of a gram, rests on a fiat horizontal con- 
ducting surface. What electric field intensity must be established at the surface 
in order to lift the gold leaf? 

9. (a) A conducting spherical shell of mass M and radius a floats on oil of specific 
inductive capacity x. If a fraction /o < i of the sphere is immersed while the 
sphere is uncharged, find the charge q on the sphere which will cause it to become 
half immersed. In arriving at your answer, show that the dependence of /c on den- 
sity need not be taken into account, (b) Given all the necessary parameters, what 
is the pressure in the liquid in the immediate neighborhood of the bottom point of 
the sphere when it is half immersed? What is the force per unit area exerted by 
the liquid on the sphere at that point? 


106 ENERGY RELATIONS AND FORCES IN ELECTROSTATIC FIELD [CHAP. 6 


10. Analyze the fields, pressures, and 
tensions involved in the situation illus- 
trated: a charged parallel-plate con- 
denser has one plate immersed in a 
liquid dielectric in such a way that the 
surface of the dielectric is oblique to 
the plates (Fig. 6-10). 



Fig. 6-10 



CHAPTER 7 


CURRENTS AND THEIR INTERACTION 

In the discussion of electrostatics only stationary configurations of 
charge were under consideration. We shall now take into account the 
flow of charge, or current. According to Oersted’s discovery, every cur- 
rent is accompanied by a magnetic field, and it is thus impossible to treat 
currents fully by means of electric fields alone. Before investigating mag- 
netic interactions, however, we shall consider currents that vary slowly 
with the time, and which can be assumed to depend entirely on the elec- 
tric fields present. In the absence of numerical estimates of the relative 
magnitude of magnetic interactions and the interaction of currents with 
the lattice structure of the resistive medium that gives rise to electrical 
resistance, it is not obvious that a situation ever exists in which currents 
depend only on electric fields. But it turns out that the magnetic effects 
can be neglected when the fields vary at low frequencies, provided that 
the dimensions of the conductor are small compared with the so-called 
^^skin depth” of the currents in the particular conductor. We shall also 
neglect an additional effect, known as the Hall effect, which is present 
even at zero frequency, and gives rise to redistribution of the equipotential 
surfaces in a current-carrying conductor. In all but very special sub- 
stances, however, this effect is extremely small. 

7-1 Ohm’s law. The conservation of charge in a medium is expressed 
by the equation of continuity. If j is the current density within the medium 
(measured in amperes/meter^), this equation is 

dp 

V-j + - = 0. (7-1) 

ot 

The current is called stationary if there is no accumulation of charge at 
any point. The criterion for stationary flow is obviously 

V-j = 0. (7-2) 

To relate the theory of current to the theory of the electric field, an equa- 
tion is necessary which relates the current and field at any particular 
point in the conducting material. In many cases they are simply propor- 
tional, so that 

j = crE. (7-3) 

Here a- is the electrical conductivity of the material, measured in mho/ 
meter in the mks system. Equation (7-3) is equivalent to Ohm’s law. 
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This relation is a phenomenological characteristic, and is by no means 
universally valid. The range of current densities over which Eq. (7-3) 
holds is called the linear range of the particular material, and can be very 
large, as in metals, or very small, as in a semiconductor. Equation (7-3) 
implies that the conduction is isotropic. In crystals of low symmetry it 
must be replaced by a tensor equation. 


7-2 Electromotive force. Stationary current is impossible in a purely 
irrotational electric field, since in a stationary current energy is expended 
at a rate j • E per unit volume, and this energy cannot be provided by an 
irrotational field. Stationary currents are possible only if there are present 
sources of electric field known as electromotive forces, which, produce non- 
irrotational fields. If we assume that such electromotive fields exist, and 
denote them by E', while E is the field derivable from a potential, the 
conduction equation becomes 

j = (7(E + EO. (7-4) 

We may define the electromotive force S by 

(E + EO-dl = ^E'-cfl = ^— ■ (7-5) 



The conservative part of the field, E, drops out of the closed line integra- 
tion, which means that the current is entirely due to the nonconservative 
forces, although it is influenced by the conductivity and the geometry. 

In case the current density is nearly constant over major portions of 
the path of integration, as frequently happens, Eq. (7-5) can be written as 

I dl 

S = J 0 — = JE. (7-6) 

/ (xS 


Here J = lj|S is the total current, a constant for the circuit (amperes), S 
is the cross-sectional area of the conductor where the current density is j, 
and It is the resistance of the conductor (ohms); 8 is measured in volts. 
Equation (7-6) is the form in which Ohm’s law is usually stated. 

Note that in a case where there is no current, we obtain, by integrating 
Eq. (7-4) along a line between two points 1 and 2 which traverses all of 
the region in which there is a nonconservative field, 



This indicates that the open circuit electrostatic voltage between two 
points is equal to the total electromotive force in the circuit. It follows 
that within a region where there are nonconservative fields E' = — E in 
the absence of a current flow. Thus, for example, within a given boundary 
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the nonconservative fields (due, e.g., to the chemical potentials) are exactly 
equal to the electrostatic field which is set up by the charges on the bound- 
aries, if there is no current. 


7-3 The solution of stationary current problems. Formally, the cur- 
rent distribution and the field distribution are entirely defined by the non- 
conservative field and by the conductivity of the medium. By mak-ing 
use of Eqs. (1-28), (7-2), and (7-4), we can write the expressions for E 
and j in terms of E' : 

V-j = 0, 


V X (^) = V X E', 

V- (vE) = -V- (ctEO, 


(7-8) 


V X E = 0. 


In the region where there are no nonconservative fields, E is derivable 
from a potential, and hence in the case of stationary flow the potential 
still obeys Laplace’s equation: 

E = 


V • (<7V(^>) = 0, 

or V^<^> = 0 if 0 - is constant. The boundary conditions are different from 
those of electrostatics, however, since now the conductivities rather than 
the dielectric constants define the flux relation across a boundary. From 
Eqs. (7-2) and (7-3) we have, in the absence of nonconservative fields, 

V • ((tE) = 0. (7-9) 


Just as in the analogous case for dielectrics in Chapter 2, the divergence 
equation yields the boundary condition on the normal component of the 
field at the surface between two media designated by the subscripts 1 and 2 : 


n • (o'2E2 — o'lEi) = 0 , 
n • ((r2'^<j>2 “ ~ 0. 


(7-10) 


The curl equation leads to the condition on the tangential component: 

n X (^2 - El) = 0, 

(7- 

n X (V</)2 - V4>i) = 0. 


It follows that the solution of stationary current distribution problems 
is mathematically identical to the solution of electrostatic potential dis- 
tribution problems that have the same geometry, and thus all of the 
methods developed in Chapters 3, 4, and 5 are applicable to these prob- 
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lems. The only difference between the static current problems and the 
electrostatic problems is that the conductivity in a given region may be 
zero, while the specific inductive capacity is in general not less than unity. 
This means that the type of boundary value problems which arise in sta- 
tionary current flow may, under certain conditions, be quite different from 
any that can exist in electrostatic cases. As an example: if we consider 
that the region between a set of parallel condenser plates is filled with a 
medium of conductivity o-, then the current in the stationary current range 
will be exactly uniform over the entire area within the conducting medium, 
while in the analogous electrostatic case the field distribution will be only 
approximately uniform and will be disturbed by the fringing field at the 
edges of the plates. 

In general, if electrostatic methods permit the calculation of the capac- 
ity between two electrodes, then one can conclude immediately what the 
resistance will be between those electrodes if all of the space in which 
they are located is filled with a homogeneous medium. The capacity be- 
tween twm electrodes 1 and 2 is given by 


K€o E • dS 


C- 




dl 


(7-12) 


The numerator is the charge on each electrode by Gauss’s flux theorem, 
and the denominator is the potential difference between the electrodes. 
The resistance between the two electrodes is 


R = 



<7 J E • dS 


(7-13) 


where the denominator gives the net flux of current and the numerator is 
the potential difference. On comparing Eqs. (7-12) and (7-13), we see that 


1 C 


I f 

II 

1^ 

(7-14) 

RC = '^- 

a 

(7-15) 


We note that the product of the resistance and the capacity is a con- 
stant that depends only on the conductivity of the conductor and on the 
specific inductive capacity of the material between the condenser plates, 
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and not on the geometry. However, it is not always possible to find an 
electrostatic problem which will be fully analogous to the corresponding 
stationary current problem, since the difference in the range of dielectric 
constants and conductivities mentioned above causes different field pat- 
terns in the two cases. The formula for the capacity of a parallel plate 
condenser, when edge effects are neglected, is 


C = 



(7-16) 


where S is the area of the plates and I is the distance between them. With 
this substitution for C, Eq. (7-15) gives 



(7-17) 


for the resistance of a wire of known length I and cross-sectional area S. 
The formula for the resistance of a wire is, of course, applicable for large 
values of I, since the zero conductivity of the surrounding medium pre- 
vents fringing of the current flow lines, in strong contrast to the shape of 
the field lines that would arise from condenser plates that coincided with 
the ends of a wire of ordinary length. 


7—4 Time of relaxation in a homogeneous medium. The equation of 
continuity (7-1) may be combined with the conductivity equation j = <tE 
and the source equation V • E = p/k^o to give a differential equation for p: 

_ ^ (7-18) 

dt K€o 

This equation can be integrated with respect to the time, in case "'ve are 
dealing with a homogeneous dielectric or a homogeneous conductor. Ihe 

integration gives p ^ Poc"*^’', (7-19) 

where the characteristic time r is 

T = iceolcr. (7-20) 

The characteristic time r is usually knowm as the relaxation time of the 
medium. Note that it is applicable only to the case of a homogeneous 
medium for if the medium w-ere not homogeneous the spatial dependence 
of the conductivity and the dielectric constant w’ould have to be taken 
into account in the integration of Eq. (7-18). The relaxation time is a 
characteristic time for a medium in that it gives an indication of the time 
in which essentially stationary conditions will be reached after the initia- 
tion of a particular flow of charge. The criterion that must be used to 
determine whether the stationary current equations will be applicable in a 
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particular case is whether the time of observation following the inception 
of such currents exceeds the relaxation time r by a sufficiently large amount. 


7-5 The magnetic interaction of steady currents. The magnetic inter- 
action of currents is best described in terms of an experimentally estab- 
lished interaction in vacuum that is analogous to the electrostatic Cou- 
lomb’s law. The mathematical generalization of the results of Ampere’s 
experiments, which gave the force betw^een two current-carrying elements, 
as shown in Fig. 7-1, is 




Mo 

4t 


JiJt 


a 


dh X {dh X ris) 




( 7 - 21 ) 


Here mo is a constant characteristic of the system of units, and is equal to 
4:t X 10"“^ henry /meter in the mks system; F 2 is the force on the circuit 
that carries the current J 2 and whose line element is dl 2 . Due to the 
geometry that is involved in expressing the relative directions of F 2 , dli, 
dl 2 , and ri 2 , this force equation appears to be more complicated than the 
Coulomb force equation, Eq. (1-24). Also it appears, superficially, to 
violate Newton’s third law of the equality of action and reaction. The 
integrand of Eq. (7-21) is, in fact, asymmetrical as it stands; when the 
integral is carried out over two closed circuits, however, the resulting force 
is symmetrical in terms of the geometry of the two interacting current 
loops. 

The symmetry of the force between the two circuits can be shown as 
follows. If the integrand is expanded by the vector product rule, 

AX (BXC) = (A.C)B- (A-B)C, 

F 2 becomes 

T. _ ^ ^ ^ ^ [ (rfl2 • Tia) rfll (rfli • Cfl2)ri2 ( 

In the first term the integrand with respect to dl 2 is an exact differential, 
since it is the line integral of a gradient, (£ V(l/ri 2 ) • diz- Therefore this 


A 



(7-22) 

(7-23) 


Fig. 7-1 Illustrating Ampere’s law. 
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term vanishes as the integration is carried out over the closed loop. The 
other integral, 




4:T 


m 


(dll • dl2)ri2 


^12 


JiJt 


1^2? 


(7-24) 


is symmetric in terms of loops 1 and 2. 

We have here shown that the basic law of interaction, Eq. (7-21), is, 
in fact, symmetrical in the current elements of a circuit and is therefore 
not in violation of Newton’s third law. The question is often raised as to 
how contradiction with the third law can be avoided if each current ele- 
ment is considered, not as part of a closed loop, but as a charge moving 
with velocity u. In that case the first term in Eq. (7-23) would not van- 
ish, and therefore Newton’s third law is not satisfied. This situation, 
however, represents nonstationary conditions of electromagnetic field, and 
one cannot exclude the possibility that momentum will be carried away by 
the change in electromagnetic field. In fact, we shall show later that elec- 
tromagnetic momentum has to be associated with the electromagnetic 
field, and that therefore in a nonstationary problem involving electromag- 
netic interactions action need not be directly equal to reaction between 
the two interacting sources. A complete discussion of this point must be 
postponed until nonstationary problems can be treated consistently. 


7-6 The magnetic induction field. The reason for taking Eq. (7-21) as 
the starting point for the discussion of magnetic interactions is that Eq. 
(7-21) is in such a form that the interaction expression can be separated 
into a field produced by loop 1 and a force exerted by this field on loop 2. 
Equation (7-24), on the other hand, which implicitly contains the cosine 
of the angle between the circuit elements, does not permit such a separa- 
tion and therefore does not lead directly to a vector field formulation of 
magnetic interactions. The separation of Eq. (7-21) into a field and a 
field force can be carried out by putting 

Fa = /2 ^ <^2 X Ba, (7-25) 


where B 2 is the magnetic field of induction produced by circuit 1 at the 
position of circuit 2, and is 


B 2 


4ir Ti r 




(7-26) 


(The mks unit of B is the weber/meter^.) 



114 


CURRENTS AND THEIR INTERACTION 


[chap. 7 


B is analogous to E in the electrostatic theory in that it determines the 
force that acts on a circuit element. Eq. (7-26) is a generalization of the 
law of Biot and Savart. It should be noted that thus far we have no dif- 
ferential form of this law. The Biot and Savart law when expressed in 
terms of volume currents becomes 


F = 


(j X B) dv, 




(7-27) 

(7-28) 


Note that r in Eq. (7-28) is directed from the point of integration or 
source point (where j is located) toward the field point where B is being 
determined. 


7-7 The magnetic scalar potential. Let us inquire under what condi- 
tions the magnetic induction field B can be derived from a scalar potential 
by the relation 

B = (7-29) 

Consider a closed loop carrying a current /, as in Fig. 7-2, together with 
a field point (xo:)i. If the field B were derivable from a scalar magnetic 
potential and if the point of observation were moved through a dis- 
tance dx from (a:^)! to {xo) 2 , then the increment in the scalar magnetic 
potential 4>m would be given by 

dx-B 

d<f>m — * (7—30) 

/^o 


The Biot and Savart expression, Eq. (7-26), may be used for B, so that 
dx • (dl X r) 1 ^ / r • (dx X dl) 


d<j>rr 


47r J 4x y 


(7-31) 


(The mixed vector-scalar product permits cyclic permutation.) Equation 



Fig. 7-2 Derivation of magnetic scalar potential. 
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(7-31) is, of course, equal to the change in the scalar magnetic potential 
which is obtained if the point of observation were held stationary and the 
loop were moved by an amount —dx, as was discussed in the derivation 
of Eq. (1-59) for the potential of a dipole sheet. By means of the relation 
given in Eq. (1-58), the change in the scalar magnetic potential can be 
written as 


J 


dcj^rn ' 

47r 


(7-32) 


where dQ is the change in the solid angle subtended by the loop at the 
point of observation brought about by an infinitesimal displacement —dx 
of all points of the loop. 

This scalar potential has the same mathematical properties as the solu» 
tion of the electrostatic potential of the surface dipole layer discussed 
earlier, as seen from the similarity of Eq. (1-54) for the static potential of 
a dipole layer and Eq. (7-32) for the magnetic induction of a current 
loop. In addition, this means that the scalar potential of a current loop 
is multiple valued in the sense that it appears to undergo a discontinuity 
of magnitude J when a surface bounded by the loop is crossed. In the 
case of the electric dipole sheet, this surface has a physical significance. 
In the magnetic case, however, the surface can be chosen in any arbitrary 
fashion. Since the choice of the surface is arbitrary, the magnetic field 
derived from such a potential outside the current-carrying region is un- 
ambiguous. However, line integrals of the magnetic field of a current loop 
will be correct only if the path of integration does not pass through the 
arbitrary surface. The line integral of the magnetic field of induction B 
around a closed path threading the current J is exactly equal to the mag- 
nitude of the discontinuity in the magnetic scalar potential <l>m across the 
arbitrary reference surface, and hence 

B • dl = M0*^total* (/— 33) 

For a graphical representation of the magnetic scalar potential of a current 
loop, see Fig. 1-7. The dipole layer of Fig. 1-7 corresponds to the arbi- 
trarily located surface of discontinuity of the current loop. 

Equation (7-33) is the integral representation of the differential relation 
that gives the total circulation of the magnetic field vector in terms of the 
current that causes the magnetic field. Since Eq. (7-33) is valid for any 
arbitrary closed path of integration, we can convert it into a differential 
expression by substituting B into Stokes’ theorem and reducing the size 
of the surface of integration to a differential, thus securing 


V X B = juoj. 


(7-34) 
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We conclude that B cannot in general be derived from a single-valued 
magnetic scalar potential. The concept of the magnetic scalar potential 
is of practical iitilit}^ only to derive magnetic fields in the absence of con- 
tinuous current distributions. The scalar potential 4>m cannot be used if 
line integrals encircling any currents are considered, or if the fields within 
current-carrying media are desired. 

7“8 The magnetic vector potential. From the defining equation for B, 
Eq. (7-28), we may determine the divergence as well as the curl by direct 
differentiation : 



j X r 


dv' 




Mo 

47r 


VX V 



dv' = 0. 


Similarly, 


VXB 



j X V 



dv' 


(7-35) 



[7\i^r)]-dv'. 

r 


Integrating the second term by parts and dropping a surface term, we have 

= m Jj S(r) dv' + 0 = Hoi, (7-36) 

in agreement with Eq. (7-34). 

We have in the above implicitly assumed that currents are fundamen- 
tally the only sources of magnetic field, and that the field of such currents 
is entirely given by the law of Biot and Savart. From the consequence 
that the divergence of B is zero, it follows that B may be derived from a 
vector potential: 


B = V X A. (7-37) 

The vector potential A may be identified if we rewrite the expression for 
B, remembering that the operator V acts only on the variable of field posi- 
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tion and can therefore be taken outside of the integration sign: 


B = 


4t . 


j X V 


d/ = — V X 
It ^ 


3 


dv'. 


(7-38) 


The explicit expression for A in terms of the current is therefore given by 

MO 


A = 


4t ■, 


-dv\ 

r 


(7-39) 


except for an arbitrary function with vanishing curl. For convenience, we 
may here choose this additional function to be zero, although later this 
choice will need modification. With this assumption, however, Eq. (7-39) 
is correct, and the corresponding expression for the vector potential of a 
linear current distribution is 


A = 


4t T 


dl 


(7-40) 


The fields produced by currents can therefore be computed by first de- 
termining the vector potential A, using Eq. (7-39) or Eq. (7-40), and then 
obtaining the magnetic field by means of the relation (7-37). We shall 
postpone treating the problem of ascertaining vector potentials corre- 
sponding to specific current distributions until after we have examined the 
types of currents encountered and their effect on the fields in material 
media. 


7-9 T3npes of currents. The original direct experimental observations 
of the magnetic interactions of currents were made on steady linear cur- 
rents. Modifications must be introduced into the theory if nonstationary 
currents are to be treated, and before we can derive the magnetic effects 
that occur within an arbitrary medium. 

We shall here discuss currents in material media in a manner similar to 
that used to treat charges in material media. Currents may be classified in 
two categories : true currents that may be identified with the motion of true 
charges, and other currents which are associated with the medium itself. 
This separation, which is analogous to the separation that was made in 
the electrostatic theory between the potentials of true charges and the po- 
tentials of polarization charges, will lead us to consider two types of mag- 
netic fields, one derived from true currents and the other derived from the 
combined effects of all the currents whatever may be their origin. It is 
this latter field, namely, the field of magnetic induction B, that can be 
considered to be the space-time average of the interatomic fields. 

Let us classify the types of currents that must be considered: 

1. True curre7its, j, identical with the physical transportation of true 
charges. 
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2. Polarization currents^ later shown to be dP/dt, currents that arise from 
the change of the polarization with time. 

3. Magnetization currents, j^, stationary currents that flow within re- 
gions that are inaccessible to observation but which might give rise to net 
boundary or volume currents, due to imperfect orbit cancellation on an 
atomic scale. 

4. Convective currents. If a material medium in motion contains charges 
of various types additional currents will be obtained which arise from 
convective effects. These convective currents will be derived from the 
motion of both true and polarization charges contained in the medium. 
The convective currents will be discussed in a later chapter. For our 
present discussion we need a more detailed investigation of polarization 
and magnetization currents. 


7-10 Polarization currents. If p represents the charge densit}^ within a 
molecule and the molecular coordinates are designated by then the elec- 
trical moment p of a polarized molecule is defined by 


p = 




(7-41) 


where P = p|. If the charge density within the molecule is changing in 
time, 


dt 


dt 


I dv. 


(7-42) 


By means of the equation of continuity, Eq. (7-42) may be written 


dp 

dt 


j V • (pu)| dv. 


(7-43) 


Integrating by parts and dropping the surface term, which is justified if 
we choose the surface of integration so that it lies outside the region where 
there are molecular charges, we obtain 


dj 

dt 



or, on a large scale, 


/ pu dv 

dP __ 7 — 

dt ~ ~r ~ 

Jdv 


(7-44) 


(7-45) 


Hence the quantity dP/dt does represent the space-time average value of 
the molecular currents caused by a varying polarization. 
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7-11 Magnetization currents. We shall describe these currents in terms 
of the magnetic moment per unit volume, or magnetization M, 

M =i(|Xk), (7-46) 

where | is the coordinate of the current density The magnetic moment 
of a particular volume is then 

m = jm dv = I j iix j^) dv. (7-47) 

Note that this is analogous to the expression for the mechanical angular 
momentum in terms of the velocity of a mass distribution in space. It is a 
purely kinematic definition in the sense that it does not involve any men- 
tion of an actual interaction, magnetic or otherwise. This corresponds to 
the definition of the electric moment of a region given in Eq. (7-41), which 
is also only a kinematic description of a specific alignment of charges, al- 
though the net charge of the volume is zero. The magnetic moment defini- 
tion is a description of a system of currents which need not produce any net 
flow across a surface large enough to be accessible to macroscopic observa- 
tion. In the special case of a single ^‘stationary current’^ loop that encloses 
a given area 5, m becomes simply the product of the current in the loop and 
its area, directed normal to the loop in such a w^ay as to agree with the right- 
hand rule for the current circulation: 

m = JS. (7-48) 

This is in agreement with the elementary definition of the magnetic mo- 
ment of a current loop. 

The expression for in terms of M follows from an expansion of the 
vector potential, Eq. (7-39), analogous to that of the scalar potential in 
Chapter 1. If the current distribution is confined to a volume whose 
dimensions are small in comparison with the distance to the field point, 
we may set r = R — and expand 1/r as in Eq. (1-46). Since the ex- 
pansion is valid for any current so confined in space, we shall omit the 
subscript : 



For stationary currents, Jj dv = 0, and the vector potential will be given, 
even in the limit of small distributions of current, by the second term in 

the expansion. Since — (lA) evaluated at R equals Ra/R^y we are 
dX(x 
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concerned with 



MO 


Ra j* 


(7-50) 


where the integration is, of course, over The integrand of Eq. (7-50) 
can be transformed by adding and subtracting into 

W/3 = ■|(?ai)S + i^3a) + 

The integral of the first part of this expression vanishes for a steady cur- 
rent, as may be seen by writing 


. j) = 0 = V . {^0) - j • 


If we apply Gauss’s theorem to the complete divergence, we obtain 


But 
so that 


0 = J j • V(Jq,^^) dv = j {^aj^ + &7V) dv. 


RaiUh - = [(I X j) X R]^, 


471 

MO 



(I X j) X R 
2R^ 


dv 


mXR 

R^ 


-m X V 



(7-51) 


Hence the leading term of the multipole expansion yields the vector po- 
tential of a magnetic dipole m. If we have a density of magnetization M, 
the vector potential becomes 


— A = + fMXV'(-)dv = 

MO J \r/ 


V'XM 

d?; 

r 



(7-52) 


But 



M XdS 

r 


If the surface may be taken outside the region where there is current, 
then the second term of Eq. (7-52) vanishes. From the general form of 
the vector potential V X M can therefore be identified as the current 
density and, in particular, 

= V X M (7-53) 

enables us to express a volume magnetization in terms of an equivalent 
current. 

The equivalence of magnetized materials and currents in their effect on 
outside points was first noted by Ampere. The concept is necessary for 
treating the inaccessible currents of atomic origin in a macroscopic theory. 
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According to Eq. (7-53), the microscopic currents cancel within a region 
of homogeneous magnetization; is the net current density produced 
where there is inhomogeneous magnetization. 

Physically^ Eq. (7-53) can be understood as follows. Consider the 
^-component of the magnetic moment of neighboring current loops in a 
rectangular network in the .T,y-plane, as seen in Fig. 7-3. If the mag- 
netization is inhomogeneous, there will not be complete cancellation be- 
tween the boundaries of the loops and there will be a net current. This 
net current will bring about whatever net effects are ascribable to the cur- 
rents. The moment of a single loop in Fig. 7-3 is 


m — Ml dx dy dz. 

Then, from Eq. (7-48), the current 
in rectangle 1 is 

Mz dx dy dz 

Ji = ’ 

dx dy 

and by means of Ta^dor's expansion 
we may write the current in the 
neighboring rectangle 2: 

^ [Ms + (dMs/dx) dx] dx dy dz 
^ dy dx 



Fig. 7-3 Equivalent Aniperian cur- 
rent loops in a magnetized medium, 
showing cancellation effect on internal 
boundary. 


The difference between Ji and J 2 results in a net current in the ^-direction 
along the mutual boundary of rectangles 1 and 2: 

dMs 

Jy = dx dz. 

dx 


This form will be recognized as one of the six components of the curl and, 
in general, 

j,, = V X M, 

in agreement with Eq. (7-53). In a region of discontinuous magnetization 
it is easily seen that a surface current equal to the change in the tangen- 
tial component of the magnetization will result at such a discontinuity. 
This follows wiien Eq. (7-53) is applied to a limiting transverse surface 
bounding such a discontinuity. 


7-12 Vacuum displacement current. In a stationary medium the total 
current is given by the sum of the first three types of current enumerated 
in Section 7-9 : 

ap 
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To assure the conservation of charge, it is necessary that this total current 
obey the equation of continuity, V • j + {dp/ dt) — 0. The divergence of the 
total current is 

/3P\ 

V • jtotal = V • jtruc + V . j + V • (V X M) , (7-55) 

so that the equation of continuity as applied to the total charge and cur- 
rent densities is 

V-jtrue + V.(^) + V-(VXM)-h(^) =0. (7-56) 

\dt / vCh/ total 

Since 

Ptotal ~ * E, 

dp\ dE 

total 

and thus 

V.i„ + V.(-) + ^-(VXM) + ..V.(~)-0, 

or 

/ aD \ 

V • (itme + — + V X M j = 0, 

if we make use of the relation D = eoE + P. 

The divergence of the total current, Eq. (7-55) is not zero, and thus 
the total current is not solenoidal. However, the quantity 

aD aE 

C = jtrue + h V X M = jtotal + €o *— » (7-60) 

ot dt 

generated by adding the term €o(aE/ai5) to the total current, is a solenoidal 
current. The need for the addition of this term to produce a solenoidal 
net current vector was recognized by Maxwell. The “vacuum displace- 
ment current^^ eo{dE/dt) does not have the significance of a current in 
the sense of being the motion of charges. We shall see later that the 
magnetic effects of currents can be formulated only in terms of solenoidal 
currents, and therefore that the vacuum displacement current term must 
be introduced in order to be able to apply the formulas which will be 
developed for the magnetic interaction to cases involving nonstationary 
currents. 

The geometrical significance of the solenoidal current c is that at points 
where there is an accumulation of charge the current is assumed to be 
continuous across the discontinuity in the form of the rate of change of 
the field resulting from the accumulation of the charges on the boundaries 
of the discontinuity. As an example, a battery charging a condenser pro- 
duces a closed current loop in terms of c. 


(7-57) 

(7-58) 

(7-59) 
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EXERCISES 


1. Calculate the change in resistance 

of a wire of diameter D (expressed as 
a change in length of the wire) due to 
an internal fissure of diameter d. Let 
D — d and treat as a two-dimen- Fig. 7-4 

sional problem. (See Fig. 7-4.) 

2. The core (radius a) of a coaxial cylindrical cable is surrounded by an insulat- 
ing sheath of conductivity ai, outer radius b, and a second la^’er of conductivity 
<72 extending to the outer metallic conductor of radius c. Find the resistance per 
meter of cable between the core and the outer conductor. 

3. Current enters an infinite plane conducting sheet at some point p and leaves 
at infinity. A circular hole, exclusive of p, is cut an\nvhere in the sheet. Show 
that the potential difference between any two points on the edge of the hole is 
twice that between the same two points before the hole was cut. 

4. Two small spherical electrodes of radius a are embedded in a semi-infinite 
medium of conductivity a, each at distance d > a from the plane face of the medium 
and at distance b from each other. Find the resistance between the electrodes. 

5. A spherical electrode of radius a is surrounded b}' a concentric spherical 
electrode of radius b, while the intervening space is filled with a medium whose 
conductivity is inversely proportional to the distance from the center of the sys- 
tem. If the outer sphere is maintained at potential <^o and a total current J flows 
between the electrodes, find the potential at a distance r > a from the center. 

6. The surface of a circular disk of radius a is covered with a continuous and uni- 
form spiral winding of N turns of fine wire, starting at the center and continuing 
to the edge, through which flows a steady current J. Find the magnetic dipole 
moment. 

7. A circular loop, z = b, -f ?/^ = a-, carries current/. Show that for r < R = 

j^£^gj;^etic scalar potential is proportional to 
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CHAPTER 8 


MAGNETIC MATERIALS AND BOUNDARY VALUE PROBLEMS 

Thus far only magnetic fields in a vacuum have been treated, although 
we have analyzed the currents which will have to be taken into account if 
material media are introduced into magnetic fields. In general the current 
j in Eq. (7-34) must be replaced by the total current including the mag- 
netization and polarization currents, as given in Eq. (7-55). We have 
seen, however, that in vacuo the curl of B is proportional to the total sta- 
tionary current density, while jtotai is not solenoidal if the polarization 
changes with the time. The relation V X B = goj can be generalized to 
nonstationary cases in one of two ways: either the current remains sole- 
noidal or the relation used in deriving the magnetic field from the current 
is modified. The choice between these alternatives made by Maxwell was 
to retain the relations that derive the magnetic field from the current, 
Eqs. (7-26), (7-28), or (7-38), but to use the general current c of Eq. 
(7-60), which includes the displacement current and which remains sole- 
noidal, This choice has been amply justified by its further consequences. 

8“1 Magnetic field intensity. If c is used as the total current the de- 
fining equations for the vector field B are 

V • B = 0, (8-1) 

/ dB\ 

V X B — flQC — go ^jtme + V X M -|- ’ (8~'2) 

In the treatment of the polarization of dielectrics in Chapter 2 it was 
found mathematically convenient to separate the field whose sources were 
true charges from the total field whose sources were the true charges plus 
the polarization charges. In a similar manner, it is convenient to separate 
from the total field that part whose circulation density arises from atomic 
magnetization currents. Therefore if we write Eq. (8-2) in the form 

/ aD\ 

V X (B — goN[) = go ^jtrue (8-3) 

and define a new field H by 

H = i (B - goM) = - ~ M, 

Mo go 
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(8-4) 
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V X H = jtrue + (8"5) 

dt 

The quantity H, the magnetic field intensity, is measured in amp-turns/m 
in the mks system of units. Equation (8~5) then means that the circula- 
tion density of H arises from the true current plus the total displacement 
current, the latter including both the polarization current dV/dt and the 
vacuum displacement current e^d'E/dt. Under stationary conditions, or 
quasi-stationary conditions in which the magnetic effect of the displace- 
ment current is negligible compared with the magnetic effect of the true 
current, 

V X H - jtrue, (8-6) 

and in integral form, 

^ H - dl = /true- (8-7) 

Note that in the sense of the separation between the effect that is pro- 
duced by the total and the true charges and the total and true currents, 
respectively, B plays a role that corresponds to E, while H pla3^s a role 
that corresponds to D, as may be seen by comparing the above equations 
with 


j" D • dS — ^true 

of Chapter 2. 

8-2 Magnetic sources. The discussion of dielectrics in Chapter 2 was 
limited to the case of linear media, namely, media in which the polariza- 
tion was proportional to the applied electric field. In ferromagnetic sub- 
stances, however, the case of nonlinear behavior is most common, and 
therefore we must discuss some of the properties of the magnetic field 
which arise in cases when the magnetization M is not a linear and often 
not even a unique function of the external fields. At first we shall assume 
M to be a given function of the material medium independent of external 
fields. In the most extreme case, that of a permanent magnet, there will 
be a magnetic moment M per unit volume, even in the absence of any 
true currents. In this case, as we see from Eq. (8-6), H is irrotational and 
will therefore behave mathematically like an electrostatic field, while B 
remains, of course, solenoidal: 

V X H = 0, 

V X B = Mo(V X M) ^ 0. 


E • dS = 


^total 

€0 


( 8 - 8 ) 
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However, the magnetic field will have sources; if we call the magnetic 
source density 

V-H = -V-M = (8-9) 

The “magnetostatic field” H can therefore be derived from a magnetic 
source density which is equal to the negative divergence of the magnetiza- 
tion. One unit of this equivalent magnetic charge density is usually known 
as a unit magnetic pole. In terms of this description, a magnetic pole has 
no physical reality other than that it makes the mathematical description of 
the resultant magnetic field of a permanent magnet formally the same as 
that of the electric field of charges. Since the magnetic field H of a per- 
manent magnet is irrotational, it can be derived from a magnetic scalar 
potential in the same way that E may be derived from the electrostatic 
potential (j). If we put 

H = (8-10) 


then the resultant scalar potential, in terms of the equivalent volume and 
surface pole densities, is given by 




47r 


[/ 


M-dS 


V-M 


-dv 


( 8 - 11 ) 


The field of a permanent magnet with a given magnetization can also 
be described by the vector potential A \vhich is derived from the equiva- 
lent surface currents and volume currents within the magnetized body. 
Equation (7-52) becomes 


A = 


47r 


V XM 

dv — 

r 


n X M 




r 


( 8 - 12 ) 


where the surface now coincides with the boundary of the magnet. The 
surface current is equivalent to — n X M, where n is a unit vector normal 
to the surface. The magnetic induction field is then derived from Eq. 
(8-12) by the use of Eq. (7-37). 

In the case of a uniformly magnetized medium all internal currents 
cancel and hence the equivalent surface currents are the only ones present. 
A cylindrical magnet magnetized in a direction parallel to the axis of the 
cylinder therefore has a magnetic induction field equivalent to the field of a 
solenoidal coil, carrying current on the cylindrical face of the magnet, with 
the current flow lines lying in planes normal to the axis of the cylinder. 
In this case it is clear that contributions to the scalar potential oi Eq. 
(8-11) come only from the ends of the cylinder. The situation can be 
described by noting that for a permanent magnet H can be thought of as 
arising from a layer of equivalent pole charges located on the magnet pole 
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Fig. 8-1 A permanent magnet of uniform magnetization: (a) showing equiva- 
lent magnetic charges from which H is derived, and (b) showing equivalent sole- 
noid with resultant B. 

faces in the same manner as an electrostatic field would be formed by 
charges so placed. On the other hand, B arises from an equivalent solenoid 
which can be thought of as being wound on the cylindrical surface of the 
magnet in the same manner as a vacuum steady current field arises. 
B/mo and H are identical outside of the region where M has a finite value, 
but they differ by M inside the magnet. Note that B and H in Fig. 8-1 
are actually in opposite directions inside the magnet, as must be true if 
the line integral of H is to be zero over any closed path. 

Equations (8-11) and (8-12) give scalar and vector potentials in terms 
of the equivalent pole or current distributions. The potentials can, of 
course, be described in terms of the integral over the potentials of the 
individual magnetic moments themselves. We have already seen in Eq. 
(7-51) that 

A=-^y’MXV0) dv'. (8-13) 

Similarly, the scalar potential can be written in a form analogous to Eq. 
(1-61): 

4>m= ~ ^ ^ 

The equivalence of these expressions with Eqs. (8-11) and (8-12) is evi- 
dent from an integration by parts. The fields derived from either set of 
equations must, of course, be the same. 
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By the use of vector identities it can be shown that the vacuum field 
due to a magnetic dipole of moment m = j M dp' is 


B = V X A 


47r 


;vx 


mX VI- 
r. 


— 

47r L 


(m • V)V 




1 

r/ J 


(8-15) 


The last term in Eq. (8-15) vanishes except at r = 0. From Eq. (8-14), 


H = — V<5{>« 


= i- jv 

47r i 


m. V 


1 

r/ J 


(m • V)V 


47r 


(8-16) 


Thus the two fields differ, except for a factor jjlq, only at r — 0. 

We have now seen that permanent magnets may be described either in 
terms of “equivalent currents” or “equivalent poles.” Since the entire 
description of magnetic fields has been based on the premise that they 
are produced by moving charges* we are led to believe that the interpreta- 
tion of the field of a permanent magnet in terms of the circulation of 
atomic currents is a more fundamental one than the concept of magnetic 
charges, and that therefore B, which arises from currents, is a more funda- 
mental field than H, which arises from “magnetic charges.” The descrip- 
tion in terms of H is more attractive from a practical point of view, how- 
ever, since it reduces problems that involve permanent magnets or prob- 
lems involving magnetized pieces of iron whose magnetization can be 
determined by other means, to problems in electrostatics. 

The question as to whether B or H is the more fundamental field can be 
formulated in a different way. Let us pose the problem: “Consider a 
charge q moving with a velocity ii in a magnetized medium and let us 
suppose that the force acting on it is of the form F = q{n X X). Should 
we use B for X, or should we use H or even a combination of the two?” 
This question was first tested experimentally by Rasettif by measuring 
the deflection of cosmic rays in magnetized iron, and has been studied 
theoretically by WannierJ by analyzing in detail the motion of charged 

There is no basic objection to the existence of magnetic poles; their fields are 
simply not considered here since there is no experimental evidence as to their exist- 
ence. If single magnetic poles did exist all the above equations would have to be 
supplemented. It has been shown quantum mechanically that if magnetic poles 
did exist the magnitude of the “elementary” unit pole would have to be related to 
the inverse of the elementary charge by a constant factor, 
t F. Rasetti, Phys. Rev. 66, 1 (1944). 
t G. H. Wannier, Phys. Rev. 72, 304 (1947). 
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particles in magnetized media. The answer is essentially this: If the 
motion of the charged particle is truly random relative to the magnetized 
material — that is, if it is not affected by the presence of the magnetized 
medium, to a first approximation — then the force that is exerted on it 
corresponds to the use of B as the magnetic field in the force equation. 
If, on the other hand, the particle is moving slowly and its motion is sub- 
stantially affected by the magnetized medium, then it is effectively pre- 
vented from passing through the equivalent atomic current loops, and in 
this case, since the individual current loops act like impenetrable dipoles, 
the averaging process favors a deflection that corresponds to the use of H 
in the force equation. Rasetti's experimental results actually indicate that 
the deflection for very high speed particles corresponds approximately to 
the use of B in the force equation. In order for the results to correspond 
to the use of H it would have been necessary for the deflection to have 
been in the opposite direction. The answer to the above question can be 
given precisely in the limit of high velocities: Xu c = B. 

Further evidence for the basic importance of B has been obtained from 
experiments on the reflection and dift’raction of neutrons by magnetic 
materials performed by Hughes and others. It has been shown that the 
effective field for neutrons is B, not H; that is to say, the neutrons and 
the magnetic domains interact as if both were Amperian currents, not 
impenetrable dipoles. A discussion of the relevant experiments and their 
interpretation is to be found in Pile Neutron Research, by D. J. Hughes.* 

8-3 Permeable media : magnetic susceptibility and boundary conditions. 
Thus far we have considered the magnetization M as a given function of 
position, as in a permanent magnet. We now turn to the case of an ideally 
permeable medium, i.e., a medium that has no magnetic moment in the 
absence of external true currents, and in which there is a magnetic mo- 
ment proportional to the field produced by any external true currents. 
The field equations are then 

V • B - 0 (8-1) 

and 

(^IBi • dl = t/true* (8—7) 

If we assume that M = X/^H, we get a relation that corresponds to Eq. 
(2-9) in the discussion of electrostatics: 

B == Mo(xm + 1)H = /CwMqH = /iH, (8-17) 

where Xm is the magnetic susceptibility, = Xm + 1 is the relative per- 
meability of the medium, and m is its absolute permeability. 

* D. J. Hughes, Pile Neutron Research, Addison- Wesley, 1954, particularly Sec- 
tions 11 -4 and 10--(3. 
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By means of a derivation which is completely analogous to the one used 
in Chapter 2 to derive the boundary conditions for E and the boundary 
conditions for B and H may be found. At a boundary between two linear 
media 1 and 2 the relation between the normal components is 

m . (B2 - Bi) = ni • (M 2 H 2 - /xiHi) = 0, (8-18) 

while for the tangential components, 

/B 2 Bx\ 

Hx X (H 2 - Hx) - nx X - Hx X ( = K, (8-19) 

V2 Ml / 

where K is the true surface current on the boundary between the two 
media. Equation (8-18) is analogous to Eq. (2-14) and Eq. (8-19) to 
Eq. (2-18), but there are differences in each case. The normal component 
of B is strictly continuous across the boundary, while the normal com- 
ponent of D is continuous only if there is no surface charge. On the other 
hand, the tangential component of E is strictly continuous, while that of 
B is continuous across the boundary only if there is no surface current. 
These differences correspond, of course, to the existence of true electric 
charge and the absence of true magnetic charge. 


8-4 Magnetic circuits. It may be noted that Eqs. (8-1), (8-17), and 
(8-7) are mathematically identical with the equations governing stationary 
flow in a continuous medium in the presence of a nonconservative electro- 
motive force, which were 

V-j = 0, (7-2) 

j = aE, (7-3) 

^ E • dl = 8. (7-5) 

These last three equations led to the expression 




(7-17) 


for the ^ Resistance of linear conductors in series. This analogy gives rise 
to the concept of the magnetic circuit, and the solution of linear magnetic 
media problems given by the expression for the magnetic flux, 


where 






B-dS = 


Rr, 






( 8 - 20 ) 

(8-21) 


is the magnetic “reluctance” (ampere/weber) of the circuit. This solution 
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is based solely on the correspondence of the differential equations for linear 
magnetization problems with those for steady current problems, and the 
solutions themselves will actually correspond only in case the boundary 
conditions for the magnetic and current problems are identical. This can- 
not be true in general. In fact, it can never be completely accurate, since 
the conductivity of free space is zero, while the permeability of free space 
is unity. This means that the magnetic circuit solution will be valid only 
if the permeability of the media being considered is large compared with 
unity, or if the regions of space accessible to the magnetic field which 
have ~ I are small compared with those regions in which the perme- 
ability is much larger. The set of solutions (8-20) and (8-21) do, however, 
form the basis of industrial magnetic machinery design, since they permit 
an approximate treatment in cases where direct boundary value solutions 
are impractical. 

8-5 Solution of boundary value problems by magnetic scalar potentials. 

In general, boundary value problems involving magnetic media can be 
attacked by the use of either the magnetic scalar or the vector potential. 
Problems involving magnetic media located in external fields, where true 
currents do not enter the region of interest, are best treated by means of 
magnetic scalar potentials. In this case the magnetic boundary condi- 
tions, Eqs. (8-18) and (8-19), may be expressed in terms of the scalar 
potentials, and are completely analogous to the electrostatic boundar 3 ^ 
conditions of Chapter 2 if the relative permeability replaces the specific 
inductive capacity. 

For example, problems involving magnetic shields can be treated by 
electrostatic boundary value methods. The only additional complication 
which enters in the magnetic problem is the fact that in practical cases 
the permeability m for a particular material is not constant for all values 
of the external field. This is especially true for high flux densities within 
the permeable medium. In such cases of high flux density or satura- 
tion the method of successive approximations may be used if the per- 
meability is known as a function of the flux density. A solution based on 
the assumption that jjl is constant is first obtained. The resultant flux 
density is computed, after which the problem is repeated, using the corre- 
sponding permeability. This method will give an accurate solution if the 
field inside the permeable medium turns out to be uniform. The problem 
of an ellipsoid of magnetic material situated in a uniform magnetic field is 
such a problem. For this reason, the torque acting on an ellipsoid sus- 
pended in a uniform field can be used as a measurement of the permeability 
of the material of the ellipsoid as a function of the external field. Prob- 
lems of the behavior of permeable media in high fields where the resultant 
magnetization is appreciably nonuniform are essentially impossible to 
treat by purely anal 3 ’'tical methods. 
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8-6 Uniqueness theorem for the vector potential. Problems in which 
currents are present must be treated by the use of the vector potential 
unless it is possible to introduce an equivalent dipole sheet in place of the 
current. We have seen in Section 1-1 that the vector potential is unique 
if the integration over sources extends to infinity and the sources are con- 
fined to a finite region of space. In order to use it with confidence in 
practical problems we must investigate its uniqueness for a region with 
definite boundaries. The proof is very similar to the proof used in Chap- 
ter 3 for the uniqueness of the scalar potential. We shall need the vector 
form of Green’s theorem. Let U and W be arbitrary vector functions, 
and substitute 

V = U X (V X W) 


into Gauss’s divergence theorem, j'v • V dv = jv • dS. We obtain 

A(V X W) • (V X U) - U . V X (V X W)] - fu X (V X W) . riS, 

( 8 - 22 ) 

which is the required theorem. Let us now consider a region in space 
that is bounded by the surface S, on which the vector potential is speci- 
fied, and which has a volume v within which there is no current. In order 
to accomplish this it may be necessary to choose subsurfaces -which will 
exclude the regions of surface flow. If we now let U = W = A for all 
points within v, and remember that if jtotai = 0 then 

V X B = V X (V X A) = 0, 


we obtain, on substitution in Eq. (8-22), 

y (V X A)2 dv=j{AXB)-dS=j{AX B) -ndS. (8-23) 

Equation (8-23) may be written in the form 

j (V X Af dv = J {B xn) • AdS = Jbi- A dS, ( 8 - 24 ) 

where is the tangential component of B, parallel to the surface and 
perpendicular to S. Now let us assume that A in Eqs. (8-23) and (8-24) 
represents the difference between alternative solutions corresponding to 
the same boundary values of either the tangential component of the mag- 
netic induction field B or the tangential component of vector potential A. 
The right side of Eq. (8-24) then vanishes, since it is evaluated on the 
boundary where the alternate solutions are equal. On the other hand, the 
left side of Eq. (8-24) is positive definite and hence the integrand must 
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vanish. Therefore V X A, where A is the difference of the two vector 
potentials, must be zero throughout the volume v and hence, in general, 
the field B = V X A is unique. Since it is the curl of A that is unique, 
we have defined A itself only Avithin an additive irrotational vector. 

8-7 The use of the vector potential in the solution of problems. We 
have proved that the tangential component of the magnetic induction 
field or the tangential component of the vector potential on the surface S 
uniquely defines the magnetic field within the volume bounded by this 
surface. This is equivalent to the analogous electrostatic consideration in 
which the A^alue of the scalar potential on the bounding surface or the value 
of the normal electrostatic field defines the electrostatic field in the volume 
bounded by this surface. It is possible to carry the analogy of this pro- 
cedure still further by writing the vector potential within v explicitly in 
terms of the currents j within v and the boundary values of the field over 
S which are chosen such as to make the field outside S equal to zero. The 
surface terms will then correspond to the complementary solution of the 
differential equation, while the volume integral of the currents will corre- 
spond to the particular integral. We shall not carry out the details of this 
process here.* The particular integral is just that which becomes equal 
to the general solution given by Eq. (1-5) or, more specifically, by Eq. 
(7-39), in case we let the boundary be at infinity, i.e., the solution that 
corresponds to knowing the sources over all space. 

The differential equation for A must be derived from the field equations 
by use of a vector identity for the double curl. This gives 

V X (V X A) = V(V . A) - V^A = ;uoj. (8-25) 

Some care must be used in the interpretation of the operation of the sym- 
bol when it is applied to a vector. In the Cartesian coordinate system 
V^A means a vector whose aih component is In a non-Cartesian 

coordinate system it is a vector Avhose ath. component must be evaluated 
by means of the identity 

V^A = X (V X A) + V(V • A) (8-26) 

The choice of V • A has thus far been left arbitrary, since A was defined 
only in terms of the equation B = V X A. It is convenient here to take 

V • A = 0, (8-27) 

which involves no neAV physical assumptions. We shall find later in con- 
sidering nonstationary currents that a someAvhat more complicated expres- 
sion must be substituted for Eq. (8-27) in order to preserve symmetry 

* Cf. J. A- Stratton, Electromagnetic Theory, p. 245 ff. 



134 MAGNETIC MATEEIALS AND BOUNDARY VALUE PROBLEMS [CHAP. 8 

between the electric and magnetic cases, and in the more general applica- 
tion to obtain relativistic covariance of the resulting equations. There 
will be no conflict with Eq. (8-27) for stationary currents, however. 

With the simplifying assumption of Eq. (8-27) the differential equation 
for A reduces to 

V^A = -MoJ. (8-28) 

This is the vector form of Poisson’s equation, of which the particular 
integral is 

A = — f -dv', (8-29) 

4:t J r 

which becomes the general solution if the integral extends over all of the 
currents that contribute to the field. This is identical to Eq. (7-39); the 
assumption V • A = 0 corresponds to setting the arbitrary function gen- 
erated by integrating Eq. (7-38) equal to zero. 

The solution of Eq. (8-28) subject to arbitrary boundary conditions is 
usually considerably more complicated than that of the corresponding 
scalar potential equation. The reason for this is that, because of the re- 
striction of Eq. (8-27), A does not actually have three independent com- 
ponents. This means that we cannot expect to expand the components of 
A separately in normal orthogonal functions and have a sufficient number 
of boundary conditions to determine the coefficients. In other words, 
each “harmonic” of the separated scalar solution involving a single coordi- 
nate includes two constants of integration, and thus there are six constants 
in all for each term of the series. Here there are not eighteen constants, 
six for each component of the vector, but, because of the condition div A = 
0, only twelve constants altogether. 

We therefore seek an expression for A which involves two scalar poten- 
tial functions, say U and V, and wffiich reduces the equation V • A = 0 to 
an identity. Let us examine a solution of the type 

A = V7 + VX(aiI7), (8-30) 

which obviously satisfies V • A = 0. Here ai is one of the unit vectors of 
the (in general curvilinear) coordinate system. The expression B = V X A 
will not depend on V ; hence U is the only function necessary to specify 
the field. This is as it should be, because in a source-free region there is 
no distinction between a field describable by a scalar or a vector poten- 
tial. In general, however, V is needed to meet boundary requirements 
on A. 

The function A as given by Eq. (8-30) above satisfies the condition 
7 X (V X A) = 0 if the unit vector ai is such that V X ai =0; this pre- 
cludes ai from corresponding to angular variables, although it may be taken 
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as the unit vector along axial or radial variables. Under this restriction, 
we have 

B = V X A = X (ai X VC7) 

= -aiV2f7 + V[(ai •V)C7]. 

Since U is harmonic, the equation V X (V X A) = 0 is satisfied, and thus 
B is derivable from a scalar function. The second part of vector A as de- 
fined by Eq. (8-30) has no component along ai, since ai • [V X (aiU)] = 
V-[ai X (aiU)] = Oif V Xai = 0. 

The boundary conditions on A at a magnetic interface are derived from 
the conditions on B. Conservation of magnetic flux across the boundary 
demands conservation of the line integral of A along any arbitrary curve 
in the boundary surface. We thus require that on the interface between 
regions 1 and 2 

where the subscript t denotes the tangential component. In the absence 
of true surface currents the tangential component of H is conserved; if the 
permeabilities are linear this is equivalent to 

i (V X A),, = ^ (V X A),,. 

Both of these boundary conditions have two components, and hence we 
have four boundary equations. Note that in the analogous scalar case 
we had two conditions, Eqs. (2-15) and (2-19), on the scalar potential 4>. 
Here we have a sufficient number of conditions to join V and U of Eq. 
(8-30) across a boundary. 

In practical cases not involving boundaries it is conventional to write 
down solutions of Eq. (8-30) with V = 0; then, for a given choice of ai, 
orthogonal expansions for A can be made by using the same number of 
functions as in the scalar case. 

The derivation of A from scalar solutions of Laplace’s equation also 
serves to circumvent an additional complication arising from the fact that 
only in rectangular coordinates is V^A simply the vector sum of the La- 
placians of the separate components of A. We shall meet this problem 
again in connection with the vector ^vave equation. 

8-8 The vector potential in two dimensions. In twm-dimensional prob- 
lems, where it can be assumed that the fields are not functions of the 
^-coordinate, a simple use can be made of the vector potential. In the 
case in which all lines of flow are parallel to the ;s-axis, it follows from Eq. 
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(8-29) that the vector potential has only a ^-component. The magnetic 
fields are then derived from the potential by 

dA 2 dA z , 

= ~ (8~31) 

dy ox 

and Laplace’s equation becomes 

V^Az - 0. (8-32) 


Since Az is not a function of the divergence of A is obviously equal to 
zero. Equation (8-32) is the two-dimensional Laplace’s equation, and 
thus we can make the vector potential either the real or the imaginary 
part of a complex potential. Equations (8-31) are mathematically the 
same as the equations that relate the stream function to the corresponding 
electrostatic field. Since the form of the potential for each rectangular 
component of the vector potential is the same as the scalar Coulomb po- 
tential, the vector potential of the line current in two dimensions has the 
form 

A, = — /In(-). (8-33) 

27r \riJ 


and the corresponding complex potential is given by 


W — <t> 



(8-34) 


The imaginary part of W, the stream function is the vector potential. All 
the methods developed for finding the stream function in the solution of 
electrostatic problems in two dimensions can be used for the solution of 
two-dimensional magnetic boundary value problems. 

Complex transformations, such as the Schwarz transformation, can be 
used to transform simple problems involving currents in the neighborhood 
of permeable media having rectilinear boundaries into more complicated 
configurations. For example, the problem of a line current located at a 
given distance from the surface of a semi-infinite permeable medium is 
soluble by the method of images (the image current here is of the same 
magnitude and sign as the current in the original conductor) and therefore 
the solution of various problems concerning slots or gaps in permeable 
materials under the influence of magnetizing windings can be derived from 
this simple image solution by means of a suitable Schwarz transformation. 

The method of two-dimensional harmonics is also useful, particularly in 
problems involving cylinders of permeable material. Consider, for exam- 
ple, a permeable conducting cylinder of radius a, carrying a steady current 
J in the presence of an external field Bq at right angles to its axis. As 
usual, we may divide the plane into two regions. For r > a the vector 
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potential is a solution of Laplace^s equation, which for large r must 
give the constant field as well as that produced by the current /. For 
r < awe must solve the inhomogeneous equation 

(8-35) 

where j = J /ra^ and g/ is the permeability of the cylinder. A particular 
solution of Eq. (8-35) is “-g Jr^/4, and since negative powers of r are ex- 
cluded by the condition that the origin be a regular point, the general 
solution is 

A^ = h (^n cos n<p + hn sin ntp)?^. (8-36) 

r<a 4 ^=0 

In order to write a solution valid for the region outside the cylinder, we 
note that a constant field in the rr-direction may be derived from the 
vector potential Bgy = BqT sin (p^ and that the effect of the current is that 
of a line current at the origin. Therefore 

yoJ a ^ 

As = In - + BqT sin (5^5 + 2^ (cn cos n<p +• sin n^)r (8-37) 

r>a 2 iT T 

The continuity of the normal component of B at the boundary r = a is 
equivalent to the continuity of A^, while the continuity of the tangential 
component of H demands that 


”-(As<.) =~~(As>.) (8-38) 

lii dr Mo dr 


at r = a. These two conditions serve to determine the coefficients, with 
the result that 

As == ^ ; Bor sin 

r<a 4 IXi -r Mo 


As 

r >a 



Mi ~ MO 
Mi + Mo 


Bor sin 


(8-39) 


from which Br and B may be immediately computed. It is instructive to 
write the potential valid inside the cylinder in rectangular coordinates: 


As - 

r <a 


4 


2ni 

fii + Mo 


Boy, 


(8-40) 


from which it is more easily seen that magnetization produced by the ex- 
ternal field is uniform, and that in the limit of large permeability the in- 
duction field is twice that applied, in addition to that produced by the 
current. 
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8-9 The vector potential in cylindrical coordinates. A three-dimensional 
case of practical importance is that of cylindrical symmetry, i.e., current 
flow in coaxial circles only. For this case the only component of A is 
which satisfies the differential equation 


[VX(VXA)]^ = 


d^A 


^ ^ 1 
dr^ T dr 




IF 


(8-41) 


in cylindrical coordinates r, <p, z, since the solution is independent of the 
coordinate (p. As indicated in Section 5“8, the solutions are of the form 


A^ = cos (kz - ajM(Wi(kr) + B(k)Kiikr)l (8~42) 

or 

A^ = e^^^[AHmi(kr) + BHmiQ^r)], (8-43) 


according to whether real or imaginary values of the separation parameter 
k are appropriate. If the current flows in a loop or solenoid of radius Tq 
the solution may be written in the form of Eq. (8-42) for region 1, r < tq, 
and for region 2, r > Tq. The constants may be determined by the use of 
the boundary conditions on the interface, r = Tq, between regions 1 and 2: 

= Af\ (8-44) 

113 ,,, 113 

(r4 (,^(2)) = (8_45) 

jui r dr Ho r dr 


where js^p is the surface current density at the interface. Equations (8-44) 
and (8-45) correspond to V • B = 0 and V X H = j respectively. (The 
^-component of H is discontinuous at r = fQ.) If the current loops are in 
a plane, which we may take as ^ = 0, the solution should be written in 
the form of Eq. (8-43) for the regions of positive and negative The 
boundary condition replacing Eq. (8-45) is that the radial component of 
H, namely (dA^/dz)/iJL, suffers a discontinuity corresponding to the surface 
current in the plane z = 0. 

Let us apply this method to the determination of the vector potential 
due to a current J in a single plane loop of radius ro. In this case the 
choice of functions is optional. If we choose Eq. (8-42) so as to take the 
cylinder of radius ro the surface dividing the two regions, we first note 
that Ki{kr) must be excluded from the inner region and /i(/cr) from the 
outer region in order that our solutions be regular everywhere. Therefore 
we may write 

roo 

A^^^ = / A(k)Ii{kr) cos kzdk^ 

Jo 

fCO 

Af^ = / B(k)Ki(kr) cos kz dk, 

Jo 


(8-46) 
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A(k)hikro) = B{k)Ki{kro), 
while Eq. (8-45), with = J S{z), gives 


^ [rhikr)] - jS(/c) ^ [?-Zi(fcr)]| 

I or dr } T 


(8-47) 


= iiJ 8(z). 


(8-48) 


We can multiply by cos k'z and apply the Fourier integral theorem or, 
equivalently, remember the ^-function character of / cos kz dk^ to obtain 
from Eq. (8-48) 


TT 

^0 


A(k) -- [r7i(A:r)] - B(k) - [rKi(kr)] 
dr dr 


— ixJ. (8—49) 


But there is a mathematical relation between the Bessel functions and 
their derivatives, namely, 

rn{kr)Kn{kr) - K'n{kr)In{kr) = ^ 


kr 


(8-50) 


Therefore we may obtain the coefficients at once, 

roixJ 

Aik) = — Zi(A)ro), 

TT 

rQiiJ 

Bik) = —hikro), 

IT 


and the potentials are 

: 

•cl 


If = 


roijJ 
TT Jo 

roixj r 

TT Jo 


Ki{kro)Ii(kr) cos kz dk, 


Ii{kro)Ki{kr) cos kz dk. 


(8-51) 


If, on the other hand, the 2 = 0 plane is used as the division between 
the two regions, Eq. (8-43) leads to 


' AH^)Ji{kr)e^’^ dk, 


(8-52) 


since Ni{kr) is not regular at the origin. The surface current is confined 
to J S(r — ro) in the plane, and introduces a discontinuity in dAJdz at 
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z = 0 . The determination of the coefficients A(k) requires the use of the 
Fourier-Bessel integral 

I kdkf rdrmJnikr)Jn(k^r) =f(k^), ( 8 - 53 ) 

Jo Jo 

which leads at once to 

= — f Ji(hro)Jiikr)e=^'^^dk ( 8 - 54 ) 

2 Jo 

for the required potential. 


SUGGESTED REFERENCES 

J. A. Stratton, Electromagnetic Theory, Chapter IV includes a derivation of 
the complete solution for the vector potential including boundary conditions. 

P. M. Morse and H. Feshbach, Methods of Theoretical Physics. A more com- 
plete mathematical treatment than that of Stratton. 

W. R. Smythe, Static and Dynamic Electridty. Chapter VII contains methods 
for determining the vector potential and many examples of its use. 


EXERCISES 

1 . Consider a magnet with pole pieces wide compared with the pole gap, and 
with the windings far removed from the gap. Find the complex potential function 
and plot the field in the plane of symmetry from a point well outside the poles to 
a position in the gap where the field is essentially constant. 

2 . Find B and H inside and outside a spherical shell of radii a and h which is 
magnetized permanently to a constant magnetization M. What is the effect of 
making the spherical cavity not concentric with the outside surface of the shell? 

3 . A cylindrical hole of radius a is bored parallel to the axis of a long cylindrical 
conductor of radius b which carries a uniformly distributed current of density j. 
The distance between the center of the conductor and the center of the hole is 
xq. Find the magnetic field in the hole. (The generalization of this result to cylin- 
ders of elliptical cross section is used in the design of the magnetic field for some 
high-energy accelerating devices.) 

4 . A coil is wound on the surface of a sphere such that the field inside the sphere 
is uniform. What is the winding? (This form of winding is used in the Westing- 
house-Goudsmit mass spectrometer.) 

5 . What is the effective dipole moment of a sphere at points outside if the sphere 
has a uniform surface charge density and rotates with angular velocity co? 

6. A spherical shell of material with permeability y 7^ /jlq, whose inner and outer 
radii are a and h respectively, is placed in an originally uniform field Bq. What is 
the field in the spherical cavity of radius a? 

7 . Consider an infinitely long wire at x = a, 2/ = 0 , carrying current J in vacuum, 
while all space for which x is negative is filled with a medium of ju 7^ /xo. Find the 
field at all points in space. 

8. Find the magnetic field of a long wire Sit x = a, y ~ b, carrying current J 
in vacuum, while all of space for which x is negative and all for which y is negative 
are filled with magnetic material of very large permeability, g — > 00. 
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9. Calculate the magnetic vector potential due to a ring of radius a coaxial with 
a permeable circular cylinder of permeability ju juo and radius h < a (Smythe). 

10. A soft iron ring of radius 6, cross section radius a« h, is wound with A" 
turns of wire cariying current J. A small air gap of length 8 is cut at one point in 
the ring. Assuming a large permeability for the iron, compute the reluctance of 
the magnetic circuit. 

11. Show that if B = V X A and H = ~ and if A and are given by Eqs. 
(8-13) and (8--14) respectively, then B and H satisfy the relation B = poH -f M. 

12. Put ai = k in Eq. (8-30) where k is the unit vector along the 2-axis in cylin- 
drical coordinates. Take 1 =0. Show that the resulting vector potential expan- 
sion, if U is expanded as a scalar potential solution in cylindrical coordinates, agrees 
with Eqs. (8-42) and (8-43), obtained by direct integration. 
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MAXWELL’S EQUATIONS 

9-1 Faraday’s law of induction. In electrostatics the electric field is 
conservative, i.e., curl E = 0. We have seen in Chapter 7 that in order 
to produce stationary currents there must be electric fields, such as E' in 
Eq. (7~5), which violate this condition. And it is found experimentally 
that a nonconservative electric field actually accompanies varying magnetic 
fields. The law describing this situation is usually known as the Faraday 
law of induction, and can be formulated as follows. Consider a circuit of 
resistance R carrying a current J and containing an electromotive force 8. 
The magnetic flux linking this circuit is defined by 

(9-1) 


where the surface of integration is bounded by the circuit. If this flux 
changes in time, it is found experimentally that 


Ji? ~ 8 = 



(9-2) 


This means that the current in the circuit differs from that predicted by 
Ohm^s law by an amount which can be attributed to an additional electro- 
motive force equal to the negative time rate of change of flux through the 
circuit. Note that Eq. (9-2) is an independent experimental law and is in 
no way derivable from any of the relations that have been previously used. 
In particular, contrary to the statement that is sometimes made, Faraday’s 
law of induction is not the consequence of the law of conservation of 
energy applied to the over-all energy balance of currents in magnetic fields. 

Equation (9~2) is formulated in terms of the total flux passing through 
the given circuit. This flux can change for several reasons: it can change 
because of changes in the external field with time; it can change because 
of motion of the circuit itself or parts of the circuit. We shall consider 
Eq. (9-2) to be an experimental law which holds for all such cases, includ- 
ing that of currents in moving media. 

It was recognized by Maxwell that the Faraday law of induction had a 
very much more general significance than the case actually described by 
Eq. (9-2) would indicate. The equation can be written in the equivalent 
form, 

(f E' . d = - ~ = - 8, 

/ dt 
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(9-3) 
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which indicates that there must be an electric field along the wire that is 
nonelectrostatic. However, from the boundary condition that requires the 
tangential components of the electric field across the boundary of a wire 
to be continuous, we can conclude that Eq. (9-3) is also valid in the region 
immediately adjacent to the wire. Since the characteristics of the wire, 
namely, its resistance and its electromotive forces, are not contained in 
the left side of Eq. (9~3), it appears likely that this relation is, in fact, 
independent of the presence of a current-carrying conductor, and is a 
general physical law relating an electric field in vacuo to the rate of change 
of a magnetic field. If this is so, then the equation can be transformed 
into a differential expression valid for free space or a stationary medium. 
In either case, the total derivative of the flux integral, Eq, (9-1), can be 
written as an integral of the partial time derivative of the magnetic field, 
and Eq. (9-3) becomes 

The use of Stokes’ theorem leads to 

SB 

V X E (9-5) 

dt 

Equation (9-5) expresses the modification of the elecHostatic field irrota- 
tionality which is a necessary consequence of Faraday’s law of induction. 

9-2 Maxwell’s equations for stationary media. We now have expres- 
sions for both the source densities (divergence) and circulation densities 
(curl) of the two basic field vectors E and B. From Eqs. (2-5), (7-35), 
(8-3), and (9-5), we have 

(1) V • E = Cq Ptotai ~ ^0 (Ptrue ^ * ^)j 

(2) V • B = 0, 

dB 

(3) V X E = ^ (9-6) 

dt 

/ ap aE\ 

(4) V X E ~ Mo ^jtrue d" d" V X M eo ' 

Equations (9-6) are Maxwell’s electrodynamic field equations, formulated 
so as to be valid for media at rest. The restriction to material media at 
rest arises from the omission of any convective current terms from Eq. 
(9-0) (4), and from ignoring, in the derivation of Eq. (9-5), flux changes 
due to motion of the medium. Equations (9-6) are written in terms of 
the equivalent vacuum charges or currents which give rise to the fields. 
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and contain the equivalent current and charge densities explicitly. If the 
additional field vectors D and H are introduced by the defining equations 



D = €oE + P, 

(2-3) 


B 

H = M, 

(8-4) 

Maxwell’s field < 

equations become 


(1) 

V • B = Ptruej 


(2) 

V * B = 0, 


(3) 

dB 

VXE = ’ 

dt 

(9-7) 

(4) 

dB 

V X H = jtrue + “* 



The field equations (9~7) appear formally simpler than Eqs. (9-6), but 
they are actually more complicated physically. The solution of these 
equations is possible only if additional constitutive equations are available 
connecting B to E, j to E, and H to B, such as D = /ccqE, jtrue = 

H = BA, for a linear medium, or whatever forms apply for a nonlinear 
medium. 


9--3 Faraday’s law for moving media. It is necessary to use consider- 
able care in extending the law of induction to take account of motion in 
general. We must first derive the subsidiary theorem which expresses the 
total time rate of change of the flux 


across a given surface in terms of a 
surface integral of the vector func- 
tion B, even when the surface itself 
across 'which the flux is evaluated is 
in motion. 

Again let be the flux of the 
vector field B across the surface S. 
We are seeking the function DB/Dt^ 
defined by 


d d 

dt dt 


jB-dS 



f DB 

/ • dS. (9-8) Fig. 9-1 Figure for evaluation oi 

J Dt DB/Dt. 
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In order to evaluate DB/Dt, let us consider the surface in Fig. 9-1 in 
position 1 at time t, and in position 2 at time t + dL By the rules for 
differentiation, 

^ /b • i . dS2 - B, . dSt). (9-9) 

If we apply Gauss’s theorem at the time t to the volume enclosed by Si, S 2 , 
and the traces of the edges of S, we have 

jv ^Bdv = j (Bt • dS2 - Bt • dSi) - (j) Bt • (u dt X dl). (9-10) 

The last term represents the flux change across the side surface generated 
by the motion of the boundary of S, of which an element is dl. Note 
that the flux across the surfaces Si and S 2 in Eq. (9-10) is considered at 
time t, since Gauss’s theorem applied only to instantaneous values of the 
vector field B. The value of B on S 2 at time t + dt may be found in terms 
of its value at t by Taylor’s theorem, 


dB 

= B^ + — dt 4 — *. (9-11) 

ot 

With the substitution of Eqs. (9-10) and (9-11), Eq. (9-9) becomes, in 
the limit, 

d f f SB r rV-Bdv 

- / B • dS = / ~ • dS + (D B X u • dl + / (9-12) 

dtJ J dt T J dt 

Then, by using Stokes’ theorem and the fact that 

dv = n^dS dt, (9-13) 


we obtain the desired relation, 

DB dB 

— = _ + V X (B X u) + (V . B)u. (9-14) 

Dt dt 

The first term of this expression represents the change in the flux through 
S that is caused by the time variation of the vector field. The second 
term represents the flux loss across the boundaiy of the moving surface. 
The third term arises from the passage of surface S through an inhomo- 
geneous vector field in which flux lines are generated. 

Equation (9-14) can now be used to express Faraday’s law, Eq. (9-2), 
in differential form in a moving medium. Since B is always solenoidai, we 
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have from Eqs. (9-3) and (9-14), 



dt 



— + V X (B X u) 


• dS. (9-15) 


We have designated the field by E' around the circuit, since E' is to be 
measured in the moving frame of reference, i.e., Faraday’s law applies 
specifically to the current measured in the wire through which the flux is 
changing, no matter what might be the cause of the flux change. By 
applying Stokes’ theorem to Eq. (9-15), we arrive at 

V X E' = V X (B X U), (9-16) 

dt 

where E' still represents the field measured in the moving medium. Equa- 
tion (9-16) can be written in the form 

dB 

V X (E' - u X B) = (9-17) 

dt 


But the argument of the curl in Eq. (9-17), E' — u X B, actually repre- 
sents the field that is measured by a stationary observer. The reason for 
this is that an observer carrying a charge g through a magnetic field B 
with a velocity u will experience a force, g(u X B), in addition to the 
force of the electric field E which may also be present. Hence the electric 
field observed by a stationary observer is equal to the electric field E' 
seen by the moving observer minus the effective field u X B, i.e., E = 
E' — u X B. Hence for a stationary observer, Eq. (9-17) becomes 

dB 

VXE 

dt 


This means that the differential formulation of Faraday’s law of induction 
is independent of the motion of the medium inside the field. This is as it 
should be, since Eq. (9-5) is purely a field relation in terms of the equiva- 
lent vacuum fields B and E, and should therefore be independent of the 
characteristics of the medium, including its motion. However, the electric 
field observed by the moving observer does contain two terms, namely, 
the “induced field” produced by the time rate of change of the external 
magnetic fields, and the “motional field,” u X B, produced by the motion 
of the observer in the magnetic field. Note that in this discussion it has 
been assumed that the electric field proper is not affected by the state of 
motion of the observer. This assumption is actually justified only in case 
the motion of the observer is small compared with the velocity of light, as 
we shall see later. Therefore all the conclusions which we now draw con- 
cerning Maxwell’s equations in moving media can be applied with con- 
fidence only when the velocities of such media are small compared with 
the velocity of light. 



9-4] MAXWELL'S EQUATIONS FOE MOVING MEDIA 147 

9-4 MaxwelFs equations for moving media. We have concluded that 
the third of Maxwell’s four equations in the form of Eq. (9-6) is not affected 
by the motion of the medium in which the fields are measured. The first 
and second equations are not affected by this motion, either, since non- 
relativistically the charge density of the medium is not affected by the 
state of motion of the observer. The only modification is a correction to 
the current in the fourth of Eqs. (9-6), a convective term, and correction 
to the polarization current. The convection current, due to the mo- 
tion of the charge density and equivalent polarization charge, is simply 
u(ptri 2 e — V • P). The polarization current is properly given by DF/Dt 
instead of dF/dt, to take account of the charges lost due to the change of 
polarization flux across the moving surface. The total current which gives 
rise to the magnetic field is thus composed of the following parts: 

(1) True currents, j. 

(2) Convective currents, u(ptrue — V.P). 

(3) Currents caused by the rate of change of the polarization and the 
motion of polarized media, in analogy with Eq. (9-14), given by 

DP dP 

— = — + V X (P X U) + (V • P)u. 

Dt dt 

(4) Vacuum displacement current, eo dE/dt. 

With these corrections to the fourth of Maxwell’s equations, it is now 
possible to write the entire set of field equations so as to be valid in a non- 
magnetized medium moving with a velocity u which is small compared 
with the velocity of light: 


(1) V • D Ptrue? 

(2) V . B = 0, 


(3) V X E = - 

(4) V X B = MO 


dB 
dt ’ 


itrue + U(ptrue - V • P) + ^ + V X (P X U) 

at 


-|- (V • P)u + eo 


dt. 


= po 


aD 

jtrue “1” Ptrue^ y h V X 


(PXti) 


The constitutive equations which give the true currents in the moving 
medium and the polarization of the moving medium are derived from the 
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fields measured in the moving medium : 

j = o-(E + u X B) = ffE', 
P = eo(K - 1)(E + u X B). 


(9-19) 


For a iioncharged and cui'rent free dielectric, Maxwell s eijuatioiis can then 
be written in the form: 


(1) 

V • D = 0, 

(2) 

V • B = 0, 


SB 

(3) 

VXE = -- 


aD 

(4) 

V X [B — MoP X u] = fiQ — 

di 


It is seen from (4) of Eqs. (9-20) that from the macroscopic point of view 
a moving polarized dielectric is equivalent to a magnetized material ol 
magnetic moment 

Mec = P X u. (9-21) 

This can be easily understood by considering a polarized slal) of mateiial 
moving at right angles to the direction of polarization. In tlK*s(‘ cii'cum- 
stances, there is an equivalent positive current in the direction ol motion, 
and another, due to the motion of the negative charges and displaces! 
from the first, in the opposite direction. These curr( 3 nts (‘onstiiule a net 
current loop, and thus give rise to a magnetic moment. I ien(‘e the mo\’ing 
polarized dielectric will produce a magnetic field whicli is indistinguishabk‘ 
from that of a magnetized material. This effect has Ix^cai demonst rat(‘d 
experimentally by Roentgen, Eichenwald, and otliers. 

9-5 Motion of a conductor in a magnetic field. As an example of the 

application of Maxwell’s equations to fields in mo\ing mc^lia, 1(4 us (‘on^ 
sider a conducting bar, infinitely long and of rectangular cross sewtif^n, 
moving in the direction of its length with velocity u reiati\x" U) ii uniform 
magnetic field B. As shown in Fig. 9-2, B is at right angles to t})(‘ di!’(‘(‘- 
tion of motion of the bar, and we shall assume that it is constant in time. 
Two sliding contacts, terminals of a stationary ga,h'anom(,*ler, touch tiie 
bar on opposite sides, as shown, so that the distance I l)et\\'een them is 
the width of the bar. 

From physical considerations, one would expect a current to flow in tlie 
external stationary loop. An electron moving with the bar will expevienee 
an effective field given by E' = u X B, so that a current will flow thixnigh 
the contacts to be measured in the external circuit by a stationary ob- 
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server. Curl E must vanish for 
this observer, since B is not 
changing in time. (Whether the 
source of B is stationary or is in 
motion is entire!}^ irrelevant, since 
any observed phenomena which 
depend on a field description 
must be describable in terms of 
the behavior of the field quanti- 
ties alone, independent of the 
nature of the mechanism w-hich 
produces the field quantities.) 

Hence if, as appears logical from 
the above electron argument, there is an electric field, then such a field 
must be irrotational, i.e., electrostatic. 

The effective electric fields within the moving bar will cause a current 
within the bar that will produce charges on the faces, and these charges 
will produce the observed external electrostatic field. On the other hand, 
the same charge displacement will exactly cancel the effective electric field 
u X B within tlie bar, and therefore if we consider an integration path 
partially contained in the bar and partially outside the bar the integral of 
the electric field around a closed loop will not Amnish. This result is in 
agreement Avith the physically observed result that an electromotive force 
of magnitude uM is measured across the bar. Note that if the entire cir- 
cuit were stationary there Avould be no electromotive force. 

If, instead of moving the bar, AA^'e move the galvanometer link relatiA^e 
to the bar in the field B, again the electromotme force uBl is observed, 
since the roles of the link and the bar are simply interchanged in the 
above integration. The A^arious cases of relative motion are summarized 
in Table 9-1. Two salient facts characterize the results: (1) the state of 

Table 9-1 

ELECTROMOTIVE FORCE RESULTING FROM VARIOUS POSSIBILITIES OF MOTION FOR 
THE BAR, SOURCE OF MAGNETIC FIELD, AND OBSERAmR OF FIG. 9-2 



Motion of 

Electromotive 

force 

measured b,y 
the observer 

Bar 

Source Observer 

of B (galvanometer) 

u 

0 

0 

uBl 

0 

u 

0 

0 

0 

u 

u 

uBl 

u 

u 

0 

uBl 

0 

0 

u 

uBl 

u 

0 

u 

0 



Fig. 9-2 Conducting bar moving along 
its length in a magnetic field. 



150 


MAXWBLL^S EQUATIONS 


[chap. ^ 


Giotion of the source of B is irrelevant as long as B is uiiiiornij and (2) ab- 
solute motion cannot be detected in this arrangement. The latter fact is 
an indication that MaxwelFs equations, if carefully interpreted, are in 
agreement with relativistic principles. This will be shown later in greater 
detail and generality. 

The situation is more complicated if, in addition to an external mag- 
netic field, there is a field caused by the magnetic moment, either induced 
or permanent, of the slab. Our conclusion, that the electric field obserAmd 
in a stationary loop will be purely electrostatic remains valid. However, 
the source of the electrostatic field will not become fully clear iintii the 
equations for moving media are modified to include permeable media. 
Unfortunately, this modification cannot be made in a reasonable way 
without introducing relativistic considerations. Nevertheless, the result is 
physically clear, since the source of the magnetic field, provided it is con- 
stant in time, does not affect the force produced by the field. In other 
words, the force which acts on a moving electron Avithin a moving bar is 
independent of whether the magnetic field is external or due to the mag- 
netic moment of the bar itself. Therefore we should expect to obtain an 
electromotive force, given by uBl as before, where B is the magnetic field 
in the moving magnetized bar. The only thing that seems paradoxical is 
that since a moving magnet is essentially an assembly of ciirrent loops, v’e 
have apparently concluded that the motion of loops carrying steady cur- 
rents gives rise to an electrostatic field. This, as will be shown later by 
relativistic considerations, is in fact true. We shall be able to show in 
general that if an observer moves with a velocity u relative to a medium 
of magnetization M he will observe an equivalent electric moment given by 

1 

Peq = -uXM. (9™22) 

C"' 

Therefore, 

V . E = - (9_23) 


will define the sources of the field. Note that this effect, although it ap- 
pears deceptively similar to the classical effect of Eq. (9-21), is actually 
explainable only in terms of the special theory of relat'u'ity. It is caused 
by the fact that to the observer the time spent by the cliarge traveling in 
the direction parallel to the relative motion of the circuit and the observer 
is different from the time that it spends moving in the antiparallel direc- 
tion. This gives rise to an effective polarization that is perpendicular to 
the direction of motion and which lies in the plane of the current loop. 
We shall discuss this effect in detail later. 

If the length of the magnetized slab is finite, the field E will no longer 
be irrotational, since dB/dt is no longer zero in the rest frame. In fact, 
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since d/dt = — ii « V for uniform motion u, V X E = —dB/dt= (u « V)B, 
which because of the vanishing divergence of B reduces to —V X (u X B). 
Hence if B is no longer uniform, then E is no longer irrotational; its curl, 
however, is identical with the curl of ~ (u X B), which is also the effective 
electric field in the moving medium. 


SUGGESTED KEFEKENCES 

The law of induction and its consequences are treated in all books on electro- 
dynamics. The treatment most nearly parallel to ours is that in Classical Electric- 
ity and Magnetism, VoL 1, M. Abraham and R. Becker. 


EXERCISES 

1. Show that if a flip coil is wmund on the surface of a sphere with a winding 
density proportional to sin 6, where 6 is the polar angle, then this coil will measure 
the axial field component at the center of the coil, independent of the degree of 
homogeneity of the field. (See Exercise 4, Chapter 8.) 

2. Approximate the properties of the coil of problem 1 by a simple cylindrical 
coil. What are the optimum proportions (ratio of height to diameter) of such a 
coil to minimize gradient effects? 

3. A dielectric (jc >1) cylinder of radius a is oriented with its axis parallel to a 
magnetic induction field B. If it is rotated about its axis with an angular velocity 
o), find the resultant polarization per unit volume, and the charge per unit length 
that appears on its surface. 
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ENERGY, FORCE, AND MOMENTUM RELATIONS 
IN THE ELECTROMAGNETIC FIELD 

In the discussion of the energy relations in electrostatic fields (Chapter 
6) we succeeded in associating an energy density with tin* fifhi by 

considering a specific process. In that case the pro(*ess was tlif‘ assembly 
of charges, during which work w’as done and changes winv pi‘()flu(*e<i in (he 
fields. It was possible to obtain a free energy density of the (I(S*1ric {ield, 
in the thermodynamic sense, by balancing the work and (‘n<a*gy Icaans. 
Let us consider an analogous process to establish a niagiu^tic fit^ld l)ero!‘(^ 
proceeding to obtain a general set of relations for tlie (‘lect romagiietic field. 

10-1 Energy relations in quasi-stationary current systems. Consider a 
process in which a battery with a nonelectrostatic field E' is feeding energy 
both into heat losses and into a magnetic field. If we take tlie scalar prod- 
uct of j and the equation 

j = cr(E + EO, (7-4) 

we obtain 

f' 

E'-j = ~-~E-j. (10~1) 

(T 

The left side of Eq. (10~1) represents the time rate at wliicli the battery 
does work; the first term on the right represents the lu^uf loss in the 
current-carrying medium, and the last term we tentat i\a‘I\' ithaitify as the 
rate at which energy is fed into the magnetic field. If all fichls are (luasi- 
stationary, i.e,, slowly varying, the displacement current ma.}' b(^ negiec'ted, 
and the fourth of Maxwell's equations becomes V X H = j. When we 
make this substitution in Eq. (10~1) and integrate over all space, we ob- 
tain an expression for the total power expended by the battery in terms of 
the fields: 

/ /* (V X H)^ f 
E' • (V X H) * = j * - / E • (V X H) dv. (10-2) 

The last term may be integrated by parts by means of the relation 

V . (E X H) = H . (V X E) - E • (V X H), 
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and if we use the divergence theorem and the third Maxwell equation, we 
find that 


/ 


E • (V X H) dy 




(E X H) • dS. (10-4) 


Since E X H falls off at least as in electrostatic and quasi-stationary 
magnetic fields, the surface integral in Eq. (10-4) may be dropped. Note 
that this will not be possible in case E and H fall oft* as 1/r, as they do in 
radiation fields. In the absence of the displacement current term no such 
fields arise : our restriction to slowly varying fields corresponds to neglect 
of all radiation terms in the magnetic field. Similar limitations apply to 
our considerations of electrostatic field energy. Thus far we are using, 
separately, energy relations in electrostatic fields on the one hand, and 
quasi-stationaiy current magnetic fields on the other. Later we must see 
how these concepts can be modified in a consistent way to obtain the 
general energy expressions. 

The total power expended by the battery, Eq. (10~2), may thus be 
written 


Je' • (V X H) dy = 


• (V X H)2 


dv + 



(10-5) 


The first term on the right has already been identified with the rate of 
Joule heat loss. The last term is now obviously the rate at which energy 
is fed into the field. The variation hU.n in magnetic field energy can 
therefore be given by 

8U„, = ju- SB dv. (10-6) 

This is analogous to the electrostatic energy variation 


SU = 


Je • 5D dv. 


(6-19) 


As was the case with Um represents the free energy. 

In order to make Eq. (10-6) integrable, we must assume a functional 
relation between H and B. For a medium which magnetizes linearly the 
integration can be carried out in the same manner as Eq. (6-14), giving 

c/™ = H • B dy. (10-7) 

In nonlinear materials such as ferromagnets Eq. (10-6) can be integrated 
only between definite states, and the answer will, in general, depend on 
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the past history of the sample. For ferromagnets the integral of Eq. 
(10-6) has a finite value, not zero, when B is evaluated around a com- 
plete cycle, as in a field produced by an alternating current. The cyclic 
energy loss is given by 

Af/„ (10-8) 

This means that the energy expended per unit volume when a magnetic 
material is carried through ,a magnetization cycle is ec|iial to the area of 
its hysteresis loop as plotted in a graph of B against H, 

Equation (10-7) gives the energy in terms of a volume integral over the 
fields. If we wish an expression as a volume integral over the sources^ we 
need only write B in terms of the vector potential and H in terms of 
the stationary current j. First we obtain 

E/„ = I^H . (V X A) *. (10-9) 

If we now integrate by parts and drop the surface terms as before, we find 
that 

U„,=,^Jj-Adv, ( 10 - 10 ) 

which is analogous to the expression for the electrostatic energy in terms 
of volume charge density and the scalar potential. 

Equations (10-6), (10-7), and (10-10) have been derived by a particular 
“virtual process.” The expressions depend only on the final fields, how- 
ever, and not on the nature of the process. They may tlius be taken to 
represent the magnetic field energy in general, with Ef|s. (10-7) and 
(10-10) subject only to the restrictions of a linear relation between B 
and H. 

The factor | in Eq. (10-10) is similar to the factor I in Eq. (6-1), and 
is due to the fact that the vector potential A includes the fields of the cur- 
rents j themselves. The interaction energy of a system of currents and 
charges in an external field of potentials 4) and A is given by 

?7intcraction ^ J {j * Aexternal “b P<^extenia i)*. (10-11) 

10-2 Forces on current systems. We shall now use the energy expres- 
sions for two purposes: first, to derive expressions for the forces between 
currents in terms of the currents themselves and suitable geometrical 
parameters which depend on their location; and second, to express the 
variation of the magnetic field energy in terms of the variations of the 
currents and of the geometrical coordinates. 
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Let us analyze a system of n geometrically linear circuits carrying cur- 
rents Jk- For these line circuits Eq. (10-10) reduces to 

*7™ = I y /.(pA-dlii = i i: J J (V X A) . 

/c = l J /C=l J 

nr n 

= 5 Z 7* / B • = I X] (10-12) 

•/ 7c=l 

where we have made use of Stokes’ theorem, and = JB • dSk is the flux 
linking the kth circuit, as in Section 8-4 and Eq. (9-1). To derive the 
forces, let us assume that the ^th circuit is subjected to a virtual, infini- 
tesimally slow velocity Uj:. Then the rate at which a force acting on 
the ^'th circuit is doing work is given by F^- • u,-. The total rate of energy 
change in this virtual process is zero, but it is balanced between four 
quantities : 

(1) B.ate at which mechanical work is done on the -ith circuit, Fj- • U;. 

(2) Rate of change of magnetic field energy, dUm/dt. 

(3) Rate of Joule heat losses, ^JlRk, where Rk is the resistance of the 
kth circuit. 

(4) Rate at which work is being done on the electromotive forces within 
the circuits, 

Thus we obtain 

dUm o 

F-i' • d h ^JkRk ” = 0. (10-13) 

dt 


We are assuming that the magnetic field energy 11^ is expressed explicitly 
as a function of the coordinates Xk of the fcth current loop and of the cur- 
rent J/c as independent variables. Note that because of the Joule heat and 
batteiy work we cannot simply equate the force on the Rh circuit, F^, to 
the negative gradient of the field energy at constant current, a proce- 
dure that would be justified if no other energy terms were present. 

Let us now consider a special type of constant current process, namely, 
that in which the external electromotive forces are adjusted as a function 
of the virtual velocity corresponding to the change of a single parameter, 
Xi, so that the currents within the system remain constant. In this case, 
if we use Eq. (10-12) for U,n in Eq. (10-13) and write 8 = JE + d^/dt 
according to Faraday’s law [Eq. (9-2)], we obtain 



(10-14) 
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under the conditions that all J’s are constant an,d the positions of all cir- 
cuits but the fth are held fixed. Hence, 




dUm 


dx, 




J constant 


(iO-lfi) 


is the force exerted by the field on the fth conductor. Note tliat the sign 
is opposite to the sign which would be expected if other energy terms were 
neglected. This means that in order to maintain a constant ('urreiit iii the 
circuits, as the geometry changes, the batteries must do i‘xa<‘tiy twi(‘e as 
much work as that done against the external forces, in addition to supply- 
ing the Joule heat losses. Equation (lO-^lo) is very useful inr (‘omputing 
the forces acting on current-carrying circuits if the magruuit* ficJd energy 
is expressible in terms of the current producing the field. 


10-3 Inductance. To express the magnetic field energy 

Pm = i 


( 10 - 12 ) 


as a function of current and geometr.y it is useful to introduce the concept 
of inductance. The flux through the kih circuit is gixa^n l).v 


= B . dSk = (V X A) • dS/, = 0 A . dlk. 


The general solution for A, 


A = 


Mo 
Itt , 


-dv 


can be written as a line integral for linear circuits: 


ItT i 


Jidh 




With Eq. (10-17) substituted in Eq. (10-16), we may write 


where 


47r / / ni. 


(10-16) 


(8-29) 


(10-17) 


(10-18) 


(10-19) 


is a purely geometrical quantity. La is called the mutual inductance 
between the ith and fcth circuits, and Eq. (10-19) is known as Neumann’s 
formula. 

Similarly, Eq. (10-12) becomes 


Urn — 2 22 y iJ k- 

i k 


(10-20) 
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The force acting on the fth circuit is thus, from Eq. (10-15), 


Pia 1" 


dUm 


dXi, 


J constant 




3L,-; 


'jk 


dxi 


( 10 - 21 ) 


In the sums of Eqs. (10-20) and (10-21) each term for which the two 
indices are different occurs twice, while that for equal indices occurs only 
once. The mutual energy of two circuits is therefore 


Um = J 1 J 2 L 12 , (10-22) 

while the self-energy of the two circuits is 

C/,, = iiJlLn + JlLss), (10-23) 

where the La are called the self-inductances. 

The force expression (10-21) is in agreement with the original magnetic 
interaction of Eq. (7-21). If we substitute Eq. (10-19) in the force equa- 
tion as applied to two circuits, we obtain 


Fi 


= —JvhSS (rfii-dy vT 

Air JT J T \2 


Mo 

47r 


JiJi 


# 


ri2- 


dll * dl2 
^*12 


which is identical with Eq. (7-24). 

The force ec|iiation (10-21) may be written in the simple form 

dLik 

Fi^ = (10-24) 

since only the terms for which either j = i or k = i depend on Xi and give 
nonzero derivatives. Equation (10-24) can also be written as 

, (10-25) 

J constant 

where is the flux linking the fth circuit. This expression is in evident 
agreement with the elementary force relation 

dF = J dl X B. (10-26) 

These considerations enable us to express the general variation of the 
field energy as a function, independently, of the geometrical coordinates 
and of the currents. Since 

Um ” ^ 2^ 2D iJ k) 

i k 


Pi. 


Ji- 


d^i 


( 10 - 20 ) 
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we have (note that each term occurs twuce) : 


= L 


( £ k) SJi+ ^ 

L\ fc / k dXi„ 


Hence, from Eqs. (10-18) and (10-24), 

SUm ~ 22 ^ id” ^ ia 


(10-27) 


(10-28) 


where is the total flux linking the fth circuit. It may be seen that 
positions and currents play the roles of extensive variables in the thermo- 
dynamic sense, while the forces and flux play the roles of intensive variables. 

The “back emf” terms can be ignored in force calculations if the flux 
linkages are held constant; in that case the work supplied by the battery 
exactly balances the Joule heat loss. In these circum.stances, directly 
from Eq. (10-13), we have 


Fi. 


dUr, 


9xi 


<!> constant 


(10-29) 


in contrast to Eq. (10-15). 

The self-inductances and mutual inductances can be calculated by 
several means other than Neumann’s formula. One method is to use the 
defining equation, Eq. (10-18). The flux linking the /»:th circuit due to 
the current in the ilh circuit can be evaluated directly from the known 
field or vector potential of the fth circuit. A second method, which is 
particularly useful when continuous current distributions and therefore 
partial flux linkages are involved, makes explicit use of the two expressions 
for the magnetic field, 


i E E UkJiJk = I H-Bdr. 




(10-30) 


Solutions for H and B may be obtained by methods already discussed. The 
calculation of inductances is then carried out by evaluating the integrals 
of H • B. 

In computing the inductances of current-carrying conductors it is usuall}^ 
advantageous to separate the problem into two parts: (1) the inductance 
associated with the field outside the conductor, and (2) the contribution 
to the inductance by the field energy inside the wire. It is necessary to 
make this separation because the inductance due to the external field 
cannot be computed under the assumption of zero radius for the conductor: 
such an assumption will generally lead to a logarithmic divergence of the 
integral involved. We shall see that at high frequencies the contribution 
to the inductance by the field within the wire must become negligible, 
since the currents do not penetrate into the wire. At loAver frequencies, 
and particularly in case the conductors are ferromagnetic, this internal 
term may make an appreciable contribution. 
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10-4 Magnetic volume force. We have now calculated the forces be- 
tween current systems in terms of the currents and the appropriate geo- 
metrical quantities. These forces are, as would be expected, re-expres- 
sions of the original Ampere interaction law given in Eq. (7-21). We 
can also, in analogy to the electrostatic case, derive an expression for the 
magnetic body force per unit volume in terms of the field, the permeability, 
and the current at a given point. In the electrostatic case we defined F« 
by the relation 

dU f 

— = — J F.^-udv (6-23) 

and found that Fj, was given by 

F, = pE - J EW. -b ^ V ^ gV (6-40) 

2 2 \ dg / 

Similarly, we may write 


dUm 

dt 


ndv 


and identify as the magnetic body force. Instead of writing the general 
expression, let us make the following restrictions: (1) The medium is linear, 
i.e., its permeability is not a function of the field. (2) There is no per- 
manent magnetic moment present. (3) There is no magnetostriction, i.e., 
dKm/dg = 0. Under these conditions a straightforward calculation yields 

F, = j X B (10-31) 

2mo 

It is again possible, in accord with the requirements of a satisfactory 
field theory, to derive the total force on a given volume in terms of the 
value of the field on the boundary of this A’-olume. In other words, it is 
possible to define a stress tensor from which the volume force is derivable 
by the tensor divergence relation of Eq. (6-41). The form of the Maxwell 
tensor in the magnetic case, in the absence of a magnetostriction term, is 
formally analogous to Eq. (6-54) : 

- — HyBy, (10-32) 

2 


with the customary summation convention. The geometrical interpreta- 
tion of this tensor leads to the same conclusions about magnetic forces as 
were reached in Chapter 6 about electrical forces: the direction of the 
magnetic field bisects the angle between the normal to a surface and the 
direction of the resultant magnetic stress that acts on the surface. The 
magnitude of the magnetic stress normal to the field or parallel to the 
field is 
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10-5 General expressions for electromagnetic energy. Thus far we 
have considered the electrostatic field and the magnetostatic field, or qiiasi- 
stationary current fields, separately. Let us now iruiuirc? as U'l which of 
the energy, force, or momentum relations will need nio(li[i(*alinn for the 
general case in which no restrictions on the time rate of chaiige of the field 
quantities are imposed. We can confine our attention to vacuum fields 
and nonpermeable conductors without omitting results of any great 
interest. 

Maxwell’s equations in vacuo were shown to be: 


(1) 

V • I) — Ptrue? 


(2) 

V • B = 0, 



dB 

(9-7) 

(3) 

VXE = ’ 

dt 


dj) 


(4) 

V X H = jtnie + ”* 



These equations completely represent the behavior of clectT’omagnetic 
fields when they are considered in combination witli suiiabh* c(>nstirutive 
equations and boundary conditions. This is true even for rapidl\' \'arying 
fields, or at least no internal contradiction is present if an arbitrary rate 
of change is assumed. Care must be taken in using constitutive equations, 
however, since the material constants are generally dependent on tlie fre- 
quency of the fields. We shall often restrict ourselves to vaciiiim condi- 
tions in order to avoid complications due to such special propeil ies of the 
constitutive equations. 

An energy integral of Maxwell’s equations can be obtained as a result of 
taking the scalar product of the third and fourth of these ec;|uations with 
H and E respectively. If we subtract the two resulting equations and 
make use of the vector identity for the divergence of a cross product, 
Eq. (10-3), we obtain 

SB dB 

V • (E X H) H - E • j ~ E ' ( 10 - 33 ) 

dt at 

Let us now take the volume integral of Eq. (10-33), assuming that the 
constitutive equations are linear: 

- - Jl(H • B + E • D) dt) = Je • j (it; +y (E X H) • dS, (10-34) 

where the surface term arises as a result of using the divergence theorem. 
The left side of Eq. (10-34) is recognized as the rate of decrease of the 
sum of the electric and magnetic field energies [Eqs. (6-14) and (10-7)] as 
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derived for the static case. By means of Eq. (10-1) the first term on the 
right can be written 


'^E-idv -ij dv. ( 10 - 35 ) 


Equation (10-35) therefore represents the sum of the Joule heat losses 
and the negative rate at which the electromotive forces are doing work. 

The last term on the right side of Eq. (10-34) demands careful con- 
sideration. It represents an energy which has been hitherto neglected, 
since for static and quasi-static fields the integral can be made to vanish 
by taking an arbitrarily large enclosing surface. As we shall see later, 
however, the electric and magnetic radiation fields of charge motions and 
currents fall off in general only as 1/r at large distances. In that case 
J(E X H) • dS will approach a constant value for an arbitrarily large sur- 
face, and thus the integral may contribute to the energy balance. 

The vector 

N = E X H (10-36) 

is known as the Poynting vector. In terms of Eq. (10-34) it can be con- 
sidered to represent the electromagnetic field energy flow per unit area per 
unit time across a given surface. It must be noted, however, that only 
the entire surface integral of K contributes to the energy balance. Para- 
doxical results may be obtained if one tries to identify the Poynting vector 
with the energy flow per unit area at any particular point. The energy 
term arose as the volume integral of V • (E X H), and the net energy flow 
in the electromagnetic field will always vanish if the divergence of the 
Poynting vector is zero. For example, in static superposed electric and 
magnetic fields we may have nonzero values of the Poynting vector at 
various points in space, but its divergence vanishes everywhere. 

We have now seen that Eq. (10-34) can be taken to represent the over- 
all energy balance between the electric and magnetic energy of the field, 
the loss due to resistive heating, the work done by sources of electromotive 
force, and the radiation loss. It appears that the expressions derived for 
the energy densities of the electrostatic and magnetostatic fields retain 
their validity when the fields are allowed to vary arbitrarily with the time. 
The only additional consideration needed in order to conserve energy is to 
assume that fields may carry energy in or out of the volume of integration 
at a rate that is given by the surface integral of the Poynting vector. 

K new consequence of the introduction of the surface term into the con- 
servation laws is the possibility of balancing energy and momentum over 
only part of a system. The surface integral over the Poynting vector per- 
mits us to conserve energy in one part of a system whether radiative proc- 
esses are present or not. To illustrate this point, consider the simple proc- 
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ess of a battery (electromotive field 
E') feeding a current (density j) to 
a resistor (of conductivity cr), as in 
Fig. lO-L Let us take the energy 
balance over the volume of length I 
of the resistor, whose radius a has 
been magnified in the drawing. By 
elementary considerations, 

•2 Fig. 1 0- 1 1 1 1 ii st I’a ti n g t ! role of the 

E = j/(x' H — -ia- N = — Poynting vector in the (‘onservation of 

energy over a part of a circuit. 

w^here N is directed inward over the lateral surface of the c\iinder. Hence 

fn • dS = —f ^ = — / — dt’ = — Joule heat. 

J cr J a 

Equation (10-34) is thus satisfied, and energy is balanced by considering 
the field as ^^feeding” the resistor via the Poynting vector, without the 
explicit introduction of the source of energy, i.e., the liattery field E'. 



10-6 Momentum balance. In order to investigate the momentum rela- 
tions in the electromagnetic fields, wu shall inquire as to whether the di- 
vergence of the complete Maxwell stress tensor will give a volume force 
which is in accord with experience. If w^e neglect tlie electrostriction and 
magnetostriction terms the stress tensor is the sum of Eqs. (G-53) and 
(10-32): 

Ta^ - EaE>^ — ^da^EyDy + HaB^ — ^da^IlyBy, (10“37) 
The tensor divergence of Eq. (10-37) is 


dDjS 

~~ ' Ea ~ 

ox^ dx^ 


dEa 

1 dK 

dEa 

+ D^—~ 

-Eho — 

- 


2 dXa 

dXa 

dBs 
+ H^ — 

dHa 

1 o 5 

+ B^ 


dx^ 

dXff 

2 ■ S 


dih 

(10~38) 

dXni 


Equation (10-38) can be expressed in vector form: by Maxwell’s first 
equation V - D = ptrue in the first term; the second and fourth terms be- 
come — D X (V X E), which is equal to D X dB/dt; the sixth and eighth 
terms become -B X (V X H), which is equal to -B X (jtrue + dB/dt); 
the fifth term vanishes due to the fact that V ■ B = 0; and the third and 
seventh terms involve merely gradients of k and Therefore 


dT, 


a/3 


f.n 


tin 
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This entire tensor divergence may be expressed as the sum of two terms: 


dX0 



+ ^ (D X B) 

at 


(10-40) 


where the first term, 

¥ev == Eptrue “ - B X jtnie (10-41) 


is the ordinary volume force acting on material bodies in a quasi-stationary 
electromagnetic field. Equation (10-41) accounts fully for the volume 
force on true charges or inhomogeneous dielectrics in an electric field, and 
for that on true currents or inhomogeneous permeable material in a mag- 
netic field. The second term in Eq. (10-40) is new, and is proportional to 
the time rate of change of the Poynting vector. Equation (10-40) may be 
written explicitly 

STa^ , a(EXH)l 

= Fe^,+ p6 

dx^ L dt Ja 


where 


¥ev + 


KKjn d'N 
(? dt . 


(10-42) 


€oMo — 1/c^. 


(10-43) 


The existence of depends on the presence of material bodies carrying 
charges or endowed with dielectric properties. On the other hand, the 
second term in Eq. (10-42) does not vanish even in vacuo ^ and therefore 
it would superficially suggest the idea of a volume force on the vacuum. 
This term has evoked a great deal of speculation. It fits into an ether 
theory in W'hich vacuum possesses various mechanical properties that en- 
able it to transmit elastic weaves and also to sustain body forces. The 
only w^ay such an ether force could be measured would be by means of 
the action of the ether on matter. 

According to Lorentz’ electron theory, how^ever, the only force which 
has physical significance is a resultant force w^hich arises from the space- 
time average forces acting on material charges and currents, namely, those 
obtained by averaging 

F = p(E + uXB). (10-44) 


We shall also find that within the framework of the special theory of 
relativity no measurement can be devised which can determine the velocity 
or other properties of the ether. If therefore we adopt the point of view 
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that the only volume force which has a place in phY^sical theory is a force 
derivable from the Lorentz force, Eq. (10-44), it follows the I the second 
term in Eq. (10-42) must be subtracted out. We then hax c* foi' the volume 
force, when k = k^. ~ 1 , 


dt 


( 10 -» 4 - 5 ) 


which is equal to the Lorentz force. 

If we apply this equation to a volume containing both matter and 
radiation, and bounded by a finite surface, we obtain''*' 


F 


a 




( 10 - 46 ) 


Since the integrated body force Fa represents tlu^ toUd rate of change of 
mechanical momentum, Pa, of the volume, Eq. (10 -46) cim be written 


d 

dt 


Pa + 




dv 


TaedSn. 


(10-47) 


This equation states that the sum of the rate of change of tlie mechanical 
momentum, plus a term equal to the volume integral of the Poynting 
vector divided by c^, is equal to the surface integral of the total Maxwell 
stress transmitted across the surface surrounding the \a;)lume. If it were 
possible to choose a surface so large that it is in field-free space, then the 
sum of the mechanical momentum and the volume integral of the Poynting 
vector would be constant in time. This implies that the correction term, 
whose introduction into Eq. (10-45) was required only by om* demand for 
a physical interpretation of the volume force, makes ne(.*essary a change in 
our concept of momentum. 

In the absence of measurable physical properties for the ether, we are 
thus forced to modify the law of the conservation of momentum. It must 
apply not just to matter alone, but must also include a momentum density 
of the electromagnetic radiation field which is eciual to the Poynting vector 
divided by a constant, c^. The Poynting vector therefore appears in a 
dual role, as carrying energy and also as carrying momentum. It will 
turn out in the special theory of relativity that the transfer of eiiergy 
corresponds to a transfer of momentum in the proportions that have been 
derived here. Actually, this is a property of all forms of energy flow, 
and is not confined to electromagnetic radiation. 

*We have omitted a term which, in matter, is given fiV« dr, 

dt J 

and is actually present when an electromagnetic wave travels through matter. 
Its net impulse due to a finite wave train always vanishes. 
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EXERCISES 

1. Use Neumann’s formula to compute the mutual inductance per unit length 
between two equal parallel conductors. If the two wires constitute a single circuit, 
find the force between them. 

2. Consider a coaxial cable consisting of a center wire of radius a and a thin 
sheath of radius a. Find the self-inductance per unit length of the pair of con- 
ductors as a circuit, and the mutual inductance of the core and sheath. Show that 
the mutual inductance of the core and sheath is the same as the self-inductance of 
the sheath. Are the answers altered if the core and sheath are not coaxial? 

3. Find the torque on a solid conducting cylinder rotating slowly in a uniform 
magnetic field perpendicular to the axis of the cylinder. 

4. A thin spherical shell of conductivity a, thickness radius a, rotates with uni- 
form angular velocity about an axis perpendicular to a uniform magnetic field. 
Calculate the power needed to maintain tlie rotation. 

5. A steel sphere of radius a is magnetized permanently and uniformly with 
magnetization M. A circular coil of N turns and radius h > a, carrying a current 
/, is mounted in a plane parallel to M so that the center of the coil coincides with 
the center of the sphere. Find the torque on the coil. 

6. Find the total field energy, and the field energy density in the iron and air 
gap of the incomplete iron ring of Exercise 10, Chapter 8. Discuss the energy bal- 
ance of the process of widening the gap slightly by means of an external mechani- 
cal force. 



CHAPTER 11 


THE WAVE EQUATION AND PLANE WAVES 

11“1 The wave equation. In the energ}^ integral of Maxwell’s equa- 
tions, Eq. (10"34), we interpreted a nonvanishing integral over a distant 
surface as representing a flow of energy which we caJi(*(i I'adiation. The 
equations may be combined to exhibit these propagating fichls more ex- 
plicitly: the four first order linear partial diffenaitial field e(iuations can 
be reduced to a system of two second order linear partial ditVca’cntial equa- 
tions. To make this reduction, let us recall that Maxwell’s eciiiations are 

(1) V • D = ptrue; 

(2) V • B = 0, 

dB 

(3) V X E = . (9-7) 

dt 

dlD 

(4) V X H = jtn.0 + • 


Consider a region where there are no true charges and no sources of elec- 
tromotive force, so that ptrue = 0 and E' = 0, and where e and p are not 
functions of the coordinates or of the time. Take the curl of Eq. (9-7) 
(3) and substitute pH for B : 

V X (V X E) = - - (V X pH). (11-1) 

dt 

On substituting Eq. (9-7) (4) for curl H, we obtain 


d ( aE\ 

VX(VXE) = 

dt\ dt/ 

Now for any vector it is true that 


( 11 - 2 ) 


V X (V X E) = V(V . E) - V“E, 


but V • E = 0 in the charge-free region, and by Eq. (7-3) j = crE. 
fore Eq. (11-2) becomes 


V^E - 


KKm 3^E 3E 

df dL 


= 0 , 
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There- 


(11-3) 
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where we have written 1/c^ for the product of free space constants /xoeo- 
It can be seen from Eq. (11-3) that c must have the dimensions of velocity. 

Equation (11-3) is known as the general wave equation. Usually either 
the second or the third term drops out in any particular application of 
this equation. In a nonconducting medium the third term vanishes, 
leaving a propagation equation for waves that travel with the velocity 
u = 1/a/m 6, as we shall see. In a conducting medium the second term is 
usually negligible, and we are left with the same differential equation as 
for heat conduction or diffusion. The relative magnitude of the two terms 
can be easily estimated for a field that varies with an angular frequency co: 

E = E(xa)e~^^K ( 11 - 4 ) 

When Eq. ( 11 - 4 ) is substituted in Eq. (11-3), we obtain an equation that 
does not depend on the time: 

V^E + ^ o;^E + Wa)E = 0. (11-5) 

Equation (11-5) may be written 

V^E + ( 1 + — ) ixec^^E = 0, (11-6) 

\ eco/ 

and the relaxation time of the medium, discussed in Section 7-4, is given by 

T = -• (7-20) 

a 

Hence we see that if the relaxation time r is long compared with the 
period 2Tr/o) of the sinusoidal vibration, so that the imaginary term in 
Eq. (11-6) can be neglected, we are left with a propagation equation. On 
the other hand, if the relaxation time is short compared with the period, 
then the imaginary term is large compared with unity and we have essen- 
tially a diffusion condition. 

For all pure metals the relaxation time is of the order of sec, and 
hence the diffusion type of equation is valid for all frequencies lower than 
those of the optical spectrum. This means that within metallic conductors 
the propagation term ge d^E/dt^ can be neglected even in the ultra-high 
frequency radio region. To put it in a different way, the displacement cur- 
rent is negligible relative to the conduction current in metals at the highest 
frequencies that are theoretically attainable with macroscopic oscillators. 

The coefficients that appear in Eq. (11-5) can be expressed in a variety 
of useful ways. If, for example, we write 

CO 1 
c Xo 


(11-7) 
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Xo is the free space wavelength divided by 27r. Similarly, lor a medium 
characterized by k and we may write 


6J 1 

u X 


( 11 - 8 ) 


where u = cl^/icKm. The ratio of the magnitude oi the conduction cur- 
rent to the magnitude of the displacement curi’ent can. be rewritten in 
terms of these relations as 

1 (T CT X Ifi j((m 

= - = 0-X/A) ’ (11”9) 

oiT Oi)e e u V € \ 

where 

i2o = J- (11-10) 

\ €0 

is a resistance whose numerical value is 376.7 ohms. This number is some- 
times called the characteristic impedance of free spa.ce. The analog}" be- 
tween wave propagation and “lumped” transmission line parameters is 
useful in some practical considerations, but we sliali liere avoid such 
analogies in favor of considering the characteristics of the electromagnetic 
fields themselves. The significance of Eq. (11-9) iniglit be stated by say- 
ing that if the resistance of a cube whose edge is X is larger than Ro? then 
in such a medium the displacement current is dominant, while if the re- 
verse is true the conduction current governs the behavior of electromag- 
netic fields in the medium. 

Equation (11-3) and the analogous equation for H or B are homo- 
geneous in the field vectors because they were derived suliject to the con- 
dition of no true charges and no sources of electromotive force. To inves- 
tigate the relation between these fields and their sources it is coiivenient, 
as in the static case, to introduce potentials as intermediary field quanti- 
ties. We shall return to this problem in Chapter 13. A number of inter- 
esting and important consequences that are independent of the origin of 
the fields can be considered without reference to the potentials. 


11-2 Plane waves. Let us con- 
sider the case in which all fields 
are functions only of the distance 
of a given plane from the origin, 
as in Fig. 11-1. If this distance is 
f and if n is a unit vector normal 
to the plane, then for all points 
on the plane the spatial deriva- 
tives are functions of f only and 



Fig. 11-1 All fields are constant on 
such plane surfaces as that indicated by 
the unit normal n. 
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d 

V = n— • 


Thus Maxwell’s equations reduce to 



dT> 


(1) 

n 0, 

d-f 

dB 


(2) 

n = 0, 



aE dB 

(11-11) 

(3) 

n X — = ' 

df di 

dH dD ^ , dD 


(4) 

n X — = i + 

dl' dt dt 


By taking 

the scalar product of n and Eq. (11-11) (4), 

we see that 


n • (- + D = 0. 

Ve dt/ 

(11-12) 


Equations (11-12) and (11-11) (D imply that the longitudinal com- 
ponents of D and E, i.e., those components that are perpendicular to 
the plane surface of the figure, are independent of f and that their time 
dependence follows an exponential decay law in accordance with the char- 
acteristic relaxation time of the medium. Thus 

En = ( 11 - 13 ) 

This means that the only longitudinal solution of the field equations is an 
electrostatic solution, and that in the presence of finite conductivity the 
electrostatic solutions will vanish exponentially with time. 

Scalar multiplication of n and Eq. (11-11) (3) leads to 

5B /.. . ..A 

n-— = 0, (11-14) 

dt 


which together with Eq. (11-11) (2), shows that the only longitudmal 
component of the magnetic field compatible with the field equations is a 
stationary uniform magnetic field. Thus if there is a nonstatic solution 
it must be composed of transverse fields, fields whose vectors he parallel 

to the plane of Fig. H-l* 
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Each transverse component of the electric field obeys the differential 
equation 

d^E dE 




Hi 


ae 


— jjLa 


at 


0 , 


(11-15) 


which may be derived by eliminating H between Eqs. (11-11) (3) and (4) 

or may be written down directly from Eq. (11-3). Equation (11-15) is 
called the ''equation of telegraphy/' If the medium has zero conductivity, 
this equation reduces to 




ixe- 


d-E 

di^ 


( 11 - 16 ) 


The general solution of Eq. (11-16) is 

E -ut)+g{t + id), (11-17) 


where / and g are arbitrary functions of their respeeti\(‘ arguments, and 
U = c/’s/ KlCrn = l/vTte, as before. The general solutiou rc^presents waves 
traveling along i.e., a disturbance of form / is propagatc^d in the positive 
^f-direction as time progresses, and g is propagated in th(* opposite direc- 
tion. u is the velocity with which the form of the disl iirbance travels, 
and is called the phase or wave velocity. The ratio of the free-space 
velocity to that in a medium characterized by k and icm, c/u = ^KKm.y is 
called the index of refraction of the medium, and is often designated by n. 
If E is assumed to have a sinusoidal time variation, given by the factor 
with an angular frequency co, the solution of Eq. (11-16) is 

E = ( 11 - 18 ) 

where 

h — (x>/u = 27r/X = 1/X. 

It is often useful to write k as a vector in the direction of propagation. 
The propagation vector is given by 


CO 1 U 

k = u = 

Xu 

(11-19) 

so that a solution of Eq. (11-16) may be written as 



(11-20) 

Let us consider the case of the negative sign in the complex exponential 
of Eq. (11-18), so as to have a wave moving toward greater positive 
Equation (11-11) (3) becomes 

dE 

n X — = ioiB = ikn X E 
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/ — ^ 

or B = VMenXE =-XE. (11-21) 

CO 

Thus we see that associated with each transverse component of E there is 
a magnetic field. If the direction of E or B is constant in time the wave 
is said to be plane polarized^ or linearly polarized. Since the field equa- 
tions show no correlation between different components of anj^ one field 
vector, we lose no generality in restricting our discussion to a plane polar- 
ized wave. E and B are perpendicular to each other as well as to the 
direction of propagation, and the equations indicate that E, B, and n 
(or k) denote a right-handed coordinate system, in that order. 

It is clear that the complex exponential time dependence for the fields 
leads to a particularly simple form for Maxwell’s equations, and complex 
expressions such as that for E in Eq. (11-20) are, in general, very con- 
venient mathematically, but we must remember that the actual fields are 
the real part of the complex quantity. The energy density associated 
with sinusoidally varying fields pulsates in the time, since it involves the 
factor = Eq cos^ (/cf — cot), the square of the real part of Eq. (11-20). 
The time average of is just ^Eq. In general, the time average of the 
product of the real parts of two vectors both of which vary as is 
one-half the real part of the product of one vector and the complex con- 
jugate of the other. Thus 

(Re F) ". (Re G) = J Re (F • G*) = J Re (F* • G), (11-22) 

where * denotes complex conjugate. The products on the right are inde- 
pendent of the time, so that the line denoting the average would have no 
significance. The verification of Eq. (11-22) follows readily from writing 
F and G as a sum of real and imaginary parts, and the details are left to 
a problem. 

For the case of the plane wave fields given by Eqs. (11-20) and (11-21), 
and the related fields D and H, the time average of the energy density is 

U = |(H • B -f E • D) = ^eEo joules/meter^, (11-23) 

to which the electric and magnetic fields contribute equally. The Poynting 
vector, N = E X H, is in the direction of propagation of the wave, and 
its time average is 


E X H = \VTf\L Eq n watts/meter^ 

= C7u. (11-24) 

Thus the energy density associated with a plane wave in a stationary 
homogeneous nonconducting medium is propagated with the same velocity 
as that of the fields. 
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11-3 Radiation pressure. We have seen in Section 10-6 that the ether 
theory and the Lorentz electron theory lead to difTerenI {*xpressions for 
the volume force. The divergence of the Maxux^ll sirens |{^nsor yields a 
volume force which does not vanish in. the absence* ef (*liai'g(‘s and (‘urrentSj 
and the correction needed to make this force consistc^nl with the fiOrentz 
force implies the existence of a momentum densily in Ihe f‘](‘<*t,roriiagnetic 
field. Now we see that a plane wave carries energxx la*! us n(‘xl investi- 
gate the consequences of momentum balance applies 1 to a plane wave. 

Let us first consider a linearly polarized plane \\a\'c^ incidenl normally 
on a slab of material that absorbs it completely — a !)lacki)od.y. If we take 
the x-axis as the direction of propagation, we me.\^ k‘t // be the direction 
of the electric field and the magnetic field will Ix' parallel to the s-axis. 
The Maxwell stress tensor, 

^alS 

~ (EyDy + (10-37) 

has in this case only the diagonal components 
T,, = -hJEyD,, + 

Tyy = EyDy - \{Eyl),, + 11,8,), (11-25) 

- UEjfly + 

The force derived by Eq. (10-45), which makes the volume force agree 
with the Lorentz force in a material medium, is 

T (E X H)«, (11-26) 

dx^ di 

of which the a:“Component is 

~~ {EyDy + H.B,) - ^ (E,F,). (11-27) 

2 dx dt 

The y- and ^-components of the force vanish, since the fields are not func- 
tions of y and z, and since the Poynting vector has no /y- and ^-components. 

Since the fields are absorbed, the .r-component of tlie time average 
volume force can be integrated to give the total pressiire on the slab of 
material: 

^co 

/ = |(e£J" + aH"), (11-28) 

•lo 

which is exactly equal to the energy density of the incoming radiation field. 
The time average of the time derivative of the Poynting vector vanishes 
if Ey and vary sinusoidally, and therefore this term has been omitted 
from Eq. (11-28). If we wish to consider the net impulse transmitted by 
a wave train of finite length the pressure must be integrated from time 
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-00 to time +^, and the time derivative will also integrate out in this 
case,* it can contribute only to the instantaneous value of the pressure 
during the absorption of a wave train, and not to the over-all effect. The 
radiation pressure is thus the same as in the ether theory — it is unaffected 
(except for transients) by the correction term needed to bring the volume 
force into accord with the Lorentz force. Note that Eq. (11-28) agrees 
with the pressure calculated by assuming that the momentum of volume 
c dt given by Ec di/(? is absorbed per unit area of the body. 

This result can be summarized by saying that the phenomenon of radia- 
tion pressure is consistent with the concept of momentum of electromag- 
netic waves, and with the more general concept of momentum carried by 
any energy transmitting process. This pressure was predicted by the 
classical prerelativity ether theory of electromagnetic radiation, however, 
and is not changed by modern refinements of electromagnetic theory. 
The force involved is simply the Lorentz force, and all detailed models of 
the absorption process lead to the same answer, namely, that the pressure 
is equal to the energy density of the incident radiation. Measurements of 
radiation pressure have verified the theoretical predictions of its intensity. 

Radiation pressure can also be computed for the case of wholly or partly 
reflecting surfaces and oblique incidence. Let us take the case of isotropic 
homogeneous radiation in a cavity, i.e., the radiation is unpolarized and of 
equal intensity in all directions. By symmetry it is evident that the 
only nonvanishing component of the volume force, Eq. (11-26), is that 
normal to the wall. If we take the :r-axis normal to the element of surface 
under consideration, this force may be written out: 


(The time derivative term is omitted for the same reasons as before.) 
Due to the fact that different components of the electric field are uncorre- 
lated, the time averages of all the cross terms vanish, and we obtain 


dEt d d 

^ - (E^Ey) + -- (E^E,) 

dx dy dz 


- M 


dff d d 

^ + ~ + - (M,) 

dx dy dz 


€ dE^ fi dH^ 
2 dx 2 dx 


(11-29) 


Since, according 
random, 


' ax 2 ax ax 2 ax ‘ ^ ^ ^ 

to our assumption, the fields are oriented completely at 

Hi = 


rp2 rpZ 

iLy 


w 


and, similarly, 
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— 1 d 




6 dx 




a 

dx 



where U is the energy density of the radiation. ]iil f\gra.l,irig from the sur- 
face of the medium into field-free space, we obtain result, that the total 
radiation pressure is equal to of the energy density of the radiation : 

I = (11-31) 

Jo 

This equation forms the basis for thermodynamic derivations of the Stefan- 
Boltzmann law and the Wien displacement law for l.>]ackl>ody radiation. 

It should be noted that for the existence of completely liomogeneous 
isotropic radiation, and thus of the randomness utiIiz(M.i in simplifying Eq. 
(11“29), it is essential that the walls be '‘lilack,” i.e., perfectly absor])ing. 
Equation (11-31) must not be assumed valid for other cases, as, for exam- 
ple, cavities with specularly reflecting walls. 


11-4: Plane waves in a moving medium. Unlike radiation pressure, 
which was first predicted by electromagnetic theory, the velocity of light 
in a moving medium was derived by Fresnel on the a.ssumption of elastic 
vibrations in a stationary ether, and confirmed by Fizeau as early as 1853. 
Fresnel’s prediction, which will later be deri\’’ed relativistieally, is also in 
agreement with Maxwell’s equations in moAung media, provided that we 
interpret the A^elocity of the medium as that relative to tlie frame of refer- 
ence in which the free-space Amlocity of light would be c. 

According to Fresnel and Fizeau, the A^eiocity of light in a body moving 
with a velocity v relative to the observer is giA^en by 


u == Uq + 



(11-32) 


Avhere n = is the index of refraction of the medium and Uq = c/n. 

It should not be confused with the unit vector n, which is in the direction 
of wave propagation, i.e., u = un. We may derive the velocity of electro- 
magnetic waves in a nonpermeable medium moving Avitli a velocity small 
compared with c from the considerations of Section 9-4. MaxAvell’s equa- 
tions in a moving medium free from true charges and currents become 


( 1 ) 


( 2 ) 


V • D = 0, 

V • B = 0, 


(11-33) 
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( 3 ) 

(4) 


9B 

V X B/rt, = ~ + 60-7 + V X (P X V), 
dt at 


(11-33) 


as may be seen from Eqs. (9-18) . The polarization is produced by the effec- 
tive field in the moving medium: 

p = eoiK - 1)(E + V X B). (9-19) 

Note that all the fields in Eqs. (11-33) and (9-19) are those which would 
be measured in the stationary frame of the observer. If we substitute the 
polarization field, Eq. (9-19), into Eq. (11-33) (4), and then make use of 
the third Maxwell equation, we obtain, correct to terms linear in v: 


VXB 



3E 

€o~ 1“ 

dt 


dE 

1) h — 1) 

dt 


dB 11 

V X — + V X (E X V) 

dt J J 


= 1 - iV-v X (V X E) + V X (E X V)]}- (11-34) 

cM \ K/ J 


If we expand the vector triple products, noting that V-E = 0, Eq. (11-34) 
becomes, for constant v, 

V X B = - I— + fl - [2(v • • E)]! • (11-35) 

c'^ I di \ k/ j 


On taking the curl and making use of Eqs. (11-33) (3) and (2) we obtain 


V^B = 



(11-36) 


for the wave equation in slowly moving media. ^ ^ ... 

Since we are here interested only in terms linear in the velocity, it is 
permissible to make the approximation that for plane wave propagation 
in the direction n along the coordinate f , 

d Y •n d 

V . V = (v • n) — = - 
dt 


Uq dt 
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v^B + 


ILq^ dt^ 


V ■ n 

I -2(1 

K/ Uq 


0. (11-37) 


This is a wave equation that corresponds to the propiigatioii velocity 


u = Wo 


1 - (1 

1\ V • n1 
--)2~ 

\ 

1 

C 


/ p 

£:-,Wo + 1 - - v-n, (11-38) 


which agrees to the order v/c with Eq. (1 1-32) and has l)een checked not 
only by Fizeau but also, with greater acciirac\% hy ATHdulson and Moiiey. 

The physical interpretation of Eq. (11-38) is that the only part of the 
propagation velocity of the wave which is afiectcHl by the* motion of the 
medium is that proportional to 


1 K - 1 d'P/dt 

3_ = cc 

K K dD/dt 


(11-39) 


This fraction is thus proportional to the ratio of tlie polarization, current 
to the displacement current. Since a polarization cau-ixait does actuall}' 
correspond to the motion of dipoles, it is c.|uite reasonable^ to assume that 
the portion of the wave corresponding to these dipoles will l)e affected b,y 
the velocity of the medium. We shall see that the ellect of a medium on 
a plane wave is simply that the medium is polarized by tlie incident wave 
and that the resulting dipoles produce a wave whicli combines with the 
incident radiation in such a way as to correspond to the over-all phase 
velocity. It is this coherent retarded component which is being radiated 
from a moving source in this case, and which gives rise to the Fresnel- 
Fizeau coefficient. It may be remarked that the physical assumptions in- 
volved in this classical nonrelativistic theory are consistent with those of 
relativity, and we shall see that all these results are in acajord with rela- 
tivistic principles. 


ll>-5 Reflection and refraction at a plane boundary. The boundary 

conditions inherent in the field equations determine \vhiit liappens when a 
plane wave is incident on a boundary between media of different electric 
and magnetic properties. Let us consider a plane wave traveling in the 
direction of k in medium 1, and incident on the plane boundary between 
media 1 and 2, as shown in Fig. 11-2. The media are characterized by 
constants mi and m 2 , and € 2 . The propagation vector k and the unit 
vector n specifying the plane boundary determine what is called the plane 
of incidence of the wave. In accord with Eqs. (11-20) and (11-21) the 
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Fig. 11“-2 The propagation vectors for refraction and reflection at a plane sur- 
face. k and n, the normal to the reflecting surface, determine the plane of incidence. 


incident fields are represented by 


E 


— Eo^ 


i(k.r~wO 


kXE 


(11-40) 


The boundary conditions cannot be satisfied by a single progressive wave, 
since the tangential components of both E and H must be continuous 
across the boundary. If we use primed symbols for the wave in medium 
2, and double primes for the reflected wave, ive may write 

k' V F' 

E' = Eoe‘<‘''-'-“'>, H' = . 

k'' V F 

W/ii 

The continuity of the tangential fields is possible only if the exponentials 
are the same at the boundary for all three fields. Thus we were justified 
in assuming throughout Eqs. (11-41) that the frequency is unchanged in 
the transmitted and reflected waves, and have the further conditions that 

k . r = k' • r = k" • r (11-42) 

over the boundary surface. It is evident from Eq. (11-42) that all the 
propagation vectors are coplanar. If for convenience we put the origin of 
the coordinate vector r in the boundary plane specified by the unit vector 
n, so that n • r = 0 is the eciuation of the plane, then 

n X (n X r) = (n • r)n - r = -r 

on the boundary, and substitution in Eqs. (11-42) leads to 

(k - k'O X n ^ (n X r) = 0, 

(k - k') X n • (n X r) = 0. 


(11-43) 
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Now tlie propagation vectors k and k" in the same mediiim, are equal in 
magnitude, and. |k|/|k'| = the ratio of the phase velocities in the 

two media. Therefore the laws of reflection and !-{‘fra.(*lion implicit in 
Eq. (11-43), and in terms of the angles may be writlen in the usual forms: 

Q = d", 

sin <9 Ui (11-44) 

sin d' U 2 

The second of these equations is known as SnelFs law. 

The relations between the various amplitudes can !)e determined to 
satisfy the boundary conditions 


n X (E + E'O - n X E', 

n X (k X E + k" X E'O/mi = n X (k' X E')/m 2 , 

where we have written the magnetic amplitudes in ierms of those of tlie 
electric fields. It will suffice for us to consider the in w hich jii = /X 2 . 
The orientation of E is arbitrary, but it may alw'ays l)e written as the sum 
of two components at right angles, and any difference in phase can be 
taken care of by making E complex. 

(a) E at right angles to the plane of incidence. If E is perpendicular to 
the plane of incidence, all the electric field vectors are tangential to the 

surface, and ,, , 

+ (11-45) 


Since n • E vanishes the expansion of the vector triple product in the sec- 
ond boundary condition leads to 

Eo(n-k) + £o(n*k'0 Eo{n-k') 

or, in terms of the angles of Fig. 11-2, 


Eq cos 6 — Eq cos 


III 

U2 


Eq cos d\ 


(11-46) 


Equations (11-45) and (11-46) ma}^ be combined to give the transmitted 
and reflected amplitudes in terms of that of the incident wiwe: 


E' = E- 


2 cos d 


cos d cos Q 


^^2 


E" = -E 


U2 


cos 


— COS0 


^2 


cos B' + cos B 


(11-47) 
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Here use has been made of the fact that d" = 0, and the angle 0' may be 
eliminated by the use of Snell’s law of refraction. ui/u 2 = n 2 i, the rela- 
tive index of refraction of medium 2 with respect to medium 1. n without 
subscripts is usually interpreted as n 2 i. 

(b) E in the plane of incidence. In this case H is parallel to the bound- 
ary, and the derivation is formally identical with that above except that 
the relation 


E = 


kXH 


— jUCO 




(11-48) 


which follows from Maxwell’s equations for a plane wave, leads to a 
slightly different distribution of constants. If we again assume that the 
two media have the same permeability, the final results are 


ir = II 


2 cos 0 


cos 0 ■+• 


— cos 0 

Ui 






U2 

Ui 


cos 0^ — COS 0 


— cos 0' + cos 0 

Ui 


(11-49) 


for E in the plane of incidence. 

Equations (11-47) and (11-49) are known as Fresnel’s formulas, and 
were originally derived on the assumption of an elastic ether. Their 
transformation to other convenient forms, and the derivation of the re- 
sulting reflection and transmission coefficients, are left to the problems. 

There are several interesting consequences of the fact that the two 
components are not transmitted and reflected equally. For the first case 
treated above, in which the electric vector is normal to the plane of inci- 
dence, there is reflection unless 0 = 0', i.e., unless the two media have the 
same optical properties. The reflected amplitude of Eq. (11-49), however, 
vanishes if ^ = 90°, i.e., if k' and k" are perpendicular to each other.* 

The angle of incidence that satisfies this condition is called Brewster’s 
angle, or the polarizing angle, and is defined in terms of Snell’s law by 


tan 0Q = Ui/u 2 . 


(11-50) 


Since at this angle the reflected beam consists entirely of the component 
whose electric vector is at right angles to the plane of incidence, a plate 
or a stack of plates of dielectric may be used to produce a plane polarized 
wave from unpolarized light. 


* This is obvious from the formulas of Exercise 2, below. 
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On the other hand, there may be a whole range of angles for which 
there is no transmission. If «2 is greater than u, the law of refraction 
(Snell’s law) leads to values of sin0' that are greater than unity when 6 
exceeds sin“^ (mi/M' 2 )- Under these conditions the reflection is said to be 
total, but since the wave amplitudes may be complex in any case, we may 
apply Fresnel’s formulas to examine the process in detail. If we eliminate 
6' by means of Snell’s law, using n = uju^, (n < 1), the reflected ampli- 
tude for case (a), E normal to the plane of incidence, becomes 

sin ^ cos 0 — sin d' cos 0' 

— 

sin 6 cos 6 + sin B' cos B' 


' sin^ B - n" 


cos <9 + ^ V sin^ B - rr 
rr 




where the fact that cos 6' = ^ V^n^ & - n^/n is imaginary has been made 
explicit. It is evident from Eq. (11-51) that the reflected amplitude is 
equal in magnitude to that of the incident wave, but the phase is changed: 

(11-52) 


(j) = arctan- 


""^sin^ B — 
v? cos B 


(11-53) 


For the component whose electric vector is in the plane of incidence, we 
have from Eq. (11-49) 


jy" = E 


cos B — sin^ B — r? 

r ' 

COS B + sin^ B — 


(11-54) 


^ = arctan- 


^sim B — 


Thus the components are changed in phase by unequal amounts, and as a 
result plane polarized radiation is totally reflected with elliptical polariza- 
tion. The phase difference between the two components, 2(<^) — ^p), de- 
pends on both the angle of incidence and the relative index of refraction. 
A simple computation leads to 


tan {(j) — xp) 



(11-55) 
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Although the transmission coefficient is zero for total reflection^ the in- 
stantaneous fields do not vanish in the second medium. The fact that 
cos is a pure imaginary yields an exponential decrease of the field strength 
within the medium. The field in the second medium can be detected 
if an additional transparent object of large index is placed very near the 
surface. 


11-6 Waves in conducting media and metallic reflection. The solu- 
tions of the general wave equation, Eq. (11-15), can be written in the same 
form as those of the propagation equation, Eq. (11-16), if we again assume 
a sinusoidal time dependence. We may write for any transverse com- 
ponent of E 


where 


^ = -(fieco^E + fco/xo-E) == -K% 


(11-56) 


K — a ip = k 



(11-57) 


When Eq. (11-57) is solved for the real and imaginary parts of K, the 
results are 



The fields are therefore 


E = 


H = 


kXE 

fcjUW 


(a + iP)j 


(11-58) 


(11-59) 


where k is along as before. Two features of Eq. (11-59) are immediately 
evident : the conductivity gives rise to exponential damping of the wave, 
and the electric and magnetic fields are no longer in phase. 

The application of the Fresnel formulas to find the reflection at a plane 
metallic boundary is straightforward, but leads in general to rather com- 
plicated results. It is useful to consider the approximation, valid for all 
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frequencies below the optical region, in which eco <SC cr. In that case, 


K = (1 + i)h 



(1 + i) 



( 11 - 60 ) 


For simplicity, let a plane wave in a dielectric be incident normally on 
the surface of a conductor in the direction of f. The fields inside the con- 
ductor are then 


E' = 



( 11 - 61 ) 



1 + f / 


where we have measured f from the boundary surface. Both fields de- 
crease with penetration, falling to 1/c of their surface values in a distance 



which is known as the skin depth. Note that h goes to zero as the con- 
ductivity approaches infinity, and is smaller for high frequencies. Equa- 
tion (11-62) cannot be extrapolated to infinite frequencies, however, and 
an expression derived from Eq. (11-58) must be used where the approxi- 
mation €co <<C 0 - is not valid. 

Inside the metal the energy density is no longer shared equally b^the 
two fields: the time average of the electrical energy density is now €jE 7^/2, 
while that associated with the magnetic fields is a'E^/2co, so that the ratio 
is €(j>/ a, which we have assumed is a very small number. Within the con- 
ductor the electrical energy density is negligible in comparison with the 
magnetic energy, and good conductors are essentially not penetrated by 
electric fields satisfying the condition that eco « a. 

The “reflecting power” of the metallic surface is readily found if we re- 
member that the reflected wave travels toAvard increasing negative f, so 
that 

E" = 

and then impose the conditions that E and H are both continuous across 
the boundary. The ratio of the reflected energy to the incident energy is 



( 11 - 63 ) 


if higher powers of V2eoco/(r than the first are neglected. 
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11-7 General solutions of the homogeneous wave equation. In accord 
with the theorems of Fourier analysis, the general solution of the propaga- 
tion equation in three dimensions can be expanded in terms of Fourier 
integrals over the three components of the wave propagation vector k, 
which is related to the frequency by the equation The Fourier 

integrals are taken over all positive and negative values of each com- 
ponent of k, and in addition the resultant fields are summed over all pos- 
sible polarizations. This gives the general expansion of the solution of the 
homogeneous wave equation as a superposition of plane waves. The form 
of the expansion is 


E= Z 


3r r oa pco ^co 

dki / dk2 / dksa^d 

j;=1 L J — 00 — 00 — 00 


,a t(k'T~cct) 


(11-64) 


where the e^’s are unit vectors in the three coordinate directions. The % 
are amplitude functions of the frequency, and may be complex to give 
arbitrary starting phases. Such an expansion is often useful in the general 
theory of radiation. The ‘ Trans versality condition” V • E = 0 reduces the 
number of values of a from three to two. 

We have seen in the previous section that good conductors effectively 
confine radiation fields of lower than optical frequencies to regions exterior 
to the conductors. For vacuum regions or dielectrics enclosed by conduc- 
tors the wave equation becomes a homogeneous Sturm-Liouville equation 
with discrete eigenvalues, i.e., only certain values of the frequency param- 
eter are consistent with the boundary conditions and Eq. (11-64) reduces 
to a sum over k. In Chapter 12 we shall investigate the general principles 
involved in such cases. 

It is also possible to generalize a solution of the homogeneous wave 
equation in terms of an expansion in spherical waves, or in cylindrical 
waves, for either continuous or discrete ranges of k. Which of these 
various expansions is the more convenient to use depends on the symmetry 
properties of the problem under consideration, as we shall see. 


SUGGESTED REFERENCES 

, Plane electromagnetic waves are treated in many books on electrodynamics and 
physical optics, and in general textbooks on theoretical physics. Our list includes 
seme of the better and more easily available accounts. 

M. Abraham and R. Becker, Electricity and Magnetism^ Chapter X. Charac- 
teristically clear, rigorous, and rather elementary. 

M. Born, Optik, Chapter 1. Probably the most complete and rigorous of the 
physical optics treatments. 

J. A. Stratton, Electromagnetic Theory, Chapter V. A very useful accoant, 
presented in both detail and generality. 
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Briefer accounts will be found in: 

J. H. Jeans, The Mathematical Theory of Electricity and Magnetism. 

G. Joos, Theoretical Physics. Chapter XIX includes propagation in anisotropic 

media. 

J. C. Slater and N. H. Frank, Electromagnetism. 

W. R. Smythe, Static and Dynamic Electricity. 

H. A, Lorentz, The Theory of Electrons, contains an excellent account of radia- 
tion pressure. 


EXERCISES 

1. Prove that the time average of the real part of the product of two complex 
vectors, both of which depend on the time as is given by one-half the real 
part of the product of one with the complex conjugate of the other. 

2. Prove that for the electric vector perpendicular to the plane of incidence 
Fresnel’s formulas are 


F' = ^ t F for the transmitted wave, 


and 




sin (e + 9') 
sin {6^ — 6) 


E for the reflected wave. 


sin {6' + 9) 

Prove also that when E is in the plane of incidence, the reflection is given by 


|E"| tan (9 - 9') 

|E| tan(6> + ^')’ 

3. By considering the waves with Fresnel amplitudes in the second medium, 
prove that the transmission coefficient vanishes under the conditions of total re- 
flection. 

4. Prove that for normal incidence the reflection coefficient, or percent of light 
reflected from the surface between two dielectrics, is given by (n — 1)V(^ + 1)^? 
where n is the relative index of refraction of medium 2 with respect to medium 1. 
What is the transmission coefficient? Compute the amount of light transmitted hy 
a transparent glass plate in air at normal incidence, in terms of the index of refrac- 
tion of the glass. 

5. A plane wave is specularly reflected by a surface at an angle 9 from the nor- 
mal. Find the radiation pressure. 

6. Estimate the ratio of the resistance of a conducting wire for high-frequency 
alternating currents to its direct current resistance. The result is known as Ray- 
leigh’s resistance formula. 

7. Plane monochromatic waves are propagated parallel to the ^-axis in both 
the positive and negative directions. At the origin the field strengths are given by 

Ex = A cos 03t, Ey = 0, 

Hx = 0, Hy = B cos Ciit 

Calculate the mean intensity of the radiation in each of the two directions in terms 
of A, B, and the constants of the medium. 
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WAVE SOLUTIONS IN THE PRESENCE 
OF METALLIC BOUNDARIES 

Before undertaking the theory of radiation, which examines the origin 
of electromagnetic waves from their sources, we shall consider further the 
solution of the homogeneous equation in the presence of conducting bound- 
aries. The boundary value problem has been of great theoretical signifi- 
cance, and has many practical applications, particularly in the microwave 
region. We shall here be concerned primarily with the underlying prin- 
ciples, not the devices based on these principles. We may remark at the 
outset that there is no essential advantage in introducing potentials in 
the absence of charges and currents: it is equally convenient to work with 
the electric or magnetic field directly, remembering, however, that the two 
fields are not independent, but that one may be derived from the other 
by means of the field equations. 

12-1 The nature of metallic boundary conditions. Let us review the 
general boundary conditions on the field vectors at a surface between 
medium 1 and medium 2: 

n ■ (Di — ■ D 2 ) = r, 

n X (El ~ E 2 ) = 0, 

( 12 - 1 ) 

n . (Bi - B 2 ) = 0, 
n X (Hi - H 2 ) = K, 

where r is used for the surface charge density to avoid confusion with the 
conductivity, and K is the surface current density. As usual, n is a unit 
vector normal to the surface. We have seen in Section 11-6 that for 
normal incidence an electromagnetic wave falls off very rapidly inside the 
surface of a good conductor, and that at the surface the tangential com- 
ponent of H mdbj be large, while that of E vanishes in the limit of perfect 
conductivity. Let us examine the behavior of the normal components. 

Consider a good conductor for which (r/a)€» l. The component of 
V X H normal to the surface is 

n • (V X H) = — fcoen • E, outside, 

n • (V X H) = (—io}D + (tE) • n, inside. 

185 


( 12 - 2 ) 
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This component of V X H is conserved, since n • ( V X H) = — V • (n X H) . 
If we neglect the displacement current inside the metal, 

fwe 

n • E (inside) = n • E (outside), 

cr 

and there is, even in this approximation, a discontinuity in the normal 
component of E. Within the conductor the normal component of the 
electric field, as well as its tangential component, becomes vanishingly 
small as the conductivity approaches infinity. The normal component of 
B, on the other hand, suffers no discontinuity at the surface. 

If E vanishes inside a perfect conductor the curl of E also vanishes, 
and the time rate of change of B is correspondingly zero. This means that 
there are no oscillatory fields whatever inside such a conductor, and that 
the boundary values of the fields outside are given by 


n • B = r, 
n X E == 0, 
n • B = 0, 
n X H = K. 


( 12 - 3 ) 


Thus the electric field is normal and the magnetic field tangential at the 
surface of a perfect conductor. For good conductors these conditions lead 
to excellent representations of the geometrical configurations of external 
fields, but they correspond to complete neglect of some important features 
of real fields, such as losses in cavities and attenuation of signal in the 
case of transmitted waves. 

It is useful for the estimation of losses to see how the tangential and 
normal field components compare with the first approximation in 1/cr. 
The tangential component of E is strictly continuous, so that we have, 
from Section 11-6, 


H = 


l-\-i 



(12-4) 


at the surface of the conductor. Let us assume, without obtaining a com- 
plete solution, that a wave with H tangential and E normal is propagated 
parallel to the surface of the metal. If k is the component of the propaga- 
tion vector along the surface, then just outside the surface, 

k 

1H||1 = — |Ej.|. (12-5) 

fxoi 


But a tangential component of H is accompanied by a small tangential 
component of E, according to Eq. (12-4). By comparing these two ex- 
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pressions, we see that 


M 

lExl 


2 

jJLOXT 


5 

x’ 


( 12 - 6 ) 


A the ratio of the tangential component of E to its normal component 
r T. same order of magnitude as the skin depth divided by the wave- 
T ? It can he readily shown that the ratio of the normal component 
Jh to its tangential component is of this same magnitude but for the 
• j.- f Inssps it is the tangential component of E m which we shall 

rtSei :: tha? ^ the 1^. of conductivity, which 

vanishing ^'^"^tsI'roselLTX ^l^^ Wel.rfnvt! 
£teto°Sutiororthe' homogeneous wave equation subject to such 
boundaries. 

19 2 Eigenfunctions and eigenvalues of the wave equation. The vector 
tf+inn in Cartesian coordinates is simply a set of three scalar 
^'^TtiSs one in each of the rectangular components of the vector. In 
equation > =vstems the situation is more complicated, but we shall 

least in cylindrical and spherical polar coordinates the fields 
Tay at be " hten in terms of scalar functions. Our problem is to solve 

an equation of the form 

1 ^ ^ /V n9-7i 

VCg,_-_.0. ( 12 ’) 

where * may represent a component of E or H, in such a way that cer- 
tain boundary co.d.t,o.ma.e^at^^^^ symmetrical in its 

Equation ( ^ derivative with respect to the tune 

independent variables. soace derivatives. The re- 

occurs with the sign opposite ^ corresponds to a fundamental 

^tfstotLn from the case of static potentials: entirely oscillatory 
physical distinction iro region free of sources, whereas, for 

solutions arc ^ “ “^ded conductor is tero throughout 

Tet’af — SLple harmonic tim, dependence for the function Tffl 

in the expression 

(12-8) 


'^{x,y,z,t) = - 'Pix:,y,z)e 

where * is a function of the space variables alone, and satisfies the differ- 
ential equation 


vV 


-fcV. 

<r 


(12-9) 


188 WAVE SOLUTIONS IN PRESENCE OP METALLIC BOUNDARIES [CHAP. 12 


In rectangular coordinates, we »nay set ^ — X(x)Y{y)Z(z), whereupon 
separation jdelds 

X" + fcfX = 0, 

7" + fc|F = 0, (12-10) 

Z" + klZ = 0, 

with 

+ 14 + kl = k^ = cVc". (12-11) 


Equation (12-11) indicates that there are no more than the expected 
number of separation constants, namely three, corresponding to the four 
independent variables. Equations (12-10), or their counterparts in other 
coordinate systems, must be solved subject to the boundary conditions on 
the field component represented by or related to the scalar function 
Let us examine this problem somewhat more generally. Each of Eqs. 
(12-10) is a simple example of the general form 


d 

dx 


p{x) 


dX~ 
dx _ 


+ [q(x) + \r(x)]X = 0, 


( 12 - 12 ) 


where X is a parameter, in our case the separation constant. The solu- 
tions are required to be continuous and bounded throughout an interval 
a < X <h, and to satisfy certain boundary conditions at .r = a, x = b. 
[As to the nature of the unspecified functions pix), q(x), r(x), we need 
only assume that they are such as to introduce no singularities within the 
interval, although there may be singularities at the boundaries.] The 
boundary conditions can be satisfied in general only by certain values of 
X, and by particular solutions of Eq. (12-12) corresponding to these values 
of X. The allow^ed values of X are called eigenvalues, and the allowed 
solutions are called eigenfunctions. It will be recognized that we have 
met this one-dimensional problem before, in applying the method of sepa- 
ration of variables to the solution of static potential problems, but here 
the solution of the entire three-dimensional problem as a whole may be 
characterized by an eigenvalue related to the frequency. 

To facilitate discussion at first, let us consider the case w^here q(x) = 0, 
t{x) = 1, under the conditions that Z(a;) = 0 at the ends of the interval. 
Equation (12-12) becomes 


d 

dx 


p{x) 


dT 
dx . 


= -XZ. 


(12-13) 


From Eq. (12-13) it can be seen that if we have a solution X{x) equal to 
zero at X = a, it can never satisfy the same condition at x = 6 if X is 
negative, for in that case it would continue to depart from its zero value 
once it began to do so, For positive values of X, however, the curvature 
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is opposite in sign to that of X(x), and for some value of X the function 
will be brought back to the o^-axis just at h. Further increase in X will 
cause X{x) to change sign short of 5, but a value will be reached for which 
X(x) will again be zero at x = 5, this time with one zero in the interval 
a < X <h. Thus we see that there is an absolute lower bound for X, and 
the eigenvalues may be numbered Xq, Xi, • • •, with subscripts correspond- 
ing to the number of zeros in the interval. 

This whole argument may be repeated for the more general case of Eq. 
(12-12), except that the sign of the curvature will depend on q(x) and 
r(x). There is still a lowest allowed value of X, but the curvature is deter- 
mined by the sign of the entire coefficient of X{x) in the differential equa- 
tion. For example, Bessel’s equation becomes 


d 

dr 




when written in this form, and the curvature will not be such as to bring 
the function back toward the axis unless k^r > n^/r. 

If the boundary conditions are such that either X{x) or its first deriva- 
tive must vanish at the ends of the inteiwal, the eigenfunctions of Eq. 
(12-12) are orthogonal over the interval. Let Xn and be two allowed 
solutions corresponding to two eigenvalues of the parameter, X^ and X^. 
To prove orthogonality, let the equation for Xn be multiplied by X^, 
that for Xm by Xn, one subtracted from the other, and the whole inte- 
grated over the interval. Since either all functions X or their derivatives 
vanish at the boundaries, the result is 

(Xni - Xn) f r{x)XmXn dx = 0. (12”14) 

a 

The function r{x) is often called the ‘Sveight function” in mathematical 
treatments. 

If more than one solution is allowed for a particular value of X the 
problem is said to be degenerate, and the number of independent solu- 
tions corresponding to that value of X is called the degree of the degeneracy. 
In this case Eq. (12-14) fails to show orthogonality, i.e., \m, may be equal 
to Xn for n 7 ^ m. The solutions may nevertheless be chosen to be orthog- 
onal, due to the fact that any linear combination of the independent 
solutions belonging to a given X is also a solution, and these linear com- 
binations may be made in such a way that they are orthogonal to each 
other. The choice of coefficients in the orthogonal linear combinations is 
not unique, but is usually made so that the final solutions correspond to 
some readily identifiable physical property of the system. In any case, 
we may always speak of the independent solutions as orthogonal, assuming 
that orthogonalization has been carried out for degenerate X’s. 
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In any coordinate system in w^hich the wave equation is separable the 
function ^ is a product of single variable functions such as X(x). The 
frequency for which there is an allowed solution of Eq. (12“9) depends on 
three alloived parameters X, one for each coordinate variable. It is instruc- 
tive to prove that the wave equation generates orthogonal functions. If 
we apply Green’s theorem to two product eigenfunctions, and we 
obtain 

- lAnVVm) = j (i'mV'f'n “ ‘ dS. 


Either boundary condition, the vanishing of the field component or its 
normal derivative, causes the surface integral to vanish. The volume 
integral can be written, in view of Eq. (12-9), as 

{kl-kl)|^p^^l^„dv = 0, (12-15) 

which is the desired orthogonality relation. By comparison of Eqs. 
(12-14) and (12-15) it is seen that the “weight function’’ r(x) is just the 
factor required to give the correct volume element in three dimensions. 

In closed cavities, then, with boundaries on which the field components 
or their derivatives vanish, we may expect to find characteristic electro- 
magnetic vibrations, similar to the modes of a vibrating string. The fre- 
quencies of these vibrations will correspond to a lowest eigenvalue, the 
“fundamental,” and an infinite discrete set of higher frequencies. These 
modes of vibration are sharp and independent insofar as the approxima- 
tion of perfect conductivity is valid ; in practice they will not sustain them- 
selves indefinitely, and we shall have to look at the effect of finite con- 
ductivity in order to estimate losses. It should be pointed out that the 
actual configuration of fields in a cavity will depend on the method of 
excitation. 

Although every one of the four single variable factors in may 

now be an oscillatory function, only three correspond to closed boundaries. 
The fourth independent variable, time, is still “open,” and the complete 
solution will depend on the initial conditions, ^{x,y,z,to) and (d'^ / dt) 
at some particular time t = fo* There is no solution corresponding to the 
specification of both initial and final conditions. 

12-3 Cavities with rectangular boundaries. Let us consider a vacuum 
region totally enclosed by rectangular conducting walls. In this case, all 
field components are products of the solutions of Eqs. (12-10), with ki, /c 2 , 
and h so chosen that the electric fields are normal to the walls at the 
boundary and the magnetic fields tangential. If A, B, and C are the di- 
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mensions of the cavity, it may be readily verified that the electric field 
components are 

Ex = El cos hix sin k^y sin k^z 

Ey — E 2 sin kix cos k 2 y sin k^z (12-16) 

Ez = sin kix sin k 2 y cos k^z 

where the eigenvalues of the separation parameters needed to satisfy the 
boundary conditions are 


ki = Itt/A, / c 2 = mir/B, ^3 = utc/Cj (12-17) 


with m, and n integers. The allowed frequencies are thus given by 



/ P 7Y1? n\ 


(12-18) 


It is clear from Eqs. (12-16) that at least two of the integers I, m, n must 
be different from zero in order to have nonvanishing fields. The magnetic 
fields obtained by the use of V X E = fcoB automatically satisfy the appro- 
priate boundary conditions, and are seen to be in time quadrature with 
the electric fields. Thus the sum of the total electric and magnetic energies 
within the cavity is constant although the two terms fluctuate separately. 

The amplitudes of the electric field components are not independent, 
but are related by the divergence condition V • E = 0, which yields 

Eiki + £' 2/02 + E 3 /C 3 = 0. (12—19) 


If k is considered as a vector with components ki, /c 2 , fcs, Eq. (12-19) is 
the condition that E is a vector perpendicular to k. There are, in general, 
two linearly independent vectors E that satisfy this condition, correspond- 
ing to two possible polarizations. (The exception is the case that one of 
the integers I, m, n is zero, so that E is fixed in direction.) These vectors 
may be chosen arbitrarily so long as they are not coplanar, and each is 
accompanied by a magnetic field at right angles. Thus again E, H, and k 
form an orthogonal set of vectors. The fields corresponding to a given set 
of integers I, m, n constitute a mode of vibration such as we predicted in 
the previous section. The total field is a sum over ail possible modes of 
vibration, with amplitude factors that depend on the method of excitation. 

Actual conducting wails gradually absorb energy from the cavity at a 
rate that can be readily estimated from the considerations of Section 12-1. 
For finite O' the small tangential component of E may be found from 
Eq. (12-4) 


En = 


1 — i 


H|| X n. 
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The tangential component of H will be slightly different from the ideal 
solutioHj but its relative change will be very small and may be neglected. 
To find the power loss, we may compute the time average of the Poynting 
vector into the wall at the surface, 

- ^ Re(E||XH||) ^ n ^ ^ ^^2-20) 

2 2\2a 2(xh 


Here H,io is the crest value of the tangential magnetic field, which equals 
the crest value of the surface current K. If we define a surface resistance 
such that 


N = 


then 



The total po’wer loss in a cavity is obtained if we integrate Eq. (12-20) 
over the entire area of the walls. Mode losses are often expressed b/ 
giving the “Q” for a cavity, defined by 

energy stored in the cavity 

Q = 

energy lost per cycle to the walls 
which is independent of the amplitude of mode excitation. 


12-4 Cylindrical cavities. The rectangular parallelepiped w^e have con- 
sidered is a special kind of right cylinder, and has many features in com- 
mon with cylindrical cavities of arbitrary cross section. In every cavity 
the allowed values of /c, and thus the allowed frequencies, are determined 
by the geometry of the cavity. But we have seen that for each set of 
/ci, ^ 2 ? ks in the rectangular cavity there are, in general, two linearly inde- 
pendent modes, i.e., the polarization remains arbitrary. We may take 
advantage of this arbitrariness to classify modes into two kinds according 
to the orientation of the field vectors: let us choose one mode such that 
the electric field lies in the cross-sectional plane, and the other so that the 
magnetic vector lies in this plane. This classification into transverse elec- 
tric (TE) and transverse magnetic (TM) modes turns out to be possible 
for all cylindrical cavities, although the rectangular parallelepiped with 
unequal axes is unique in having one mode of each kind correspond to the 
same allowed frequency. (There is, of course, a higher degree of degen- 
eracy if any axes of the parallelepiped are equal.) 

To show that this classification is both possible and complete for the 
modes of any cylindrical cavity, we first note that the factor depending 
on the altitude coordinate z may be separated out of the wave equation. 
The boundary conditions z == 0 and z = C demand that the s depen- 
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dence be given by either sin k^z or cos where k^ = nir/G. In other 
words, every field component satisfies the equation 


as well as 


with k as yet undetermined. The field equations 

V X E = icofJHj 

V X H = —iojeR 



o 

11 

(12-21) 

(V^ -1- k^) 

II 

o 

(12-22) 


(12-23) 


must also be satisfied. If we write each vector and each operator in Eqs. 
(12-23) as the sum of a transverse part, designated by the subscript s, 
and a component along z, we find for the transverse fields 


ioofiBis = Vg X Es + Vg X Eg, 
— io)€Es = Vs X + Vg X Hs, 


(12-24) 


since, for example. Vs X Es = icc^jllz. When one of Eqs. (12-24) is sub- 
stituted for the transverse field on the right side of the other, and use is 
made of Eq. (12-21), there results 



F - kl 




io)IJL 


„ dH, 

dz t 0 )€ 

= -7^ - 72 X E 

k" — k^ k^ — ki 


(12-25) 


All transverse fields are thus expressed in terms of the ^-components, each 
of which satisfies the differential equation 

[v2+(fc2_fc|)]{^4 = 0 , (1^-26) 

where vf is the two-dimensional Laplacian operator. 

The conditions on and at the boundary of the cylinder cross sec- 
tion differ from each other, however; Eg must vanish on the boundary, 
while the normal derivative of Hg must vanish to satisfy the conditions 
on the second of Eqs. (12-25). When the cross section is a rectangle, 
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these two conditions may lead to the same eigenvalues of — /cl) = 

^.2 ^ Otherwise they correspond to two different 

frequencies, one for which Ez is permitted but Hz ~ 0, the other with Hz 
but no Ez^ In every case, it is possible to classify the modes as transverse 
magnetic or transverse electric. 

The frequencies are determined by the eigenvalues of Eqs. (12—21) and 
(12-26). If we denote the functional dependence of Ez or Hz on the plane 
cross section coordinates by f(x,ij), we may write Eq. (12-26) as 

v|/= (12-27) 


Let us first show that /cf > 0, and hence k > h. From Green's theorem, 
we note that 


-k! fdv+ (Vjfdv== fVf‘dS. 


If either / or its normal derivative is to vanish on S, the cylindrical sur- 
face, then 

f (VJfdv 

fca = > 0. (12-28) 

jfdv 

We have already seen that = nr/C. The allowed values of kg depend 
both on the geometry of the cross section and the nature of the mode. 

For TM modes Hz = 0, and the z dependence of Ez is given by cos nwz/C. 
Equation (12-27) must be solved subject to the condition that / vanishes 
on the boundaries of the plane cross section, thus completing the deter- 
mination of Ez and k. The transverse fields are special cases of Eqs. 
(12-25): 



H = - V, X E, (12-29) 

icoe 

= -^ z X 

where z is a unit vector along the axis of the cylinder. 

For TE modes in which = 0, the condition that vanish at the 
ends of the cylinder demands the use of sin nrz/C, and must be such 
that the normal derivative of is zero at the walls. Equations (12-25), 
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1 dH, 
K dz 


E = ^V, XH, = --^zX 

/Co /Co 


(12-30) 


and the mode determination is completed. 

12-5 Circular cylindrical cavities. Let us apply the methods of the 
previous section to the TM modes of a right circular cylinder. We may 
write 

= Af{r,ip) cos 


where /(r,^) satisfies the equation 


r dr \ dr/ 


1 ^ 
^ d<p^ 


+ fcfi/ ~ 0. 


(12-31) 


Separation of variables leads to BesseFs equation for the radial coordinate, 
just as in electrostatic problems of cylindrical symmetry. If the axis 
r = 0 is included in the cavity, that solution must be chosen which is 
regular at the origin. For the TM mode in a cavity of radius Tq and 
height C, 

Ez = AJ,nikir)e"'^‘^ cos (/c 3 ^)e'~'"^ (12-32) 


The ki are determined by the condition that Imihro) = 0, and are the 
eigenvalues of ks in Eq. (12-31). The frequency of any mode is given by 





■ 


Knowledge of the zeros of the Bessel functions is thus necessary in order 
for us to ascertain the numerical values of the frequencies. If I is the 
ordinal number of a zero of a particular Bessel function of order m (I in- 
creases with increasing values of the argument) then each mode is charac- 
terized by three integers, I, m, n, as in the rectangular case. All transverse 
components of the fields may be found by taking the appropriate deriva- 
tives of Ez, as indicated in Eqs. (12-29). 

The frequencies of the transverse electric modes are determined by the 
fact that Jmikiro) must have zero slope at the boundary. The eigenvalues 
ki are thus different from those of the TM case, and the cavity frequencies 
are correspondingly different. Again there is an infinite discrete set of 
modes, each characterized by three integers. 
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Sectors of cylinders can be treated by means of Bessel functions of frac- 
tional order, since m is no longer an integer but is determined by the 
boundary condition on the (p = constant surfaces. Cavities in the form of 
coaxial cylinders are amenable to the same methods of solution, except 
that the two boundary surfaces require the use of the general solution of 
Bessel’s equation. Perhaps the most interesting feature of the double- 
walled cavity, however, is that in addition to TM and TE modes there 
are also TEM modes for which = 0 = So far as these modes are 
concerned, the boundaries of the multiply connected region behave like 
internal sources for the fields. It is easy to see physically that there is 
even a zero-frequency mode having no electric field components, which 
would correspond to an upward current in the outside cylinder and a 
downward current in the inside one, for example. 

12-6 Wave guides. Let us consider the possibility of transmitting elec- 
tromagnetic waves along the axis of a wave guide, which is simply a long 
cylinder with open ends. To represent a progressive w^ave along rd, w^e may 
wiite the dependence of the fields on the coordinate variables and the 
time as 

(12-33) 

The “guide propagation constant,” kg, is just the k^ of Eq. (12-21) except 
that it is no longer restricted by boundary conditions to discrete values. 
The general considerations of Section 12-4 apply, so that we may treat 
TM and TE modes separately. 

One other case, briefly noted in Section 12-5, is of greater importance 
in this connection. If the boundaries are not singly connected, i.e., if the 
region is bounded by at least two conducting cylinders, the two-dimen- 
sional Laplacian of the fields, or V^f{x,y), can vanish subject to the bound- 
ary conditions. The solution of the two-dimensional electrostatic problem 
wdll then define the solution in a transverse plane and = /4, so that 
the velocity of propagation in vacuum is simply c. Such a wave wdll have 
no field components along the axis of the cylinder: Ez vanishes on all 
boundaries and, being a solution of = 0, wdll vanish everywhere. 
Similarly, since the normal derivative of Hz vanishes on all boundaries 
and since = 0, Hz vanishes everywhere. Hence such a wave is 
purely transverse (TEM mode). The ordinary coaxial and bifilar line 
structures are typical examples of such cylinders. 

If the boundary is singly connected, the solutions for / are identical 
with those for cylindrical cavities already discussed. Although kg is not 
restricted in magnitude, wm note that for every eigenvalue of the two- 
dimensional equation, kg, there is a lowest value of k, namely, k == kg 
(often designated by kc for wwe guides), for which kg is real. This corre- 
sponds to a “cutoff frequency” below which waves are not transmitted by 
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that mode, and the fields fall off exponentially with increasing 2 :. An 
absolute cutoff frequency is associated with the mode of lowest frequency, 
i.e., with the lowest value of ks. In general, 

= k kg. (12—34) 

For real kg it is obvious from the form of Eq. (12-33) that the wave is 
propagated along the guide with a phase velocity 

0) k 


Since a minimum condition for propagation is that k is greater than kg, it 
is evident that the wave or phase velocity is greater than that of electro- 
magnetic waves in free space. This velocity is not constant, however, 
but depends on the frequency. If we add two waves of slightly different 
frequencies, we obtain a factor 


indicating that the original wave is modulated by the expression in brackets. 
The modulation itself is propagated with the speed 


Va = 


Aw 

A/c« 


d(a 

dka 


(12-35) 


which is called the group velocity. For wave guides, it follows from Eq. 
(12-34) that 

do) ka 

(X/vg A/ 

and Vg is thus always smaller than c. As a matter of fact. 


Vr,Vn 


c\ 


Only if a pulse consists of a narrow range of frequencies can it be said to 
be transmitted with a definite velocity. The group velocity is usually 
evaluated at some median frequency. 

The fields may be expressed even more simply in terms of the longi- 
tudinal field components than in the case of cylindrical cavities, since here 
d/dz = ikg. It may be seen from Eqs. (12-25) that 


for TM modes {Hz = 0), 


'tka 

kg 

C0€ k 

Hs = — z X Eg or cB« = — z X Ej, 


(12-37) 
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and for TE modes {E^ = 0), 


k: 


ct)u ^k 

== z X Hs or Es = 7- Bs X z. 


(12-38) 


The time average ^-component of the Poynting vector N is given by 

lEsXHfl 


f^O hsO 


for TE modes 


A^o kg 


for TM modes, 


(12-39) 


where the subscript 0 denotes the crest value of the field. Wave guide 
losses may be estimated by integrating Eq. (12-20) over the walls of the 
guide for any given mode. The energy flow of a progressive wave will be 
attenuated as where 

power loss per unit length of guide 

K = 

power transmitted 

= {Hi + Hl) dS /\j Z,Hl dS, ( 12 - 40 ) 

with the numerator integrated over unit length of wall and the denomina- 
tor integrated over the guide cross section. The “guide impedance^' Zg is 
given by 

iMo k 

~ modes, 

\ €0 kg 


for TM modes. 


The exponential attenuation that results when k < ks does not involve 
power loss in the walls, but is generated by a superposition of interfering 
reflections. 
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Fig. 12-1 Cross section of a conducting circular cylinder with radiation incident 
at right angles to the axis. H is parallel to the axis of the cylinder. 

12-7 Scattering by a circular cylinder. The scattering of a plane wave 
by a cylindrical conductor offers an instructive application of boundary 
conditions on the homogeneous wave equation solutions. Consider a per- 
fectly conducting cylinder of radius a, its axis coincident with the ; 2 ;-coordi- 
nate axis, as shown in Fig. 12-1. Let there be incident normal to the axis 
of the cylinder a plane wave of angular frequency a;, polarized in such a 
way that its magnetic vector is in the 2 :-direction. The total field will 
consist of the incident wave and that scattered (reflected) by the cylinder. 
This field is essentially a transverse electric mode, with = 0 and no 
restrictions on the frequency. 

The generating function for Bessel functions permits us to write down 
immediately the appropriate expansion for the magnetic vector of the 
incoming wave: 




;iikr cos <p-ut) _ ^ ^ 


( 12 - 41 ) 


In order to represent an outgoing wave from the scattering cylinder, we 
must choose that combination of Bessel functions which varies as \/r 
for large values of r. This combination is just Jm{kr) + iNm,(kr), for which 
the standard notation is H^\kr); we may drop the superscript, and note 
that this function will not be confused with a magnetic field because of the 
subscript m and the explicit argument kr. Thus the scattered wave is of 
the form 




,i(jn<p — at) 


( 12 - 42 ) 


The coefficients are determined by the condition that the tangential 
component of the total electric field vanishes on the surface of the cylinder. 
Since does not depend on z, it remains the only wave component of 
the magnetic field, a result we should also expect for physical reasons. It 
therefore follows from the curl relation that 




—i d 
«o« dr 


H,. 


( 12 - 43 ) 
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For each term of the series, therefore, the boundary condition requires that 

+ aJlM = 0, 

where the prime denotes differentiation with respect to the argument, or 
with respect to r. Solving for a^, we obtain 




Jmika) 

H'r.{ka) 


( 12 - 44 ) 


We are interested in the scattered wave at large distances from the 
cylinder. For large values of its argument, 


Hr.{kr) 



ikr — 


and the scattered wave fields are thus 


( 12-45 


H, = 



ei(.kr-^t)XaJ 


.( 2m+l \ 
J-’f ) 





Z) 


if we neglect terms that fall off more rapidly with increasing r. 

The Poynting vector associated with these fields is, of course, pointed 
along positive r. Its time average is 

( 12 - 46 ) 

If we integrate N over a cylindrical surface to determine the total rate of 
energy scattered per unit axial length of the cylinder, the double sum in 
the product reduces to a single sum because of the orthogonality of the 
functions and we obtain 


fJ'O 


Af, = lRe(FX) =- J- \H 

«o 


dW 

dt 


27r 

Nrdfp = 


1 

2 


€o ^ m 


Jm(fca) p 
JTm(fca) 1 


or, in terms of real Bessel functions. 


( 12 - 47 ) 


^ = 1 

dt 2 V eo A: ^ [JLQca)? + [iV;(fca)]2 ' 


( 12 - 47 ') 
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The time average of the energy flow per unit area in the incident beam is 


No = 



(12-48) 


and the coefficient of this factor in Eq. (12-47) is called the scattering cross 
section of the scatterer. It represents the area from which the energy flow 
of the incident beam is ^hemoved’^ by the scatterer. The cross section 
here appears to have the dimensions of length, but this is because we have 
throughout treated a unit length of the cylinder. The geometrical area of 
the cylinder per unit length is just 2a. 

In the limit of long wavelengths, for which ha — ^ 0, the expression for 
the scattering cross section can be simplified by means of the power series 
expansions for the Bessel functions. The term m = 0 and the two terms 
m = dzl contribute equally in this limit, while all other terms involve only 
higher powers of ha. The result is 

(T = lT^(ka)% (12-49) 


which varies as the inverse cube of the wavelength of the radiation and is 
smaller than the geometrical cross section of the cylinder. To determine 
the angular distribution of the scattered radiation we must go back to the 
time average of the Poynting vector. The leading terms give 


(t((p) dip — 


Nr dip 



Jo(ka) 

foika) + iNo(ha) 


2Ji(ka) cos ip 
Ji(ka) + iNi{ka) 


2 T^(ka)^ 
^ 2^ 


(1—2 cos ip)^ 


7r(ka)^ 

8 


a(l - 2 


cos ip)^. 


(12-50) 


The scattering is thus predominantly backward, with a subsidiary maxi- 
mum in the forward direction, and zero intensity at ^ = 60°. 


12-8 Spherical waves. The scalar wave equation is easily separable in 
spherical polar coordinates, and the solution of 

1 dV 

= ( 12 - 51 ) 

c ot 

is 

V = :^^Zi+y,ikr)Yr{e,<p)e-^\ (12-52) 

where Y^(e,tp) is, as usual, the spherical harmonic, and is that Bessel 
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function which is appropriate to the boundary conditions of the given 
problem. It is convenient to use “spherical Bessel functions’" following a 
terminology* according to which 


ziikr) = 



Zi+i/,(kr), 


so that the solution corresponding to a particular frequency is simply 

^PirM) == zi{kr)Yr{d,<p)e-^^K (12-53) 

But it is not immediately apparent that the scalar solution is at all use- 
ful in determining a vector field. In the coordinate systems utilized thus 
far we have been able to demonstrate simple yet physically interesting re- 
sults while avoiding the intrinsic difficulty of the vector wave equation 
very similar to that mentioned in Chapter 8 in connection with the vector 
Laplace equation: only in Cartesian coordinates, where the coordinate 
vectors are in the same direction for all points of space, is Laplace’s or 
D’Alembert’s equation simply equivalent to three scalar equations for the 
three components of the vector. Actually, the homogeneous wave equa- 
tion is completely solvable in a way which makes it easy to impose spherical 
boundary conditions, but it is necessary to make more explicit a method 
similar to that used in the cylindrical case. Essentially, it involves ex- 
pressing a general vector field of zero divergence as a sum of two partial 
fields. 

Consider the function \f/ satisfying the scalar equation (12-51). The 
derivatives of \l/ are also solutions, and so is r X V^, as can be seen by 
direct substitution or by the symmetry properties of the equation as indi- 
cated in a problem. If we note that 


r X = -V X (r^) 

we see that the divergence of this vector vanishes, and thus it satisfies a 
necessary condition on E or H. If we let 

El = r X Vi/. 

we may immediately determine the corresponding magnetic field from the 
relation fwBi = V X Ei. But Ei cannot represent a general electric fields 
since it has no component along r. A linearly independent solution can be 
obtained, however, by interchanging the roles of E and H, i.e., 

Hg = r X Vi/^, 

* The spherical Bessel functions 2 ;z(&r) may be specified as jzfr) or niQcr), just as 
^ use d to represent Ji or Ni. That is, ji{kr) = \/^2krJi+y,(kr), ni{kr) = 
'\/7r/2kr Niy^iikr). 
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with E 2 derived from the field equation -zcoDs = V X H 2 . In general, the 
field is the sum of the two partial fields, and it is evident that boundary 
conditions at the surface of a sphere are readily imposed. The two types 
of waves are analogous to the TE and TM waves of the cylindrical case. 

The resonant fields of a spherical cavity can be written down immedi- 
ately in terms of For the partial field specified by Ej above zi must be 
restricted to ji in order to ensure regularity at r = 0, and must vanish at 
r = fo, the radius of the cavity, since it is wholly tangential to the per- 
fectly conducting spherical wall. The eigenvalues of k are therefore those 
for which jiiki^nTo) == 0, where (ki^n'f'o) is the nth zero of ji. The allowed 
frequencies are then given by co^/c^ = kl^. Explicitly, the fields are 


Ee 


1 dxk '—im 

sin 6 d<p sin ^ 


E^ 

Hr 


dd' 

i l{l + 1) 


(X)IJL T 


(12-54) 


He 


H^ 


rdvK del 


i 1 d 

0)[JL 

i 1 


COM T sin d dr \ dip. 




—m 1 d 
fjLO) r sin 6 dr 


{rxP), 


In Hr the angular differential operator acting on ^ is just that whose eigen- 
values are l{l + 1), and hence the simplification. 

The second set of fields, for which Hr = 0, are given formally by Eqs. 
(12-54) with E and H interchanged, except for the change of sign and 
constants implied in — fcoeE = V X H. The boundary condition that Ee 
and E^ vanish at r = tq puts different restrictions on k in this case, how- 
ever. The equation that must now be satisfied is 


■~[rji(kr)]\ =0, 

dr J r=ro 

and the allowed frequencies for the two partial fields are correspondingly 
different. 



12-9 Scattering by a sphere. The problem of scattering a plane elec- 
tromagnetic wave by a sphere can be analyzed in terms of the two inde- 
pendent solutions of the previous section. Since both must be used simul- 
taneously in the representation of the incoming and outgoing waves, it is 
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convenient to define the two functions, which we shall call M and N, so 
that they have the same dimensions: 


— 

The reciprocal relation, 


V X V X [V X {Th,rn)] 


^Z,w 


V X Nz.. 
k 


(12-55) 

(12-56) 

(12-57) 


follows from the fact that both M and N satisfy the wave equation, in 
addition to being functions with vanishing divergence. Note that the 
i^i,m appearing in Eqs. (12-55) and (12-56) corresponds to two linearly 
independent solutions of the scalar wave equation, since the spherical har- 
monic contains a factor Two vector solutions Mz,m and Nz,w are 

derivable from each other by a differential operation only if the ambiguity 
in (p is maintained. The dependence on the azimuthal angle may be writ- 
ten explicitly as sin mcp or cos m(p to facilitate identification with rectangu- 
lar components of the fields: 




[evenl 

[odd J 


fcosmcip] . , 
Ziikr)Pr{cosB) ^ 

ivsm rrup] 


Then, in spherical component form, the vector solutions are 
lodd I 


. , fevenl 

i i = 


m fsin niip] . 

-T—ziikr)Prico^d) 0 

sm 0 lcosm<pJ 


dd 


ism Mip} 




even] 

odd J 


Kl + 1 ) 

hr 

1 d 
hr dr 


Zi(kr)Pi'{Gos 6) 


cos mp] 
sin mp 


1 




I sin mp] 


m 


hr sin 6 dr 


[rzi{kT)]Pr(co^ d) 


sin 

cos mp\ 


(12-58) 


(12-59) 


P, (12-60) 


where r, 8 , 9 , are the customary unit vectors in the directions of increasing 
values of the respective coordinates. The functions M and N are called 
odd or even according to whether 4 ^ is odd or even in the azimuthal angle p. 

Let us consider a plane-polarized plane wave with the electric vector 
oriented along a: and advancing in the direction of the oositive s^-axis. The 
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magnetic vector of this incoming wave is then confined to the ?/ 2 -plane. 

We must express these fields in terms of the M's and N’s. The basic for- 
mula for the expansion of a plane waA^e propagated along the polar axis in 
spherical coordinates is the scalar series: 

00 

z‘(2l + l)Mkr)P,(cos d). (12-61) 

l==l 

Now a vector in the x-direction has spherical coordinate components 
given by 

E;, = COS 0-0,0 


But 


and 


= Exif^in 6 cos (pi + cos 6 cos ^0 — sin (pq>). (12-62) 


sin ^ = 


1 d 

(e 

iki' dd 


ikr cos d 


) 


(12-63) 


dPiicoB B) 

do 


-Pi (cos 6). 


(12-64) 


Equations (12-63) and (12-64) make it possible to identify at once the 
coefficient of in a series expansion of since M has no component 
along r, and Ave note that the dependence on (p makes it necessary to 
choose N(even). It is possible to determine the coefficient of M by con- 
sideration of the recurrence relations of the Legendre polynomials and the 
spherical Bessel functions, but this coefficient may also be AAuitten down 
by inspection if Ave look at the expansion of the accompanying magnetic 
field: 

Hy = Hy (sin 6 sin cpt + cos 6 sin (pB + cos qxp) 

= - — VXE. (12-65) 

PLO) 

Again the coefficient of N may be identified by examination of Nr with 
the aid of Eqs. (12-63) and (12-64), and this time the choice of N(odd) 
is necessary. The relation betAveen the electric and magnetic vectors com- 
pletes the identification, and the final results are 

« 2Z + 1 

= EoJ^ r [Mz,i(odd) - fNz,i(eveii)], (12-66) 

l{l + 1 ) 

i °° 2/ -h 1 

H, = - ~ E - 7 ^ [Mz.i(even) + ^TTz,l(odd)]. (12-67) 

COjU l{l +1) 
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As already indicated in Eqs. (12-61), the Bessel function in these expan- 
sions must be that which is regular at the origin, namely, jiikv). The 
limitation of to to m = 1, evident in the limited dependence of the fields 
on <p, means that both series are single sums over 1. 

If this plane wave falls on a sphere of radius a, whose center is at the 
origin of coordinates, there will be a similar series of functions represent 
ing the outgoing wave, with coefficients determined by the boundary con 
ditions at the surface of the sphere. The functions M and N are again 
those defined by Eqs. (12-59) and (12-60) with to = 1 if the boundary 
conditions are to be satisfied for all values of the angular variables, but 
zi{kr) must be chosen to behave as for large r. This function is 

^ikr 

h^\lr) = ji{kr) + ini{hr) ~ (-f)'+^ (12-68) 

kr 

Formally, we may write the scattered electric field as 
00 21 4- I 

E. = Fo Z NMu(odd) -- i5zNu(even)], (12-69) 

i=i l\l + 1 ) 

and in view of the reciprocal curl relations, 

Qo 2^+1 

H, = 77 , r IbiMUeven) -f miNz.i (odd)]. (12-70) 

Z«1 + 1) 

If the sphere is a perfect conductor the sum of the tangential components 
of the incident and reflected electric fields must vanish at every point on 
the surface of the sphere for each term of the series. Comparison of Eqs. 
(12-66) and (12-69) leads to evaluation of the a^’s and bis: 

ji(ka) 

“'~“hP>(fea)’ 

(12-71) 


- [rhp^fcr)] 

-dr J 

Before examining these coefficients as functions of the size of the sphere 
and the wavelength of the radiation, let us look at the behavior of the 
outgoing fields. From the asymptotic formula for hiQcr), Eq. (12-68), 
and the components of M and N, it is evident that the radially directed 
fields fall off as l/r^, while the transverse fields behave as 1/r for large r. 
The Poynting vector is thus radial, as would be expected, and the total 


jijka) 

hl^\ka)’ 

d 

Y [rji{hr)] 
dr 
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scattered radiation can be determined by integrating over a sphere of 
large radius. The evaluation of 


dt 


= i Re J|E, X H*| sin eded<p = ^I{ej {Eilll - E^HtydU 


(12-72) 

may be accomplished by means of the integral formulas for the associated 


Legendre functions: 

Jq \ dd dB sin^ 6 / 

Pi dPl 


mi + 1 )]^ 
21 + 1 


h,v, 


sin B dB sm ( 


sin B dB = 0. 


+! dP]\ . 

SI 

n 0 dB / 

The result of performing the integration indicated in Eq. (12-72) is 

^ J- E (21 + l)(l«.l’ + It-P). (12-73) 

dt k- V W) M 

Since the energy of the incident wave per unit area per unit time is 


dW 1 „ jeo 

dt 2 V ao 

the cross section for scattering can be written 

tr = — 2(21 + l)(|ai|^ + |hiP). 


(12-74) 


While the coefficients ai and bi are tedious to compute, some idea of 
their general behavior may be gained by writing them in the form 


ai = sin 7 ;, hi = sin Tj, 


(12-75) 


where 


tan = 


ji{ka) 


tan 7 ; 


'd[rji{kr)] / d[rni{kr)] 


dr 


dr 


In terms of these parameters, the scattering cross section is 


cr = l)(sin^ 7z + sin^ y'l), (12-76) 

k^ t 

from which it is clear that the contributions of the two kinds of waves 
whose electric fields are represented by M and N oscillate as functions of 
ka. The total cross section reduces to a very simple expression only when 
ha « 1. In that case, the first term in the series expansions for the Bessel 
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functions gives 

, , (kaf 2ika)^ 

SO that 

<r = — jfcV. (12-77) 

3 

Thus, in the limit of low frequencies, the scattering cross section varies as 
the inverse fourth power of the wavelength, and is, as in the corresponding 
cylindrical scattering case, smaller than the geometrical cross section. 

The scattering of a plane wave by a sphere of general electric and mag- 
netic properties embedded in a dielectric follows the same pattern as the 
solution outlined here. The fields inside the sphere must also be con- 
sidered, but the condition that the tangential components of both E and 
H be continuous across the boundary is sufficient to determine all the 
coefficients. Again in the low-frequency limit it is found that the cross 
section varies as the inverse fourth power of the wavelength. 
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EXERCISES 

1. Show that at a conducting boundary the ratio of the normal component of 
the magnetic field to its tangential component is of the order of the skin depth to 
the wavelength of the oscillating fields, 

2. A rectangular cavity of dimensions a, a, L, and walls of large conductivity cr 
is excited in the mode 

Ez = Eq sin (Tx/a) sin {Ty/a)e~~^\ 


Hz = Ex=^ Ey ^ 


What is oj? Calculate the forces exerted on all the faces. What is Q for this mode? 

3. Show that the absolute cutoff for TE modes in a wave guide of rectangular 
cross section is lower than for TM modes. Find the attenuation coefficient for the 
lowest TE mode. 

4. Find the lowest frequency for a cylindrical cavity of circular cross section in 
terms of its radius and height. How would you estimate Q for this mode? 

5. Find the fields and cross section for scattering from a conducting cylinder 
in the limit ha<^l if the incoming wave is polarized so that E is along z, parallel 
to the axis of the cylinder. 

6. A solution of the wave equation for a given orientation of the coordinate 

axes must be a solution for any other orientation of the axes. Consider the differ- 
ence between ^(rfi,(p) and for an infinitesimal rotation to show that r X 

is a solution if i/' is a solution. 

7. Calculate the total force exerted on the reflecting sphere of Section 12-8 
under the conditions that ka « 1. Estimate the change in your result if the sphere 
were of copper instead of being a perfect conductor. 

8. Consider a cubical cavity with perfectly conducting walls. Prove that for 
waves short in comparison with the dimension I of the cube the number of modes 
within a frequency range dco is given by 


or for dv by 


ZVdo) 

PSttv^ dv 


Does the number of modes per unit volume depend on the shape of the cavity? 
This formula is of great historical importance in the theory of ‘ffilackbody’’ radia- 
tion. 
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THE INHOMOGENEOUS WAVE EQUATION 

13-1 The wave equation for the potentials. The relation of radiation 
fields to their sources is most readily found in terms of potential functions. 
In view of the law of induction, curl E is not zero in a changing magnetic 
field, so that it is no longer possible to derive the electric field solely from 
a scalar potential. The divergence of B vanishes under all conditions, 
however, and thus the magnetic field is still derivable from a vector po- 
tential : 

B = V X A. (7-37) 

If Eq. (7-37) is assumed valid, then the electric field can be written as 
the sum of the gradient of a scalar potential and a supplementary non- 
conservative contribution from the rate of change of the vector potential. 
That is, E may be derived from the scalar and vector potentials by 

E = » (13-1) 

dt 

which makes E conform to the relation of the third of Eqs. (9-7). As be- 
fore, the divergence of A remains undefined, or at least remains undefined 
within an additive arbitrary function of position. Let us define the diver- 
gence of A by what is called the Lorentz condition, 

V • A + jue h iiacj) = 0, (13-2) 

dt 

which in free space becomes 

1 d<p 

V.A + -- = 0. (13-3) 

dt 

The Lorentz condition is not quite the arbitrary subsidiary relation it 
appears at first sight. We shall see at once that it has the advantage of 
introducing complete symmetry between the scalar and vector potentials, 
i.e., it makes both potentials satisfy the same wave equation as that 
obeyed by the fields. Later we shall find that the Lorentz condition also 
assures a relativistic covariant relation between the scalar and vector po- 
tentials. To determine the equations satisfied by the potentials we need 
only introduce the defining equations (7-37) and (13-1) and the Lorentz 
condition into the first and fourth of MaxwelFs equations, Eqs. (9-7). 
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d^A 

dA 




IJicr — = 

dt 

-m', 

( 13 - 4 ) 


d(i> 

-pie. 


dt^ 

ixcr — = 
dt 

( 13 - 5 ) 


Here j' represents a current given by j' == (tE\ that part of the current 
density that is produced by the external electromotive forces. It does not 
contain any part of the current induced by the electric fields in conduct- 
ing media and represented by the last term on the left side of Eq. (13-4). 

Let us introduce the symbolic operator □, known as the D^Alembertian, 
and defined by 


□ = 


fxe- 


df 


( 13 - 6 ) 


In free space, Eqs. (13-4) and (13-5) then become simply 

□A = (13-7) 

□0 = -p/€o, (13-8) 

where j' and p are the sources of the field and are produced by external 
agents. These equations are known as the inhomogeneous wave equa- 
tions. Their particular solutions are expressible in terms of integrals over 
the charge and current distributions, while their complementary solutions, 
namely, those of the homogeneous equations, are obviously just the wave 
solutions. 

By inspection of Eqs. (7-37) and (13-1) it can be seen that the resultant 
electric and magnetic fields are unchanged by transformations of the type 

A' = A - (13-9) 

dif/ 

(j) — <j) J (13—10) 


where is a function of the coordinates and the time. This means that if 
any physical law involving electromagnetic interaction is to be expressed 
in terms of the general electrodynamic potentials A and <j> then such a 
physical law must be unaffected by a transformation of the type given by 
Eqs. (13-9) and (13-10). These transformations are usually known as 
gauge transformations, and a physical law that is invariant under such a 
transformation is said to be gauge invariant. The property of gauge in- 
variance ensures that the physical law will not lead to consequences that 
cannot be expressed in the field formulation of the interaction of charges 
and currents. 
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13-2 Solution by Fourier analysis. Let us begin the investigation of 
the particular solutions of the inhomogeneous equations by reviewing the 
solution of the analogous static problem. In the static case, Eq. (13-8) 
reduces to Poisson’s equation, 

VV = “P/^o, (1"35) 


of which the particular solution is 


= 


1 f Pj^a) 

iireo J r(Xa,Xa) 


What we seek now is the modification of the solution of Eq. (1-35) that is 
produced by the presence of the time-dependent term in Eq. (13-7). 

The equations for both ^ and A have the general form 

n\p(Xa,t) = -g(Xa,t). (13-11) 


Let us assume that the source function g(xa,t) can be analyzed by the 
Fourier integral 

/*(» 

gM= dm, (13-12) 

J — 00 

which has the Fourier inversion 

g.Lxa) = L /" g{Xa,t)e^'^^ dt. (13-13) 

27r J — .QQ 


Similarly, we may analyze the general potential yp{xa,t) into Fourier com- 
ponents, 

/ oo 

dm, (13-14) 

-00 

with a corresponding inverse relation 

1 

>/'co(^a) =~ '/'(a:o:,i)e*“* dt. (13-15) 

2x J — 00 

By substitution of Eqs. (13-12) and (13-14) into Eq. (13-11), we see that 
the Fourier component obeys the differential relation 

= -ffco, (13-16) 

c 


which is similar to Poisson’s equation. 

We may synthesize the solution of Eq. (13-16) by a superposition of 
unit point solutions corresponding to a source at the point given by 
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gi^{Xc) -- S{xa — x^), where 8 {xa — x'a) is the Dirac 5-function. Each unit 
source potential satisfies the equation 

o 01^ 

V^G{Xo,,x'c) -\--^G{xa,Xc) = -5(x„ - xc), (13-17) 

with G a function of both and The partial solution corresponding 
to the frequency w of the total source is then given by the superposition 

'^o:{Xa) = \ go,{Xa)G(Xa,Xc) dv\ (13“18) 


To find G, we note that the solution of Eq. (13-17) will be spherically sym- 
metric in r, the distance between points Xa and xl, and hence at all points 
other than r = 0 it will be identical with the solution of the equation 


1 d%rG) 
r dr^ 


+ k^G = 0 , 


where k — 03 / c as usual. This equation can be integrated immediately: 

G = - 
r 


To evaluate the constant A, we consider the volume integral of Eq. (13-17) 
over the neighborhood of the singular point r = 0 . Here G behaves as 
T/r, and the use of Eq. ( 1 - 11 ) in the integration leads to — 4 : 7 rA = — 1 . 
Therefore 

G = — (13-19) 

47rr 


is the solution of Eq. (13-17), and substitution into Eq. (13-18) gives 

1 /* Qi.X ) 

= - - 7 ^ dv\ (13-20) 

47r J T(Xa,X<x) 

The effect of the second term in Eq. (13-16) is then simply to introduce a 
complex exponential factor in the Coulomb potential expression of Chap- 
ter 1 . 

In terms of Eq. (13-20) the time-dependent potential satisfying Eq. 
(13-11) is given by 

/ I C f Q 

fc ^ *'■ 03-21) 


We may introduce a new time 

t'(xa,x^) = t±r/c = tdz kr/ui, 


(13-22) 
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Fig. 13-1 Sphere collecting information for the retarded potential at Xa^ 


which corresponds to shifting the origin of time by an amount equal to 
the time it takes a light signal to be propagated from point to point Xa- 
If we now evaluate the Fourier transformation by using Eq. (13-12), we 
obtain 




4t J 


g(xa,t ± r/c) 
r{Xa,Xa) 


dv'. 


(13-23) 


Note that the point of observation is contained explicitly in the denomina- 
tor of the integrand and also, by means of Eq. (13-22), in the time at 
which the time-varying currents and charges are introduced into the inte- 
gration. Mathematically, both plus and minus signs in Eq. (13-23) are 
valid, but only the minus sign appears to have physical significance. We 
are concerned with the effect at Xa of sources at x[^, and the minus sign 
corresponds to the cause preceding the effect. Equation (13-23) with the 
minus sign is known as the retarded potential solution of the inhomo- 
geneous wave equation. The solution with the plus sign is known as the 
advanced potential and appears to have no physical significance, although 
at various times attempts have been made to use the advanced potential 
to solve certain difficulties in electrodynamics. 

A retarded potential might be visualized as follows. Consider an ob- 
server located at the point Xa in space as seen in Fig. 13-1, and let a sphere 
whose center is at Xa contract with a radial velocity c such that it has just 
converged on the point at the time of observation t. The time at which 
this information-collecting sphere passes the source of the electric field at 
point is then the time at wffiich the source produced the effect which is 
felt at Xa at time t 

If we denote by the rectangular bracket symbol [ ] that the variables 
contained within the bracket are to be evaluated at the retarded time 
then the integrals of the inhomogeneous wave equations (13-7) and (13-8) 
corresponding to a current distribution j(a;l) and a charge distribution 
p{Xa) may be written 

Mo f [j(^«)] 
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rip^ 
4t€q J r(Xa,Xa) 


(13-25) 


13-3 Fourier components of the fields and radiation. If the time varia- 
tion of the scalar and vector potentials is assumed to be 

A(Xa)t) = Ac,(Xa)e'~''^\ <l)(Xa,t) = 

then the coordinate dependence of a single sinusoidal component of the 
solutions above, Eqs. (13-24) and (13-25), is given by 


KM = 

” 4tJ 

r 

(13-26) 


1 

47r€o J 

' r 

(13-27) 


The electromagnetic fields are derived from the potentials by Eqs. (7-37) 
and (13-1). The gradient of the “monochromatic"’ scalar potential of Eq. 
(13-27), after we have commuted the V operator wfith p, and changed it to 
V' to operate on the coordinates of the source point, becomes 


V (Xct) 



(13-28) 


The electric field is therefore 


Eco(^a) = / PcoV { — ) dv + / jo, — dv'. (13-29) 

47r€o J \ r / 4:Tr J r 


47r€o J \ r / 47r J r 

In a similar way, the magnetic field is found to be 


(13-30) 


Just as in the analogous static cases, it has been possible here to simplify 
the expressions by changing from V to V' after writing the vector operator 
so that it does not operate on the source densities. 

We see that under the modification of retardation the integrals involve 
the gradient operator acting on e'^^^/r instead of simply 1/r. This means 
that when the differentiation is carried out two terms will result, one vary- 
ing as 1/r and the other as 1/r^. We have already seen that the 1/r term 
might give a finite contribution in terms of the surface integral of the 
Poynting vector, and that it therefore represents a net radiation energy 
loss. The region in which the 1/r term is dominant is known as the wave 
zone, or radiation field zone, while the zones of higher inverse order radial 
dependence are known as the quasi-stationary or inductance field zones. 
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From the fields of Eqs. (13-29) and (13-30) we may compute the total 
energy loss by radiation for an arbitrary current distribution j(xj. If 
only the 1/r dependent radiation field is taken into account, the magnetic 

field may be written 

moH, = = - — / (j« X k) — dv\ (13-31) 

j r 

since the propagation vector k is in the same direction as r. By comparing 
the current-dependent part of Eq. (13-29) with Eq. (13-31) it is seen 
that in the radiation zone E and H are at right an gles to each other, and 
that the ratio of the magnitudes is given by Eo = V 1 ^ 0 / % [cf. Eq. (11-10)]. 
The time average of the Po 3 mting vector is therefore 


N = |Re(EXH*) = |i?o|Hpf 


where f = r/r*. With Eq. (13-31) for Hco, we obtain 




J?o 

3 ^ 


/ 


^ikr 

(jc X k) — dv' 
r 


(13-32) 


as a function of the position of the observation point. 

In general, this formula does permit the calculation of the rate of radia- 
tion from a given system of currents. If the point of observation is at a 
distance r large compared with the dimension of the radiating system, it 
is convenient to refer all coordinates to an origin within the current dis- 
tribution, as in Fig. 13-2. Then, since r = R — Eq. (13-31) becomes 

iun r 

- — — (hX k)e-*-^d2)', (13-33) 

Air R J 


since J is small compared with R. The rate of total energy radiation can 
then be expressed as an integral over a sphere of radius R which reduces 



Fig. 13-2 Source and field coordinates referred to an origin within the charge 
and current distribution. 
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to an integral over the solid angle 0 subtended at the source. The final 
relation for the rate of total radiated energy corresponding to a system 
radiating at a single frequency co is 


U. 




Nco-dS 


Rq 





2 

dQ, 


(13-34) 


where dO == R • dS/R^. 

Let us apply this formula to a case where the dimensions of the radiating 
system are also small compared with the wavelength, so that the exponen- 
tial factor in the integrand is approximately 1. In particular, consider a 
linear current distribution given by 

2ir^ 

J = Jo cos 


oscillating at a single frequency corresponding to the free space wave- 
length X. If 6 is the angle between the line current and k, the volume 
integral over the current distribution of length L reduces to 


kJo sin 


Therefore 


in 6 cos I — 1 = kJo. 

J —LI2 \ X / 

U. = IRo(- 

6 \ 


sin (ttL/X) 




ttL/X 

^ '"sin (ttL/X)"^ 
tLI\ _ ^ 


sin 6, 


(13-35) 


which for L small in comparison with X reduces to 


TT 




With an ohmic resistance R the same alternating current would have a 
heat loss RJol2; by analogy it is customary to define ‘fiadiation resistance” 
by 

u. = R..6JI/2, 


and we see that for a short radiator 



In general, Eq. (13-34) refers only to a nonchromatic source. To find 
the total radiation from a pulse of current we must use H instead of 
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dt== dtl dco 


dco') 

» ' 


= H, 


r 

udu j 

J — CO 




^00 ^00 

= 2t I I HcoHoo' d(0i) + co^ 

J oqJ 00 


) dw d(j} 


= 2 ir / dto = 4 x / do), 


( 13 - 36 ) 


since J?_u = H*. Hence the energy loss corresponding to a given fre- 
quency interval dw is 4xf7„ dco, or the total energy loss during the pulse is 


5TF 


2?o 

8x 


//!/«" 


X k)e dv' 


do doi. 


( 13 - 37 ) 


The general case m which the dimensions of the source are small com- 
pared with X, so that the factor can be expanded in a power series 

about the center of the system, will be considered in the following sections. 
It is clear that the various terms in such a power series expansion will 
represent energy losses that depend on successively higher powers of the 
frequency. 

In this discussion we have omitted the induction field altogether, al- 
though we have not proved explicitly that it does not contribute to the 
radiated energy. What we have proved is that the induction field cannot 
contribute to the energy radiated over a surface of very large radius, since 
its higher order of inverse radial dependence causes the surface integrals 
of the induction field to vanish. The evaluation of the Poynting vector 
of the induction fields over a finite surface would give a nonzero instan- 
taneous energy flow, although the time average of each Fourier com- 
ponent vanishes. This implies that the induction fields give rise to energy 
fluctuations in the radiation field. In particular, if -we have a radiating 
system whose oscillations are nonsinusoidal, so that it undergoes a net 
change in its configuration, then net energy can be transferred into the 
induction field. 


We are here evaluating j H\t) dt for a real field 


m) = F 




-icit 


doo. 


This implies that in general Ho, is complex. On the other hand, in treating quan- 
tities of purely sinusoidal time variation [such as in Eqs. (13-26) to (13-34)], an 
expression of the type actually denotes its real part. 
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13-4 The Hertz potential. The Lorentz condition of Eq. (13-3) which 
relates the scalar and vector potentials is consistent with the equation of 
continuity, 

dp 

V.j + - = 0. (7-1) 

at 

In fact, it can be easily shown that if the retarded potentials of Eqs. 
(13-24) and (13-25) are assumed, then the Lorentz condition is a direct 
consequence of the equation of continuity. Since charges and currents 
cannot be specified independently, it is advantageous for the calculation 
of radiation fields to represent them by a single function chosen in such a 
way that the continuity equation is identically satisfied. The radiation 
field can similarly be represented by a single potential so chosen that the 
Lorentz condition is identically satisfied. The first requirement can be 
met by deriving the charge and current densities from a single vector 
function p(a;«,^) of the source coordinates by the relations 


Ptrue — ^ * P? 

(13-38) 

ap 

jtnie — * 

dt 

(13-39) 


It is seen by inspection that the equation of continuity is satisfied by this 
choice of p, but otherwise an arbitrary current distribution can be repre- 
sented. p is known as the polarization vector, and it is related to the true 
charges and true currents in the same way that the dielectric polarization 
P is related to the polarization charges and polarization currents. This is 
only a mathematical parallel, however, and it should be emphasized that 
j and p represent the true charges which constitute the external sources of 
the field, so that p is entirely different from the ordinary polarization P, 

A vector 11 which combines in a similar way the potentials A and <!>, 
and which at the same time implies the Lorentz condition, is defined by 
the equations 

1 dU 

A = -_—, cl>==-7-Il. (13-40) 

dt 


n is known as the polarization potential, or Hertz vector. Since the op- 
eration indicated by Eqs. (13-40) is linear, 11 will obey the homogeneous 
wave equation in source-free space, DlI = 0. By combining the defini- 
tions of p and n, we find that if the Hertz vector obeys the inhomogeneous 
wave equation with p as the source, then the ordinary potentials cl> and A 
obey their respective wave equations with p and j as sources. That is, we 
have 


o 1 

□n = v^n--^ 

r dr 


P 

^0 


(13-41) 
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Note that this is a three-component equation, whereas A and <l> amount to 
a four-component potential. 

The retarded potential solution of Eq. (13-41) is given by 


If [p(a:L)] , 

n(x„) = dv 

4:T€o J r(Xa,Xa) 

(13-42) 

for arbitrary time variation, and by 


1 /•p(x;)e“^ 

“ 4X60 J 

(13-43) 

for sinusoidal time variation. The fields can be derived from the Hertz 

vector by means of the defining equations, Eqs. (13-40). 

If we let 

C = V X n, 

(13-44) 

the magnetic field is given by 


1 ac 

(13-45) 

and the electric field by 


E = V X C. 

(13-46) 


Equation (13-45) is quite general, but Eq. (13-46) is true only outside the 
source, where V • E = 0. 


13-6 Computation of radiation fields by the Hertz method. We shall 
apply this method to the case where the fields are observed at distances 
large compared with the extent of the source distribution, and where in 
addition the extent of the source is reasonably small compared with the 
wavelength of the outgoing radiation. These restrictions, J(xl) <3C r(xayXa)f 
S(^l) \ are equivalent to assuming that the phase shift of the outgoing 

wave over the current and charge distributions is small, and that the dis- 
tance to the observer is large compared to the dimensions of the source. 

Under these conditions, the function is a slowly varying function 
relative to the variation of p itself in the integral of Eq. (13-43). It is 
therefore natural to consider the expansion of this function as a power 
series in terms of the distance ^ of the source point from the origin of the 
charge distribution, and to study the asymptotic behavior of this expan- 
sion for large distances R of the observation point. The parameters of ex- 
pansion will be taken as ratios of ? and R to the wavelength X = l/k. 
Such an expansion can be derived by considering the expansion of 
relative to a shifted origin: 

^ikr 00 

~ = tA; £ {2n + l)P„(cos (13-47) 

r 
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In accord with, our approximations, we are interested in the behavior of 
Eq. (13-47) for small values of ^ and large values of R. We have pre- 
viously noted that the asymptotic behavior of the iJ-dependent function 
for kR^ I IB 

^ikR 

h^:\kR) ~ (-*)»+! — . , - (12-68) 

kR 

Thus we obtain for the vector n„ of Eq. (13-43), 

gikR r CO 

n„(a;a) = / Y (-4)"(2n+ l)P„(cos dn'. (13-48) 

47r€oit J 

Since the Legendre functions are orthogonal, there will be no interference 
between terms of the series when the field quantities are squared and 
integrated over solid angle, and we may neglect the phase shifts. The 
relative magnitude of successive terms vdll depend on the symmetry prop- 
erties of the charge distribution, but from the fact that for <<C 1 

2”n! 

i«(fc?) ^ 7 - — — — (fc?)” (13-49) 

(2n + 1) ! 

it is evident that the lowest nonvanishing term is the only one of im- 
portance if the wavelength is long compared with the dimensions of the 
source. Under these conditions it is customary to use the approximation 
of Eq. (13-49) and retain only the largest term: 

, , 2"n! f 

= — — — / (fcf)»p.p„(cos e) dv'. (13-50) 

47reoi? (2n) ! J 

This formulation expresses the radiation field as a moment of the polariza- 
tion vector. If the source distribution is linear in space the Legendre 
function of the angle between the field point and source point at the arbi- 
trary origin may be taken outside the integral sign, so that it automatically 
defines the angular distribution of the corresponding fields. Otherwise the 
addition theorem for Legendre functions must be used to ascertain the de- 
pendence of the radiation field on its angular coordinates, but the lowest 
terms are easy to handle. In any case thei zeroth term, n = 0, involves 
just Pi = Jpoj dv', the same total dipole nioment of the distribution as 
that discussed in Chapter 1. The next higher terms will become important 
only if the dipole term vanishes, that is, only if the distribution does not 
have a net oscillating dipole moment. Note, however, that if more than 
one moment contributes to the radiation we cannot simply add the corre- 
sponding contributions as given by Eq. (13-50) ; the approximation (13-49) 
is not valid for any but the highest contributing moment, since the higher 
terms of its expansion will have the same effect as a contribution of terms 
of larger ?i.* 


* This effect is illustrated in Problem 8, following. 
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The multipole expansion can also be arrived at by a purely formal 
Taylor expansion in powers of the source coordinates If | <<C X within 
the region where p is different from zero, we may expand Eq. (13-43) to 
obtain 


47reoII„,3(a;, 


■<») =J 


AkR 


R 


+ ■ 




(x'.) 

— dv' 


r 

1 1 

1 

1 

■ d d 

’2! 

_dXy dxs 


Akr 


Akr 


r / Jr=R 


r=B • 


dv 

dv' • • 


The first two terms will be readily identified with Eqs. (13-51) and (13-63) 
below as calculated from Eq. (13-50). 


13-6 Electric dipole radiation. Let us consider the dipole field in detail. 
For n == 0 the Hertz vector, IIco, is given by 


II40 (^a) 



0%JcR 

AireoR 


(13-51) 


and we may take the direction of pi as parallel to the polar axis. To ob- 
tain the radiation field from the polarization potential of Eq. (13-51), we 
shall first find C as defined by Eq. (13-44). From the components of the 
polarization vector as shown in Fig. 13-3, it is clear that the spherical 
polar components of How are 

Pi cos 

He = IIow cos 6 = » 

47reoE 



Fig. 13-3 Components of a polarization vector oriented along the polar axis. 
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It then follows from the expression for the curl in polar coordinates (Ap- 
pendix II) that is the only component of C : 


Pi sin 5 /I \ „ 

4ir6of^ / 

Therefore the magnetic field is just 

and the components of the electric field, from Eq. (13-46), are 

il^ e“. 


Er 


R sin 6 dd 


(sin dC^) = 


Pi cos 6/1 


1 d 

Efi (EC'J = 

R dR 4t€oE 


2x60^2 \R 
Pi sin 5 / 1 


(13-53) 


(13-54) 


(13-55) 




The two terms of Eq. (13-54) represent the induction field and the 
radiation field. The 0-component of the electric field has three terms: the 
first is the static dipole field, varying as the inverse cube of the distance 
from the dipole; the second term varies as the inverse square of the dis- 
tance and is called the transition field. The transition field will not con- 
tribute to the radiated energy but it does contribute to the energy storage 
during the oscillation. The radiation fields alone are simply 


= 


Eg = 


u)kpi sin 
4iri? 

fc^pi sin 6^’°^ 
4x€ojR 


In vector form, the radiation fields become 


E = 


AkR 


47reo-K 


[(Pi X k) X k], H 


coe 


AkR 


4:7rR 


(13-57) 
(13-58) 

(Pi X k), (13-59) 


where k is, of course, along R. 

The equations for the electric field lines, or lines of force, can be ex- 
pressed very simply in terms of C. Since a line of force is defined by the 
condition that its line element ds be in the direction of E, the equation of 
the field lines is just ds X E = ds X (V X C) = 0. In this case, the 
equation is 

a a 

■ {RC sin 8) dR + — {RC sin 0) dd = 0, 


dR 


dd 


(13-60) 
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of which a solution is, 

RC sin 0 = constant. 

On substituting the expression for C from Eq. (13-53), we obtain 

sin^ e cos QzR — cct - tan“^ kR) = constant (13-61) 

when the time-dependent term is included. This is an exact equation 
applying both in the radiation zone and in the induction zone. If we 
consider the radiation field alone, we find 

sin^ 6 cos (kR — oit) = constant 

as the equation for the lines of force. This field is periodic radially, 
with radial spacing equal to the wavelength X. For smaller values of kR 
the apparent phase velocity of the wave front, in accord with Eq. (13- 
61), is greater than c. The transition is indicated in Fig. 13-4, with the 
regularly spaced lines of force in the radiation field near the periphery. 
Accurate scale has been sacrificed in order that both fields may be shown 
in the same drawing; a famous series of diagrams exhibiting the way in 
which the electric lines of force are initiated in time is to be found in 
Gesammelte Werke^ Band II, of H. Hertz, or in the translated volume 
entitled Electric Waves, 


13-7 Multipole radiation. Let us now consider the significance of 
higher moments that contribute to the 11 vector. The term n = Im the 
general expansion of Eq. (13-50), 


can be written as 


^ikR r 

— / k^p cos B dv\ 

4:'K€oR J 

(13-62) 

■hAkR r 

4'7r€oE J 

(13-63) 


The components of | are x^, and those of R are Xq-. Then in tensor nota- 
tion the integrand of Eq. (13-63) is XaP^x^, which is a function of two 
sets of parameters of the distribution, and x^. It is convenient to break 
up this tensor into two parts, one symmetric and the other antisymmetric 
in the two parameters. That is, we put 

, XaiPfiXa + PaX^) + X^{p^Xa “ PaX^) ^ 

XaP^Xa = — (13-64) 


This process, much the same as that employed in Section 7-11, is analo- 
gous to the process often used in the mechanics of continua, namely, that 
of separating a general strain of an elastic solid into the sum of a pure 
strain represented by a symmetric tensor and a body rotation represented 
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by an antisymmetric tensor. Putting the antisymmetric part of Eq. 
(13-64) back into vector notation, we may write the integral in Eq. (13-63) 
as 

{[R X (p X 5)]|3 + XaiPfixL + Vax'e) } dv' . (13-65) 

Let us consider the antisymmetric term first. Since R is not a function 
of the primed variables of integration, it can be taken outside the integral 
sign, and the first term of expression (13-65) is just 

|R xj (p X I) dv'. (13-66) 

The significance of this integral can be easily recognized if we express the 
polarization vector in terms of the current. Since p = for sinusoidal 

time variation, (13-66) becomes 

— X f j X I dv\ (13-67) 

2fco J 

But the magnetic moment of a current distribution is 

m = X jdv', 
and hence (13-67) is given by 

1 

-RXm. 

io) 

The polarization potential II corresponding to the antisymmetric part of 
its original integrand is therefore 

ke^^^(R X m) 

Hantisym. ~ * (13—68) 

4ireon too 

The field can be computed readily from II as given by Eq. (13-68). If we 
omit the induction terms, we obtain 

^ 1 dC X (m X 

. (13-69) 

which, if we ignore the phase factor, is equivalent to 

^ikR 

B^antisym. ~ [k X (Ul X k)]. (13—70) 

4:TrR 

The magnetic field of Eq. (13-70) has exactly the same mathematical 
form as that of the electric field in Eq. (13-59) for the electric dipole. It 
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is known as the magnetic dipole radiation field. Magnetic dipole radiation 
corresponds to a current distribution which, although it has no net oscil- 
lating electric dipole, does have a sinusoidally varying circulation of the 
charges. 

Now let us consider the physical significance of the symmetrical term of 
Eq. (13-64). The corresponding Hertz vector is given by 


/ 


+ PaXff) dv'. 


(13-71) 


The symmetry of Eq. (13-71) will become more evident if we write it in 
terms of the charge density p(xl) and the coordinates of the charge density. 
Consider a quantity defined by 



dv\ 

OXy 


(13-72) 


which is known as the electric quadrupole moment of the charge distribu- 
tion. If we integrate Eq. (13-72) by parts, and extend the volume of inte- 
gration outside the charge distribution so that the integrated parts vanish, 
we find that in terms of the quadrupole moment Eq. (13-71) can be 
written 

~ o ^ (13—73) 

oireoK 


Since the quadrupole moment is represented by the symmetric matrix of 
Eq. (13-72), it can also be represented by a family of quadrics derived 
from the quadratic form 

XaX^Qa^ = C 2 = constant. (13-74) 

In terms of the parameter C 2 of this equation 11 can therefore be written as 

l^^ikR 


indicating that the direction of EE is everywhere normal to the quadric 
surfaces of Eq. (13-74). 

Let us calculate the components of the fields that correspond to a gen- 
eral quadrupole. We may choose a system of axes x, y, z, along the prin- 
cipal axes of the quadrupole quadric. The components of 11 are then 
given by 


Ha; 

Ilj/ 


SireaR 


sin 6 cos (p Qxx 
sin 0 sin <p Qyy 
.cos d Qzz 


(13-76) 
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THe components of C, obtained by taking the curl of II, are 


Ce = 


= 


IGireoJ? 


sin 8 sin 2<p(Q XX Qyy) } 


sin 2d[Qxx d" Qyy 2Qzz (.Qyy Qxx) COS 2(p], 


(13-77) 


327r6ojK 

And from C the electric field components are found to be 


Eb = 




327r€oi^ 


sin 26[Qxx “h Qyy ~~ ^Qzz ~~ (Qyy Qxx) COS 2^], 


sin 6 sin 2(p(Qyy — Q xx)j 


(13-78) 


WreoR 

while the magnetic field components are 


Be = 




IGttjK 


■ sin e sin 2(p(Qyy — Qxx)y 


(13-79) 


327rfi 


sin 2d[Qxx “f" Qyy ^Qzz (Qyy Qxx) COS 2^]. 


Note that the fields depend only on the differences in the quadrupole mo- 
ments; hence five, not six, second moments of the distribution specify the 
radiation field. Only the radiation fields are given by Eqs. (13-78) and 
(13-79), and there are no radial components. 

Two features of the quadrupole radiation fields can be noted by inspec- 
tion. First: in case two of the moments are equal, i.e., if the quadrupole 
is a spheroidal distribution, and if the polar axis of the spheroid is taken 
as the 2 :-axis, then the only component of C and hence of the magnetic 
field is 

(13-80) 


(j^ = gin 2d(Qxx — Qzz)- 


WireoR 


Second: in general the distribution will have two nodal cones where there 
is zero field, compared with a single nodal line in the case of a dipole dis- 
tribution. Physically, the quadrupole moment arises from a pulsating 
charge distribution of such symmetry that the dipole moment remains 
zero during the pulsation. The simplest example of a quadrupole consists 
of two dipoles displaced a slight distance from each other and oscillating 
in opposition. 

The formalism of this chapter is of general applicability, but in the de- 
tailed application of the retarded potentials to compute the radiation from 
elementary charges a number of difficulties arise. Some of these problems 
ware clarified in a very simple way by the theory of relativity. We shall 
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see why this theory was necessary before proceeding further with the 
theory of radiation. 

SUGGESTED REFERENCES 

J. A. Stratton, Electromagnetic Theory. Chapter VIII on radiation includes the 
retarded potential solution and multipole expansion of the Hertz solution. 

P. M. Morse and H. Feshbach, Methods of Theoretical Physics includes much 
highly useful material on the solution of the inhomogeneous wave equation. 

G. A. Schott, Electromagnetic Radiation contains many examples. 


EXERCISES 


1. Show that a sphere charged in spherical symmetry and oscillating purely 
radially will not radiate. 

2. Show that if we take the solution of the wave equation as 

~ (<^retarded "4" ^advanced) /2, 

A = (Aretarded “P Aadvaiiced)/2, 

we obtain zero for the total energy radiated by an oscillating system. 

3. The current in a circular loop of radius a is given by 

7 = /o sin 

Show that, except for a phase factor, the vector potential in the radiation zone is 

== J^(fcasin^) sin 

^ 2 r 


4 An electric dipole lies in the a:y-plane at the origin and rotates about the 
2 -axis with constant angular velocity. Find the cylindrical coordinate components 
of the magnetic field intensity for large distances from the dipole. 

5 Consider two dipoles oriented at right angles to each other and oscillating .90° 
out of phase but at the same frequency, (a) Calculate the energy U emitted in a 
time dt (b) Consider a spherical absorber at a large distance R. The angular 
momentum imparted to this screen in time dt is 


where the integral is to be taken over the surface of the sphere. Calculate G 
and compare with the result of (a). Use the complete dipole fields. 

6 \ linear quadrupole oscillator consists of charges e, +2e, e, with the 
positive charge stationary at the origin and the negative charges at and 02 given by 

gj = —Z 2 = a cos Icat. 


Compute the fields at large distances and find the average rate at which energy is 

radiatedte^d oggiUating, the two negative charges of problem 6 rotate with 
constant angular velocity about the positive charge at the origin maintaining a 
fixed distance a from +2e on the line of the three charges. Find the components 
of the quadrupole moment and the average rate of radiation. , ■ 

8. Consider a center-fed antenna of total length L = X/4 with a current distri- 

bution ^ y 

j = jocos^’ -X/8<^<X/8. 

A 


Calculate the radiated power corresponding to the linear electric dipole and octu- 
pole moments and add. Compare with the exact result. 



CHAPTER 14 


THE EXPERIMENTAL BASIS FOR THE THEORY 

OF SPECIAL RELATIVITY 

14-1 Galilean relativity and electrodynamics. We have found that elec- 
tromagnetic fields are propagated in vacuo with a velocity c = I/'v/mo^o 
which is per se a characteristic constant of the theory. This is a feature 
of Maxwell’s equations that is at variance with the laws of classical me- 
chanics. Classical mechanics contains no characteristic constants and can 
be scaled with respect to all physical quantities; Maxwell’s equations can 
be scaled in relation to length and time individually but not as to velocity. 
This means that Maxwell’s theory did not share a noteworthy property of 
Newtonian mechanics, namely, its independence of any particular frame of 
reference. Uniform motion is indistinguishable from no motion at all — 
the laws of motion hold equally in all rigid coordinate frames moving with 
uniform velocity with respect to each other. Mathematically this can be 
stated by noting that if a set of primed coordinates is moving with a 
velocity v along the x-axis of the plane coordinates of Fig. 14-1, substitu- 
tion of the coordinate relations 

a:' = X — vtj y' = y, z' - z (14-1) 

leaves the equations of motion unchanged. This can be seen by direct 
substitution in the basic equation of motion for n mass points whose inter- 
action is describable by means of potential functions depending on their 
separation. For the ith particle, this equation is 

n 

miii = - 13 - ryl)], (14-2) 

j=f=i 

and it is obvious that Eq. (14-2) would be exactly the same in the primed 
coordinates. Equations (14-1) are known as the Galilean transformation, 



Fig. 14-1 Primed frame moving with respect to imprimed coordinate frame. 
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and it can thus be said that the laws of classical mechanics are invariant 
under a Galilean transformation. A coordinate frame in which a body on 
which no forces are acting is unaccelerated is called an ^hnertiaF’ frame; 
we can therefore formulate the invariance of the laws of mechanics under 
the transformation of Eqs. (14-1) by saying that in classical mechanics all 
inertial frames are equivalent. This statement is sometimes known as the 
principle of Galilean relativity. 

Since the absence of forces can be detected only by the absence of accel- 
eration unless the sources of force are known, an inertial frame is not 
strictly definable in a field theory. But there is a more immediate diffi- 
culty with MaxwelFs equations: the form of the wave equation is not pre- 
served by the substitution of Eqs. (14-1); electromagnetic effects will 
therefore presumably not be the same if observed from different frames 
moving with a constant velocity relative to one another. Specifically, the 
velocity of propagation of a plane wave in vacuo would not retain its 
value c = l/\/uo^o> If we accept the basic correctness of MaxwelFs 
equations and classical kinematic laws, it follows that there exists a unique 
privileged frame of reference, the classical ‘^ether frame,’' in which Max- 
welFs equations are valid and in which light is propagated with the veloc- 
ity c. 

Since the principle of Galilean relativity does apply to the laws of me- 
chanics but does not apply to electrodynamics, we are forced to choose 
among the following alternatives: 

(a) A principle of relativity exists for mechanics, but not for electro- 
dynamics. A preferred inertial frame (the ether frame) exists in electro- 
dynamics. 

(b) A principle of relativity exists for both mechanics and electrody- 
namics, but electrodynamics is not correct in the Maxwell formulation. 

(c) A principle of relativity exists for both mechanics and electrody- 
namics, but the laws of mechanics in the Newtonian form need modification. 

The choice between these possibilities can be made only on the basis of 
experimental results. We shall see by analysis of the relevant experiments 
that alternative (c), in the form of the special theory of relativity, is essen- 
tially correct. A reference list of the basic experiments is given at the end 
of the chapter, and further references may be found in the more compre- 
hensive treatments of relativity also listed. The fundamental experiments 
fall into three main classes: (a) attempts to locate a preferred inertial frame 
for the laws of electrodynamics; (b) attempts to obtain deviations from 
the laws of classical electrodynamics; and (c) attempts to observe devia- 
tions from classical mechanics. 

14-2 The search for an absolute ether frame. It can be seen in an ele- 
mentary way that two charges, q and — g, fixed at the ends of a rigid rod 
and set in motion with velocity v, would affect each other in the same way 
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Fig. 14-2 Equal and opposite charges moving with velocity v. F+ and F_. are 
not collinear. 


as two current elements of magnitude J dl = qv. The forces on the two 
current elements would be directed oppositely, but in general they would 
not be collinear. Under these conditions the rod, if free to turn, would 
tend to set itself at right angles to the velocity. It is of interest to com- 
pute the size of this effect. By Ampere's law (with reference to Fig. 14-2), 


F = 


^ ^ V X (v X L) 
47r^ 


(14-3) 


where L represents both the length and the direction of the rod. The 
magnitude of the force given by Eq. (14-3) may be written 

4x60 (? 

and its direction is perpendicular to v in the plane of L and v. Equation 
(14-4) indicates that the effect is of order in comparison with the 

electrostatic interaction of the two charges. The corresponding value of 
the torque, i.e., the net value of the couple shown in Fig. 14-2, is 


1 sin d cos d 

FL cos 6 = 

4x60 c^L 


1 q^ 
8 x 60 L (? 


sin 20. 


(14-5) 


Now if there is a preferred frame of coordinates it seems very unlikely 
that it is the frame with respect to which the earth is at rest, and the trans- 
latory motion of the earth should produce such a torque. An experiment 
involving a delicately suspended parallel plate condenser was performed by 
Trouton and Noble, and repeated later with even greater accuracy, but it 
failed to give any indication of a torque, even though its magnitude with v 
equal to the known velocity of the earth in its orbit should be easily 
measurable. 
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Fig. 14-3 The Michelson-Morley experiment. 


The most famous attempt to localize the ether frame was the Michel- 
son-Morley experiment. Light from a source L in Fig. 14-3 is split into 
two beams by a half-silvered mirror at P. The beams are reflected at 
mirrors ;Si and S 2 respectively and return through the half-silvered mirror 
to the telescope at F, where interference fringes are observed. Let us 
assume that relative to a stationary ether the instrument is moving with 
a velocity v parallel to SiP. By the arguments of classical physics, the 
time required for light to traverse the path PS\P is 


1 1 \ 2Zi 

c — c + v) c(l — i8^) 


(14-6) 


where 0 = vjc. In computing the time required for the path PS 2 P, we 
must take account of the fact that P will move through the distance 8 
(see Fig. 14-4) while the light travels from P to S 2 . 8 is given by 


8 ^ V 

vF+1 ” c' 



( 14 - 7 ) 



Fig. 14-4 Detail of the Michelson-Morley experiment in the calculation of 8, 
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Hence, for path PS 2 P, 

2 /-K 2k 

t2 — - = / ( 14 - 8 ) 

c cv 1 ” P 

The difference A in optical path is 

«»■ - « - vl^ ( vA? " 

If the instrument is rotated through 90°, h and h interchange roles, and 
^ 2Zi/c _ 2yc 

■ vT^’ " " 1 - 

The new difference in optical path is 

, , 2 / h \ 

Thus, on rotating the apparatus through 90°, we should expect the inter- 
ference pattern to shift by n fringes, where n is given by 


a' — A ^ 2(h + I 2 ) / ^ ^ 

X XVl - " VI - /3V 

(Zi + h) „ 

; — 


(14-10) 


since v is small compared with c. 

No such shift was observed by Michelson and Morley. The estimated 
accuracy of their result was 10 km/sec, i.e., the velocity of the earth rela- 
tive to any ^^ether frame’’ must be less than 10 lon/sec, although the 
velocity of the earth in its orbit is roughly 30 km/sec. Much discussion 
resulted from the experiments of Miller, which gave positive indication of 
a velocity of about 10 km/sec apparently directed toward a certain point 
in space, but improved technique has confirmed the absence of a fringe 
shift, and a new analysis of Miller’s data has shown that they are not 
inconsistent with those of other observers. A summary of the various 
trials of the Michelson-Morley experiment is given in Table 14-1, to which 
is appended a list of the appropriate journal references.* In these experi- 

Analysis of the Interferometer Observations of Dayton C. Miller,” by 
R. S. ShanMand, S. W. McCuskey, F. C. Leone, and G. Kuerti, Rev, Modern 
Phys, 27, 167 (1955). Table 14-1 is reproduced here through the courtesy of these 
authors. 
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Table 14-1 


TRIALS OF THE MICHBLSON-MORLEY EXPERIMENT 


Observer 

Year Place 

1 

m/xxv/c)^ 

A 

Ratio 

Michelson 

1881 Potsdam 

120 cm 

0.04 fringe 

0.01 fringe 

2 

Michelson & 

1887 Cleveland 

1100 

0.40 

0.005 

40 

Morley 

Morley & Miller 

1902-04 Cleveland 

3220 

1.13 

0.0073 

80 

Miller 

1921 Mt. Wilson 

3200 

1.12 

0.04 

15 

Miller 

1923-24 Cleveland 

3200 

1.12 

0.015 

40 

MiUer<f> 

1924 Cleveland 

3200 

1.12 

0.007 

80 

(sunlight) 

Tomaschek 

1924 Heidelberg 

860 

0.3 

0.01 

15 

(starlight) 

Miller^^^) 

1925-26 Mt. Wilson 

3200 

1.12 

0.044 

13 

Kennedy 

1926 Pasadena <fe 
Mt. Wilson 

200 

0.07 

0.001 

35 

Illingworth 

1927 Pasadena 

200 

0.07 

0.0002 

175 

Piccard & StaheP^^^ 

1927 Mt. Rigi 

280 

0.13 

0.003 

20 

Michelson et al. 

1929 Mt. Wilson 

2590 

0.9 

0.005 

90 

Joos^®^ 

1930 Jena 

2100 

0.75 

0.001 

375 


A. A. Michelson, Am. J. Sci. 22, 120 (1881); Phil. Mag. 13, 236 (1882). 

A. A. Michelson and E. W. Moiiey, Am. J. Sci. 34, 333 (1887); Phil. Mag. 24, 
449 (1887). 

E. W. Morley and D. C. Miller, Phil. Mag. 9, 680 (1905); Proc. Am. Acad. Arts 
Sci. 41, 321 (1905). 

D, C. Miller, Data sheets of observations^ Dec. 9-11, 1921 (unpublished). 

D. C. Miller, Observations, Aug. 23-Sept. 4, 1923; June 27-July 26, 1924 (unpub- 
lished). 

D. C. Miller, Observations with Sunlight on July 8-9, 1924, Proc. Nat. Acad. Sci. 
11, 311 (1925). 

(g) R. Tomaschek, Ann. Physik 73, 105 (1924). 

D. C. Miller, Rev. Mod. Phys. 6 , 203 (1933). 

R. J. Kennedy, Proc. Nat. Acad. Sci. 12, 621 (1926); Astrophys. J. 68, 367 (1928). 
K. K. Illingworth, Phys. Rev. 30, 692 (1927). 

Ck) A. Piccard and E. Stahel, Compt. rend. 183, 420 (1926); 184, 152, 451 (1927). 

A. A. Michelson, F. G. Pease, and F. Pearson, Nature 123, 88 (1929); J. Opt. Soc. 
Am. 18, 181 (1929). 

G. Joos, Ann. Physik 7, 385 (1930); Naturwiss. 38, 784 (1931). 

ments the interferometer arms were equal, and (2l/X)(v/c)^, by the ether 
theory, is the shift expected due to the earth’s motion. The amplitude of 
the second harmonic of the fringe shift actually found by each observer is 
given in the column headed A. To provide a comparison of accuracy of 
the various trials, the last column gives the ratio of the shift expected pre- 
relativistically to 2A. It is clear that a null result can be accepted with 
confidence. 
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14-3 The Lorentz-Fitzgerald contraction hypothesis. We have seen 
that the search for a preferred frame for electrodynamics without further 
modification of either electrodynamics or mechanics was unsuccessful. An 
attempt to preserve the concept of the preferred ether frame despite the 
negative result of the Michelson-Morley experiment led to the contraction 
hypothesis. Lorentz and Fitzgerald postulated that as a result of motion 
relative to the stationary ether all bodies are contracted by the factor 
-v/l — ^ in the directio n of m otion. On this hypothesis, li in Fig. 14~3 
is actually equal to iWl ” where Z? is the length of k when at rest 
with respect to the ether, while I 2 — Z®. Hence, Eq. (14-9) becomes 

A=^=i=^(Z?-® (14-11) 

VI - 

and no fringe shift would be obtained by rotation through 90®. Further- 
more, if Z? Z 2 , as was the case in the original experiments, no fringe shift 
would occur as a result of changing the velocity. If Z? Z 2 , however, 
even with the Lorentz contraction a fringe shift given by 

X 

would be expected from a velocity change, as indicated by the factor 
- /3'). 

An interferometer using a path difference essentially as long as coherence 
of the source permitted Avas constructed by Kennedy. The square of the 
velocity of the instrument is presumably given by 

= cV = (Vb + Vjj + Vs)^, 

where Ye is the velocity of the earth with respect to the sun, Yr is the sur- 
face velocity of the earth due to its rotation, and ys is the velocity of the 
sun. Every twelve hours this quantity should change by 

= 4(v^, + Ye) • Vie, 

and every six months it should change by 

= 4(vs + Vie) • y®. 

Neither effect was observed, in contradiction to the Lorentz contraction 
hypothesis. 

14-4 “Ether drag.” A further alternative in which the concept of the 
ether could be reconciled with the Michelson-Morley result was to con- 
sider the ether frame attached to ponderable bodies. This would auto- 
matically give a null result for terrestrial interferometer experiments. The 
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Fig. 14-5 Aberration of starlight. SE is the actual path of the light from the 
star at zenith and S'E' is the apparent path. 

assumption of a local ether, however, is in direct contradiction to two 
well-established phenomena. 

The first is the aberration of ‘^fixed” stars. Due to the motion of the 
earth about the sun, distant stars appear to move in orbits approximately 
41" in angular diameter. Consider a star at the zenith of the ecliptic. If 
this star is to be observed through a telescope the telescope tube must be 
tilted toward the direction of the earth’s motion by an angle a, as shown 
in Fig. 14-5. It is seen from the figure that, classically, 

tan a = v/Cj (14-13) 

and with 30 km/sec for the velocity of the earth in its orbit, a = lO"”^ = 
20.5", in agreement with observation. If the ether were dragged by the 
earth in its motion we should expect no aberration to occur. 

The second contradiction arises in connection with the propagation of 
electromagnetic waves in a moving medium. We have seen in Section 11-4 
that only the part of the velocity of light Avhich depends on the polariza- 
tion current d'P/dt is affected by the motion of the medium, while the 
EQ^dE/dt) term remains unchanged. If the ether moved with the medium, 
the propagation velocity would be simply c ±:v, instead of being given by 
the Fresnel-Fizeau coefficient. This conclusion is contrary to observation. 
The ^^ether drag” hypothesis thus leads to discrepancies of the first order 
in v/c. 

These considerations make the idea of a preferred frame appear unac- 
ceptable, even when it is only locally stationary. We are therefore led to 
the alternative that a principle of relativity must be valid in electrody- 
namics. This is equivalent to demand for modification of either electro- 
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dynamics or classical mechanics. We shall first consider the attempts to 
modify electrodynamics in such a way as to escape the paradoxes asso- 
ciated with the idea of an ether frame. 

14-5 Emission theories. In the so-called emission theories electrody- 
namics is modified by supposing that the velocity of a light wave remains 
associated with the source rather than with a local or universal frame. 
In all emission theories it is postulated that the velocity of light is cjn 
relative to the original source, and independent of the state of the trans- 
mitting medium of refractive index n. The theories differ among them- 
selves in predicting what happens to the velocity of light upon reflection 
from a moving mirror. After a reflection three alternatives are possible: 

(1) The velocity remains cjn relative to the original source. 

(2) The velocity becomes cin relative to the mirror (the so-called bal- 
listic theory). 

(3) The velocity becomes c/n relative to the mirror image. 

The first alternative w’^as proposed by Ritz, and is the only one of the 
three theories that does not lead to coherence difficulties with reflected 
light. Eitz retained two of MaxwelFs equations: 


V • B = 0 and V X E 
with E and B derived from 


dB 
dt ’ 


B = V X A, 


E = 


— V(56 — 


dA 

dt' 


as before. But he replaced the two equations involving sources by 



where Vr is the component of the velocity of the source in the direction of 
the vector joining the source and the point of observation. Equations 
(14“14) and (14-15) replace the ordinary retarded potential solutions given 
by Eqs. (13-24) and (13-25). In this w^ay, fields due to a moving source 
are definable. 

In comparison with ordinary electromagnetic theory all three emission 
theories predict differences of the first order in v/c for experiments on the 
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interference between light beams reflected from moving mirrors. Thom- 
son, Majorana, and Stewart performed such experiments and obtained re- 
sults in disagreement with the second and third of the emission theories 
but agreeing, within experimental error, with the predictions of Ritz’s 
theory. This apparent agreement is due to the fact that as applied to 
any closed system of interfering beams the Ritz theory yields results dif- 
fering only by terms of the second order in vjc from those to be expected 
if the velocity of light is constant. According to Ritz, if the source is 
moving toward the mirror with velocity v the time required to traverse a 
given distance I on the forward trip is Z/(c + a;), while on the return trip, 
after reflection from the mirror, it is Z/(c — v). For the total elapsed time 
this gives 

21 


which differs only by terms in the second order from the expression for 
constant velocity of light, t = 21/ c. Thus terrestrial moving source and 
mirror experiments fail to give a first order contradiction to the Ritz 
emission theory. 

There are, however, two extraterrestrial phenomena which contradict 
any form of emission theory. The dynamics of eclipsing binary stars has 
been carefully analyzed by de Sitter. If the velocity of light depends 
additively on the velocity of the source, it is evident that the time for 
light to reach the earth from the approaching star should be smaller than 
that from the receding member of the doublet. De Sitter showed that 
this would have the effect of introducing a spurious eccentricity into the 
orbit as calculated by the laws of mechanics. Actually, no such effect is 
observed; in fact, de Sitter concluded that if ?;iight = c + fostar, then 
k < 0.002. The second piece of extraterrestrial evidence is the experience 
of Miller that the Michelson-Morley experiment is not affected when 
light from the sun is used. The Ritz theory would predict complications 
of the interference pattern due, for example, to the sun’s rotation. 

14r-6 Summary. In this chapter we have examined various kinds of 
experimental evidence for the incompatibility of electrodynamics and 
Newtonian mechanics. A summary of the relevant experiments, including 
some whose bearing on the subject will not become evident until we have 
discussed the theory of relativity, is given in Table 14-2. Their relation 
to attempts to reconcile them with theory is indicated, and Table 14-3 
lists the basic assumptions of the three general alternatives given in Sec- 
tion 14-1. It is clear from Table 14-2 that the experimental basis for 
the theory of relativity, which modifies Newtonian mechanics, consists 
essentially of observations in contradiction to all reasonable alternatives. 
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Table 14-2 



Legend; A, the theory agrees with experimental results. 

D, the theory disagrees with experimental results. 
N, the theory is not applicable to the experiment. 


Table 14-3 


Emission theory 


Classical ether theory 


Special theory of relativity 


Reference 

system 


No special reference 
system 


Stationary ether is special No special reference 
reference system system 


Velocity 

dependence 


The velocity of light de- 
pends on the motion of 
the source 


The velocity of light is in- 
dependent of the motion 
of the source 


The velocity of light is in- 
dependent of the motion 


Space-time 

connection 


Space and time are inde- Space and time are inde- 
pendent pendent 


Space and time are inter- 
dependent 


Inertial frames in relative 
motion are connected by a 
Galilean transformation 


Inertial frames in relative 
motion are connected by a 
Galilean transformation 


Inertial frames in relative 
motion are connected by a 
Lorentz transformation 


Transformation 

equations 



STJGGESTED EEEERENCBS 


241 


There is no single experiment that proves relativity theory. The experi- 
ments do present evidence that . 

(1) The existence of an ether, either stationary or carried convectively, 

is undemonstrable. 

(2) Modifications of electrodynamics, like the emission theories, are 

untenable. , 

It is then plausible to conclude that the basic laws of mechanics need 

modification. 

In 1905, compatible with the experimental facts known at that time, 
Einstein proposed the following postulates as a solution; 

1. The laws of electrodynamics (including, of course, the propagation of 
light with the velocity c in free space), as well as the laws of mechanics, 
are the same in all inertial frames. 

2. It is impossible to devise an experiment defining a state of absolute 
motion, or to determine for any physical phenomena a preferred inertial 

frame having special properties. 

If the laws of physics conform to these two postulates all the expeii- 
ments listed in Table 14-2 are explicable. In the next chapter we shaU 
begin to examine the implications of these postulates, known as the postu- 
lates of special relativity. 


ADDITIONAL PAPERS ON THE EXPERIMENTAL BASIS OF SPECIAL RELATIVITY 

1. Tkouton and Noble, Phil. Trans. A202, 165 (1903) ; Proc. Boy. Soc. (London) 
72 132 (1903) Reporting attempts to find torque on a charged condenser. ^ 

2 Lorbntz “Versuch einer Theorie der elektrischen und optischen Ersehemun- 
gen’ in bewegten Korpern,” Leiden, 1895. The sections on the contraction hypoth- 
esis are reprinted in T/ie PrindpZe of Eeiaimi?/, listed below. , 

3. KenLidy and Thorndike, Phys. Rev. 42, 400 (1932). Interferometer with 

uneaual arms. Null result to ±10 km/sec. ^ ^ 

4 Ritz Ann. Chim. et Phys. 13, 145 (1908). Original source emission theory. 

5 tSan, Phys. Rev. 31, 26 (1910); Phys. Rev. 35, 136 19 2). Thomson, 
J, J., Phil. Mag. 19, 301 (1910). Stewart, Phys. Rev. 32, 418 (1911). Discussions 

of various emission theories. a ^ j a ^ -iR 

6 Comstock, Phys. Rev. 30, 267 (1910); de Sitter, Proc. Amsterdam Acad. 16, 

1297 (1913) and 16, 395 (1913). Spectroscopic work on binary stars. 

? MAiORAr, Pk. Mag. 3^ 163 (1918), and 37, 145 (1919). Movmg source 

“t kSm.T'SV «. (“35). CriM feus*. Of geometric^ 

effects of high order in the Michelson-Morley expeiiment. 

9 Ives /. Opt. Soc. Am. 216, (1938). Doppler shift. ^ , t, , 

iiirther referLces may be found in the books on relativity theory listed below. 


SUGGESTED EEEBEBNCBS 

R Becker Theorie der EleUrizim, Band II. The experimeifid basis of the 
special theory’ of relativity is discussed with great clarity, pp. 255-269 particularly. 
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T. n An Introduction to the Theory of Relativity. The first three 

ch!pti?this exckL book form a very readable account of the necessity for 

special relativity^ ^ Minkowski, and H. Weyl, The Principle of 

7 ?f'/V/f^TcoUection of Ori^nal Memoirs of the Special and General Theory 
RMify, A Col“ 0 ur Sommerfeld.” Especially appropriate 

of Relatiwty, oge «Ty[;„helson’s Interference Experiment” by Lorentz and 

pSs?Ms paper on “Electroma^f etic Phenomena in a System Moving with any 

Coermlogy.^ Although the experi- 
mets are not discussed in detail, a summary is included m Chapter II, together 

with references to original papers. ^ ^ 

C. M0LLER, The Theory of Relativity. 


EXEKCISES 

1. Find what the wave equation becomes under a Galilean transformation. 

2. The torque given by Eq. (14-5) may be written as sin 20, where 

C/ei is the electrostatic energy of the system of opposite charges Show that for a 
pamllel plate condenser, actually used by Trouton and Noble, the torque is given 
by UaWc? sin 20, differing from Eq. (14-5) by a factoi of 

WuH the toroue to be expected on a parallel plate condenser suspended at an 
angieT 46 ' to S direction of the earth’s orbital velocity, 30 km/sec. Take a 
plate area of 100 cm^ separation 1 cm, and a charging voltage of 10 kilovolts. 



CHAPTER 15 


RELATIVISTIC KINEMATICS AND THE 
LORENTZ TRANSFORMATION 

In addition to Einstein^s formal postulates, there are two auxiliary 
principles implicit in the theory of relativity, the recognition of which is 
important for the necessary revision of physical concepts. The first is 
^‘invariance of the sense of time.’^ The asymmetry of experience in time 
has been the subject of much discussion. From the standpoint of formal 
physics there is only one concept which is asymmetric in the time, namely, 
entropy. But this makes it reasonable to assume that the second law of 
thermodynamics can be used to ascertain the sense of time independently 
in any frame of reference; i.e., we shall take the positive direction of time 
to be that of statistically increasing disorder, or increasing entropy and 
degradation of heat. The second assumption might be called “the invari- 
ance of proper quantities,” or the “law of reproducibility of proper quan- 
tities.” By this we mean that, whenever a measuring experiment is 
performed, the length of a standard (such as the wavelength of a given 
spectral line or a crystal lattice spacing) and the rate of a fundamental 
clock (such as a radioactive decay period) shall be the same as seen by an 
observer at rest relative to the standard. These additional postulates 
make it possible for us to retain exact and reproducible meaning for length 
and time in the course of analyzing the consequences of the postulates of 
special relativity. 

15-1 The velocity of light and simultaneity. We have seen in Chapter 
14 that there is much experimental evidence for the conclusion that a 
principle of relativity exists for all fields of physics, including electrody- 
namics. This implies, among other things, that the velocity of propaga- 
tion, c, of plane electromagnetic waves in free space must be independent 
of the observer’s inertial frame. Plausible as it may seem, this statement 
runs grossly contrary to intuition. Consider, for example, a light pulse 
starting from a point 0, and consider the event as recorded by observers 
stationed in two frames, one frame containing 0 at the origin, while the 
other moves relative to 0 with a velocity v. Let the origins of the two 
frames coincide at the emission of the pulse. According to the principle 
of relativity, both observers must see the light wave propagating as a 
spherical wave centered at their respective origins 1 If we hold that the 
position of the wave front is an event permitting description independently 
in space and in time, then we cannot accept this statement as true. The 
independence of the velocity of light of the particular frame therefore re- 
quires a revision of the customary practice of specifying the position 

243 
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coordinates of an event with reference to the particular frame while specify- 
ing the time of the event on a “universal” time scale. The paradox of 
the two wave fronts hinges on the assumption that simultaneity is inde- 
pendent of the frame of the observer. If a disagreement as to the simul- 
taneity of passage through a set of points were permitted to exist, then 
presumably a kinematics could be constructed in which a spherical light 
wave would be seen in both frames of reference, 

Consequently, we are led to re-examine the concept of simultaneity. If 
we must abandon the existence of a universal time as not corresponding 
to reality, then we must establish a mechanism whereby simultaneity can 
be established in a given frame. The mechanism must be such that a 
measurement of the velocity of light in the particular frame using its time 
and distance scale must give c. This means that the only way in which 
simultaneity can be defined is by means of the velocity of light itself. 
This conclusion gives c a much more fundamental significance than just 
the velocity of propagation of electromagnetic waves: it introduces c into 
all the relations of physics. For example, the utilization of c as the defin- 
ing element of simultaneity precludes the existence of the “ideal rigid 
body” of mechanics; if there were such a body its ends would move simul- 
taneously as observed from any frame, and it could therefore be used to 
establish a “universal time,” in violation of our former conclusion. 

We therefore consider two instants of time h and ^2 observed at two 
points Xi and in a particular frame as simultaneous if a light wave 
emitted at the geometrically measured mid-point between Xi and X 2 arrives 
at Xi at the time and at X 2 at the time ^ 2 - 

This definition will automatically ensure that a light pulse emitted at 
the origin will reach all equidistant points simultaneously and that the 
wave surface is therefore a sphere in a particular reference frame. Simul- 
taneity of two events at two spatially separated points thus has no sig- 
nificance independent of the frame. The relation of the time intervals 
observed by two different frames will depend on the spatial interval be- 
tween the events, and the Galilean transformation, Eqs. (14”-1), which 
transformed temporal intervals as observed by two frames independently 
of spatial coordinates cannot be in agreement with the simultaneity defini- 
tion in terms of c. We must therefore attempt to derive the corresponding 
transformations from an (x,y,z]t) frame to an frame which will 

supersede the Galilean transformation. Such a transformation must re- 
main linear, to assure mathematical equivalence of all points in space and 
time, but the spatial and temporal coordinates need not transform inde- 
pendently. 

15-2 Kinematic relations in special relativity. The transformation we 
seek will give the relations between the space-time coordinates of an arbi- 
trary event (x,y,z;t) as observed in a coordinate frame we may designate 
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as S, and the space-time coordinates {x',y',z' f) in a frame S' moving with 
uniform velocity relative to S. The transformation must obey the postu- 
lates of special relativity, given in Section 14-6, for an event of any type. 
To see how the basic postulates of relativity necessitate the nature of the 
transformation, we can construct a set of “thought experiments” (Gedan- 
ken Experimente) so as to introduce one feature of the transformation at a 
time. 

Experiment I. Comparison of parallel measuring sticks oriented perpen- 
dicular to their direction of relative motion (see Fig. 15-1). It is explicitly 
assumed that the properties of a given body of specified structure are inde- 
pendent of its past history when observed in a frame where the body is at 
rest. (This is called the “proper frame” of the body, and the length of a 
rod when measured in a frame in which the rod is at rest is called its 
“proper length.”) It is therefore possible to demand that the two meas- 
uring sticks, OP and O'P', of Fig. 15-1 be of equal proper length, whether 
they can be brought to rest with respect to each other or not; for in- 
stance, it could be specified that the length of each rod should be a given 
numbCT of wavelengths of a particular spectral line measured in each 
frame. Both rods are at right angles to v (assumed along the a:-axis), the 
velocity of the system S' as measured in frame S. (To an observer in S', 
S will have a velocity -v.) 

Let the two systems approach each other so that the mid-points of the 
rods, M and M', will coincide at passing. Considering S' to be moving 
and S to be stationary, let light signals be sent from O' and P' when 0' 
and P' coincide with the y-axis. Since O'M remains equal to P'M during 
the motion. O' and P' will appear to cross the ?/-axis simultaneously in 
both systems. Similarly, 0 and P will cross the y'-axis simultaneously in 
both systems. Since the time of observation for both ends is defined iden- 
tically in both frames, both observers can compare the positions of the end 
markers at the time of crossover and arrive at the same result. Hence 
both observers would conclude either that OP < 0 P or OP '> 0 P . 
Both systems are equivalent in every way, so that an as}Tnmetrie relation 
would provide a means of determining absolute motion, a possibility ruled 

P' I 
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Fig. 15-1 Comparison of parallel measuring sticks oriented perpendicular to 
their direction of relative motion, v is the velocity of the S' frame measured in S. 
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out by the relativity postulate. We therefore conclude that lengths at 
right angles to the motion are the same in both frames, and the trans- 
formation for such lengths is 

y' = y, 2 ' = 2 , (15-1) 

Just as in the Galilean transformation. 

Experiment II. Comparison of clock rates. In comparing the rates of 
clocks attached to coordinate frames in relative motion, we must recog- 
nize that it is impossible to compare one clock in S with one clock in 2', 
since the clocks will not stay in coincidence. We must compare two clocks 
in 2 with one clock in 2', and have the two clocks in 2 synchronized by 
means of light signals. Let a source of light be at the same position as 
the clock in S', as shown in Fig. 15-2. A light signal emitted normal to v 
is reflected by a mirror which is normal to the s:'-axis and at a distance z'o 
from the source, and returns to the clock. For an observer at rest in S' 
the time interval between sending and receiving the pulse is 



c 


Observers at rest in S can record the time interval At between the same 
two events with two clocks spaced a distance v At apart along x, the 
direction of the motion. Since c is independent of the frame, this interval 
will be given by 

cAt = 2 


At = 

Since Zq = zq, it follows that 


At 


J 

c V 1 — 

At' 

~ Vl - <3"’ 


(15-3) 

(15-4) 






Clock and 
Eght source 



Fig. 15-2 Comparison of clock rates. 
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where Af is the proper time interval, i.e., the time interval between two 
events occurring at the same place in the S' frame. At is not a proper 
time interval, for it is measured by two different clocks at different places 
in S. As in the case of a proper length, discussed above, a proper time 
interval is a definite function of the physical nature of the clock; e.g., a 
particular radioactive decay constant, or the natural frequency of a crystal 
of specified proper dimensions, is a constant in the frame where such time 
intervals are observable at a single point, i.e., in a frame where such a 
^^clock” is at rest. 

Note that the observer in S will find that his time interval is longer 
than the proper time interval. This phenomenon is known as time dilation. 
For example, the lifetime of a high velocity meson disintegrating in flight 
appears lengthened, to a ground observer, by an amount depending on 
the meson velocity. On the other hand, the lifetime in the proper frame, 
i.e., the frame at rest with respect to the meson, is an invariant. 

Experiment III. Comparison of lengths parallel to the direction of motion. 
Let us consider a rod of length xq in the frame in which it is at rest, i.e., 
a rod of proper length Xq. In the S frame its length Xq would be the dis- 
tance between the ends of the rod observed ^^simultaneously” in the sense 
of the simultaneity definition in terms of c. To disentangle the length 
comparison from the simultaneity calculation, let us consider the following 
event: a light source S' at one end of the rod in frame sends a light 
pulse to a mirror M' at the other end, where it is reflected back to the 
source. The time interval between the emission and return of the signal 
is At', Note that At' is a proper time interval, being observable with a 
single clock at one point. Evidently, 



c 


Seen from S, these same events appear more complicated. With refer- 
ence to Fig. 15-3, the source S' was at So at the time of emission, and the 
mirror M' was at Mq. At the time of reflection, the mirror M' has moved 
to My and the pulse returns to the source S' when it is at S 2 . The time 
interval At is therefore measured between the points So and ^2 with two 
clocks, as in Experiment II. At is not a proper time, and Eq. (15-4) will 
apply. 

Now, by definition, we mean by Xo the distance ^ 0^0 = SiM. Since 
Mo has moved to M with velocity v while the light moved from Sq to M 
with velocity c, we have 

V Xq 

SqM = xo + ~SoM, SoM 

c 1 — /3 
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XQ- 


Fig. 15~3 Comparison of lengths parallel to the direction of motion. 

Similarly, since the source has moved from ^Si to S 2 with velocity v while 
the light has traveled from M to S 2 with velocity c, 


Hence, 


MS2^xo--MS2, MS 2 
c 


Xq 


SoM + MS2 

At = 

c 


2xo 

c(l - 


and with the use of Eqs. (15-5) and (15-4), we obtain 


Xq = XqV 1 - 


(15-6) 


(15-7) 


This relation, called the Lorentz contraction, is asymmetrical in Xq and 
Xq, since it gives the relation between measurement of a proper length Xq 
(at rest) in S' and an improper length xq (not at rest) in 2. The length 
Xq in Z has been definable only by the assumption of the constancy of the 
velocity of light. Equation (15-7) is identical with the hypothesis of Sec- 
tion 14-3, but here it is accompanied by a time dilation quite foreign to 
the postulate of Lorentz and Fitzgerald. 

Experiment IV. The synchronization of clocks. By appropriate design of 
the conceptual experiments II and III, we have been able to derive from 
the postulates of relativity the transformation of temporal and spatial 
intervals from proper to nonproper frames. The question of how two 
clocks, synchronized in frame Z' but separated by a distance Xq, would 
appear to an observer in Z requires further consideration. 

Consider two clocks synchronized in Z' and located a distance xq apart, 
as indicated in Fig. 15-4. Let there be a single clock in Z which will re- 
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Fig. 15-4 Synchronization of clocks. 


cord the times to and ti when it passes the ends of xq. The corresponding 
times as recorded on the two clocks in 2' are denoted by t'o and 4* Since 
ti — i^o is a proper time interval in S, we can apply Eq. (15-4) in reverse, 


i.e., 


- ^0 = 


h ^0 

vT^' 


(16-8) 


To the observer in S, the time intervals on both of the S' clocks individually 
would appear too large by the same ratio, but they will not be in time 
with each other. He would observe an error in synchronization of amount 
d, that is. 


t[ - t'o +B 

“ 'vr^' 


(15-9) 


To determine 5, we need only note that in both frames the relative velocity 
must be the same, since the frames are equivalent. Hence 


4 — 4 = xo/v, 


h — to = xojv. 


(15-10) 


But Xo is a proper length in S', so that 

xo = x'o'^ 1 — j8^. 

By combining Eqs. (15-9), (15-10), and (15-7), we obtain 



V 


(15-7) 


(15-11) 


The meaning of the negative sign is that to an observer in S the second 
clock in S' indicates a time later than the first. A whole series of clocks, 
equally spaced and synchronized in S', would appear successively ahead 
by an amount 5 to an observer in S as he went by with velocity v. 
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By means of these four conceptual experiments we have demonstrated 
that the postulates of special relativity lead to four kinematic relations: 

I. Spatial intervals transverse to the direction of relative motion are 
invariant. 

II. A time interval At between two events measured in a frame moving 
with velocity dh?; relative to a frame in which the corresponding time 
interval At is proper (i.e., the two events occur at one place) is given by 


III. The length Ax of a rod measured in a frame moving with velocity 
Vx = zkv relative to a frame in which the rod is at rest and has the proper 
length AL is given by 

Aa; = ALVi - (15-13) 

IV. Two clocks, synchronous and separated by a distance AL in a given 
frame, appear out of synchronism as observed from a frame moving with 
a relative velocity v to the clock frame by an amount 


ALv 



(16-14) 


15-3 The Lorentz transformation. The separate kinematic effects de- 
rived in the previous section from the fundamental postulates of relativity 
can be combined to give the general relations between the time and space 
coordinates of a particular event as observed from inertial frames in rela- 
tive motion. 

A point event at P moving with the S' frame, as indicated in Fig. 15-5, 
occurs at time f and with coordinates x', y', s' in S'. Let us consider this 
same event as observed from a frame in motion relative to S'. For 
simplicity, we may choose the x- and x'-axis as the direction of relative 
motion, and let the origins and the zero point of time be so chosen that at 



Fig. 15-5 Derivation of the Lorentz transformation equations for S and S'. 
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t = f = 0 the two origins coincide. The time t or t' therefore means the 
time elapsed since the coincidence of origins as measured by an observer 
in S or S', respectively. We shall say that v is positive if the origin of S' 
moves along the positive x-direction in S. 

To an observer in S, 00' = vt, but x', a proper length in S', is shortened 
by the Lorentz contraction. Hence 


or 


X = vt x'a/i ~ 


(15-15) 


X = 


X — vt 


(15-16) 


Again from the point of view of S, clocks located at P and 0' (and syn- 
chronized in S') are out of synchronism by an amount 


At’ = 


x-v 


(15-17) 


The clocks at 0 and 0' were synchronous at = i{' = 0. Since that time, 
according to S, the S' clocks have been running slow, i.e., at a rate which 
must be dilated by l/'\/l — to make it equal to the rate of the clock 
on S. Combining this effect with that of Eq. (15-17), we have 


t' + x’v/c^ 


(15-18) 


By the use of Eq. (15-16) this can be reduced to 


t — xv/c^ 


(15-19) 


Equations (15-18) and (15-19) indicate that except for the sign of y, S 
and S' are equivalent, in agreement with the second relativity postulate. 
It can also be shown from Eqs. (15-18) and (15-16) that 


x’ + vt’ 


(15-20) 


in agreement with Eq. (15-16) except for the sign of v. 

Equations (15-16), (15-20), (15-18), and (15-19), together with the con- 
sequence of Experiment I of Section 15-2 that lengths perpendicular to 
the motion are unaffected, constitute the general transformations we have 
sought, subject to the restrictions as to choice of origin and orientation of 
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axes given above. For convenience, we may summarize what is known as 
the Lorentz transformation: 


X — vt 

VT^' 



, t ~ XV /c^ 

It is easy to show algebraically that if the Lorentz transformation is 
valid, 

^2 ^ y2 ^ ^2 _ ^2^2 ^ ^,2 ^ y^2 ^,2 _ ^2^/2^ (^5_22) 

This means that if a light signal is propagated in all directions with veloc- 
ity c from 0 at ^ = 0, as observed in frame S, then a light signal is propa- 
gated from O' in all directions vdth velocity c at = 0, as observed in 2'. 
The transformations are therefore in agreement with the first postulate, 
and resolve the apparent paradox mentioned at the beginning of the 
chapter. 

The Galilean transformation equations, (14-1), do not satisfy Eq. 
(15-22). For two events, {xi,yi,Zi]ti) and {X 2 ,y 2 ,^ 2 ’h), Eqs. (14-1) yield 

{zi - XiY + {y'l - y'if + (^i - Af 

= (xi - x^f + (yi - y^f' + {zi - zzf, 

(ti — h) = {h — 

showing that in prerelativistic physics the spatial interval and the tem- 
poral interval between two events are independently invariant. In special 
relativity it is the combined space-time interval 

(Xi - X2f + (yi - yzf + {zi - - (?{ti - hf 

which is invariant. In terms of the differential interval between two 
events the quantity 

ds^ (? dt^ — dx^ — dy^ — dz^ (15-23) 

is invariant under a Lorentz transformation. 

The differential interval d8 defined by Eq. (15-23) involves both space 
and time, but not symmetrically. If in any frame 

dx^ + dy^ + dz^ < (? df, 


(15-24) 
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then an inertial frame can be found in which the spatial part of ds is zero, 
i.e., in which the two events occur at the same place. In that frame, 
ds cdt is just c times a proper time interval, as defined earlier. If the 
space-time interval satisfies the inequality (15-24), we say that the inter- 
val is ^^time-like,’' and ds/c represents the proper time interval between 
the events. Conversely, if in any frame 

dx^ -f- dy^ -b dz^ > <? dt^, (15-25) 


then a frame can be found in which di = 0; in that frame the two events 
are simultaneous and i ds is their mutual distance. Hence, if ds satisfies 
the inequality (15-25), the interval is space-like, and ids represents the 
proper length of the increment. No Lorentz transformation with real ^ 
can invalidate either of the inequalities (15-24) or (15-25), and the time- 
like or space-like nature of an interval ds is an invariant. 

It can be shown algebraically that two successive Lorentz transforma- 
tions with velocity parameters /?i and /?2 are equivalent to a single Lorentz 
transformation of parameter 


/5i -f 02 
1 + 0102 


(15-26) 


The Lorentz transformations thus form a mathematical ^%roup'’ with 
“commutative” properties. 

It is possible to obtain the Lorentz transformation equations in several 
ways by simply using the demand that the interval ds of Eq. (15-23) be 
invariant and that the transformations be linear; the second condition 
arises from the fact that all points in space and time should have identical 
transformation characters if only inertial frames are considered. We must 
also demand, in accord with the relativity principle, that if x — f{x',t',v)y 
then x' = f(x,t,—v). As an example of such a derivation, let us begin by 
assuming 

J'cx — x' — vi! ^ kx' = X vtj (15-27) 


where k is to be an even function of the velocity. By simple algebra, 

^'2 _ ^2 ^ ( 15 _ 28 ) 

To make Eq. (15-28) agree with the invariant interval, Eq. (15-22), we 

must set 

0^(1 - k ^) = 

or 

k = ( 15 - 29 ) 


giving the Lorentz transformation. 
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15-4 Geometric interpretations of the Lorentz transformation. The 
Lorentz transformation treats x and i as equivalent variables. It was 
suggested by Minkowski that ci be introduced simply as a fourth coordi- 
nate. Let us put 

— X, — y, x^ = z, = ct^ (Ib-'SO) 

as a set of variables in four-dimensional space. (Superscripts rather than 
subscripts are used here for a reason that will become clear in the follow- 
ing chapters.) The space-time interval ds is therefore given by 

ds^ = -(dx^f - {dx^f - {dx^f + {dx^f. (15-31) 

The Lorentz transformation is thus, in a general sense, the set of linear 
transformations in four-dimensional space which leaves ds^ invariant. 

The interval ds can be written more symmetrically, although the result 
is physically less obvious, if we introduce 

dS = i ds, (15-32) 

Equation (15-23) becomes 

dS^ = {dx^f + {dx^f + [dx^f + {dX^f, (15-33) 

Since our choice of coordinates in the Lorentz transformation leaves dx^ 
and dx^ unaffected, it will suffice to consider the invariance of the two- 
dimensional interval 

= {dx^f -b {dX^f, (15-34) 

This interval is invariant to translations of the origin, and also to rotations 
of the coordinate axes in the x^-X"^ plane. Let the coordinate axes be 
rotated through an angle d, as shown in Fig. 15-6. It is clear that 

^1/ _ ^ sin dj 

(15-35) 

= —x^ sin 6 X^ cos 6, 

Putting 6 = i(p, and transforming 
back to ordinary space and time 
variables by Eqs. (15-30) and 

(15-32), we obtain 

x' = a? cosh <p — ct sinh <p, 

(15-36) 

ct' = — a; sinh <p + ct cosh (p. 
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Equations (15-36) are identical with the Lorentz transformation equations 
if we put 


sinh ip 




cosh (p = — 7 -=::^:- ! tauh (p = B. (15-37) 

Vl - 


Thus the Lorentz transformation is simply a rotation in the four-dimen- 
sional space x^, x^, x^, Z^. An “event’^ is therefore conveniently described 
by the four coordinates in such a space-time system, where temporal and 
spatial coordinates are entirely equivalent. Equation (15-26), which gives 
the /3 equivalent to two successive Lorentz transformations, simply corre- 
sponds to the addition formula for tanh cp: 


tanh {(pi + <P 2 ) 


tanh (Pi + tan (p 2 
1 + tanh <pi tanh <p 2 


(15-38) 


The representation of the Lorentz transformation as a rotation in the 
four-dimensional space x, y, z, ict is a useful concept, but it is artificial from 
a physical viewpoint. Let us investigate the geometrical representation of 
the Lorentz transformation in the real four-dimensional space of x, y, z, cL 
We shall plot only x^ = x and = ct, so as to permit representation in a 
plane. The trajectory of an event so plotted as a function of space and 
time is called a world line, and the diagram itself is called the Minkowski 
diagram. The world line of a ray of light in vacuo is the line x^ = at 
45° to each of the original axes in 
Fig. 15-7. Under a Lorentz trans- 
formation, these axes will transform 
into and x^' by Eqs. (15-36), 
but the world line of the light ray 
is unchanged. Figure 15-7 shows 
that simultaneity is a relative con- 
cept: all events located on the x^' 
axis are simultaneous in but not 
in S. Thus event P' is simultane- 
ous with event 0 to an observer at 
rest in S', but occurs later, at time 
t = x^lc = PP'/c, to an observer 

at rest in S. . i* i\/r- 

Considerable care is necessary in the general interpretation oi the Min- 
kowski diagram. In contrast to the diagram of Fig. 15-6, where we arti- 
ficially produced a “Euclidian’^ geometry by the imaginary transformation 
Eqs. (15-32), the intervals cannot be measured by the sum of the squares 
of the coordinate intervals. A substitute for distance measurement in this 
real space can be obtained by noting that the family of hyperbolas 

(^4/)2 _ constant (15-39) 



Fig. 15-7 Lorentz transformed axes 
Minkowski diagram, with PP' illus- 
trating the relativity of simultaneity. 


in 
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Fig. 15-8 Minkowski diagram showing Lorentz contraction and time dilation. 

lays out a convenient net which permits comparison of the various quan- 
tities involved. Such a net is indicated in Fig. 15-8. 

Let us see how the various phenomena of relativistic kinematics are 
interpreted on this diagram. The Lorentz contraction, Eq. (15-7), gives 
the transformation of a proper length in S' to the S frame. Consider 
a rod OP' at rest in S'. The world line of the end point P' is moving 
parallel to the x‘^'(ciE')-axis, since it is at rest (proper) in S'. Similarly, 
the point 0 is moving along the axis. The rod is measured in S when 
the origins coincide and when the end points are simultaneous in S, i.e., 
along the x^axis. The length of the rod in S is thus the length OP. In 
comparing OP and OP', we must be careful to refer the measurements to 
the hyperbolic grid. It is easily seen that the hyperbola 

(x')2 - = 0P2 = (x^')" - (x^'f 

crosses Ox^' between 0 and P', and hence OP < OP', in accordance with 
the Lorentz contraction of proper lengths observed from a moving frame. 

In order to consider the time dilation, let us take a single clock at rest 
in 2' at x' = f = X = i = 0. As time progresses, the time interval rela- 
tive to ^' = ^ = 0 will be represented by a world line moving along the 
x^'-axis and, in 2', is thus just Ot'. 0 and t' are not at the same spatial 
point in 2, and the point considered simultaneous with f will be at t; 
there tt' is parallel to the x^axis. But in the hyperbolic ^‘metric," Ot = OS, 
and Ot > Ot! . Hence an observer at rest in 2 will observe a longer elapsed 
time than the proper time interval measured in 2', in agreement with the 
time dilation of Eq. (15-4). 

The Minkowski diagram shows the symmetry between the 2 and 2' 
frames despite the apparent asymmetry of the time dilation and Lorentz 
contraction. In our examples, 2' was taken as the proper frame for both 
spatial and temporal intervals. If we had chosen 2 as the proper frame, 
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Fig. 15-9 Minkowski diagram showing the division of space-time by the light 
cone into past, future and elsewhere for an observer at the origin. 

PP' would have been parallel to Ot, and tt' parallel to OP', which would 
have reversed the contraction and dilation relations. 

A Lorentz transformation with jd > 1 is complex and thus physically 
impossible. (We shall re-examine the significance of this .statement later.) 
On the Minkowski diagram, this means that neither of the primed axes can 
pass the line which in four-dimensional space is a cone, called the 

light cone. Hence a time-like interval with ds^ = > 0 can- 

not become space-like in any frame, but can become purely temporal if re- 
ferred to the proper frame. For the same reason, a space-like interval 
< 0 cannot become time-like in any frame, but can become purely 
spatial if referred to a proper frame. 

The light cone x^ = thus divides the Minkowski space into regions, 
as indicated in Fig. 15-9, that have invariant significance for an observer 
at the origin, i.e., at a given time and place. The temporal region labeled 
“pasF’ represents events whose temporal interval relative to the origin is 
negative from any inertial frame. Similarly, positive temporal intervals 
are confined to the region labeled ^'future,'’ regardless of the frame of the 
observer at 0. Events in the region called “elsewhere^' are spatially sepa- 
rated from the observer, but can be transformed into one another by spa- 
tial rotations and translations. 


15-5 Transformation equations for velocity. The transformation equa- 
tions for the velocity of a moving point can be found by taking the de- 
rivatives of the Lorentz transformation equations with respect to t and f. 
We shall continue to use the symbols v and ^ = v/c to denote the velocity 
of frame S' relative to frame S, evaluated in S, and introduce = dx/dt, 
== dx'/df, etc., to denote velocities in a given frame. The Lorentz 
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transformation from 2) to S' has been found to be 


X — vt 

^ " vr^' 

y’ = y, z' = z, 

, t — ^x/c 

Differentiating Eqs. (15-40) with respect to we obtain 
dx' , Ux — V dt 

dy' dy dt dz' dz dt 
dt' dt dt' dt' dt dt' 

Also, 

dt' 1 — fiux/c 

Yt ~ Vi - Y 


(15-40) 


(15-41) 

(15-42) 

(15-43) 


Equation (15-43) enables us to write Eqs. (15-41) and (15-42) in terms 
of the unprimed variables: 


V/x 


V/^ — - 


1 — UxV/c^ 


(15-44) 


Vl - 

- — Uy, 

1 — Uxv/r 


Uz 


Vi - f 

rwMa. 

1 — UxV/r 


(15-45) 


Equation (15-44), the “longitudinal velocity addition formula/’ is in 
agreement with Eq. (15-26) for successive Lorentz transformations, since 
Ux may represent the motion of the origin of another Lorentz frame rela- 
tive to the 2' frame. 

Equation (15-43), the relation between time intervals dt and dt', has 
some interesting consequences. If it were possible to make (dt'/dt) < 0 
by a suitable choice of u, then the temporal sequence of two events would 
be reversed between the two frames under consideration. This would be 
a logical contradiction if (a) the two events represent cause and effect, 
and (b) the sense of time has an invariant significance. With the assump- 
tion of (b), made at the beginning of this chapter, we are forced to con- 
clude that, in order for the sequence between cause and effect to be pre- 
served in all frames, in an'y particular frame 

u<c, (15-46) 

where u represents the velocity of propagation of any event which can 
connect cause and effect. Obviously, phase velocities, or velocities of geo- 
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metrical significance only, are not affected by this restriction. The re- 
striction does apply to the relative velocities v of possible inertial frames, 
so that it is not necessary to co nsider the kinematical significance of the 
Lorentz transformation when \/l ~ is complex. 

The velocity transformation equations apply very simply to the velocity 
of light in a moving medium and to stellar aberration. 

Let a homogeneous isotropic medium of index of refraction n move with 
velocity v along the positive x-axis with respect to an observer at rest in Z. 
The velocity of light with respect to the frame in which the medium is at 
rest is = c/n. With respect to an observer at rest in S, the velocity 
is Uj where u is obtained from Eq. (15-44) by reversing the sign of Vj 

c/n + V c 

^ ~ + t;(l — 1/n^) (15-47) 

1 + v/nc n 


to the first order in r/c. This is in agreement with the experimental facts 
and the classical electrodynamic result derived in Section 11-4. In the 
classical derivation of this equation, however, a relatively complicated 
mechanism Avas involved ; the effect was attributed to reradiation from the 
moving secondary radiators in the fluid. Here Eq. (15-47) has been de- 
rived Avithout any detailed information concerning the mechanism. We 
shall frequently meet situations in Avhich an end result is demanded by 
relativistic considerations, but where the physical mechanism of attaining 
the result is far from obvious. 

The aberration of distant stars can also be derived from the velocity 
transformation equations. Let a ray of starlight approach the earth in a 
direction perpendicular to the earth’s velocity, as indicated in Fig. 15-10. 
In the frame of the star the process is simply the emission of light Avith 
velocity components Uy = — c, = 0. In the earth’s frame, the velocity 
components as given by Eqs. (15-44) and (15-45) are 

Uy = — cVl — Ujc = —V 


y 


s 


% 


Star 
% = 0 


Uy — 


X 



Fig. 15-10 Relativistic explanation of aberration of starlight. 
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Therefore the angle of incidence to the normal is given by 


tan0' 


% _ ^ 

Uy Vl W 


sin e' = p. 


(15-48) 


We have seen in Chapter 14 that a mechanical emission picture or the 
assumption of a stationary ether gives tan = jS, which is, in practice, 
indistinguishable from Eq. (15-48). 
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EXERCISES 

1. Does the choice of relative velocity along the a:-axis and coincidence of origins 
at i = 0 put any essential limitations on the Lorentz transformation as given 
by Eqs. (15-21)? How, in detail, would you handle an arbitrarily directed relative 
velocity and an arbitrary pair of origins in the coordinate frames in making a 
Lorentz transformation? 

2. With relation to the Minkowski diagram of Fig. 15-8, interpret a proper 
length and a proper time in S as observed in the primed system S'. 

3. Show that the transformation of u^ from a proper frame to a general frame is 

e - (ux my^ 


where 7 = l/\/l — 


CHAPTER 16 

COVARIANCE AND RELATIVISTIC MECHANICS 

In Chapter 15 we have investigated the bearing of the principles of 
special relativity on the laws of kinematics. If the prmciples are valid 
they must apply to all fields of physics; by no experiment of any kind 
should it be possible to detect a preferred inertial frame. The bearing o 
the principles of relativity on other fields could be introduced by deigning 
appropriate Gedanken Experimente, as we did in kinematics. Or we 
could attempt to obtain transformation relations for physical quantities y 
applying the Lorentz transformation to the time and space coordinates of 
the pertinent prerelativistic equations and then trying to deduce trans- 
formation relations for the remaining quantities. Both of these approaches 
are useful. The thought experiment approach remains closest to physical 
concepts, and we shall make use of it in discussing collisions. The direct 
transformation process is frequently tedious, although it was the method 
used by Einstein in his original work to deduce the transformation equ 
tions for the electromagnetic fields and to show that MaxweU s equations 

are in agreement with relativistic principles. rc„;„v.+ 

There is a third method which is by far the most powerful and efficient 
in extending relativity. This approach is to rewrite the equations in a 
form which explicitly makes evident how the quantities would behave 
unTertchange to a different inertial frame. If an equation has a W 
which is invaLt to a change in inertial fmme, then an 
on this equation oboiously could not give a result 
ticulat frame of r-eference. The equation then d^cnbes » 

which would be in agreement of the choice 

equation written in such a way that its lo^ P 

of inertial frame is said to be Lorentz covariant. rlpHnpo the 

We shall investigate this method sufflo.ently to be able to deduce the 

basic relativistic relations in mechanics an e ec ro ynamics. 

!• x* o •fAiit*— vector. The Lorentz trans- 
16-1 The lorenta of the interval com- 

formation can be written as a linear * ,^2 ^3 ^4 a), in a four-dimen- 

ponents from the origin to point x , \ ? ? ? r^nPHted in- 

Lai space. Making use of the summatron conventron tor repeated 

dices, we may write 

2:*' = 
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where Q} is given by the matrix 




7 

0 

0 


0 0 
1 0 
0 1 


- 07 \ 
0 ' 
0 


(16-2) 


-fiy 0 0 y f 
Here jS = t;/c as usual, and for convenience in writing, 

1 


7 = 


(16~3) 


We have already noted that if the components of the vector x^' transform 
according to Eq. (16-1), then an experiment involving x^' cannot yield a 
preferred frame. If, therefore, any physical relation is written as a vector 
equation in four-space where the vector components transform in accord- 
ance with Eq. (16-1), then such an equation is said to be written in Lorentz 
covariant form. 

If we solve Eq. (16-1) for x^, we obtain 


where 


= m 

/ 




m 


-1 _ 


7 
0 
0 

\+fiy 


+i87\ 
0 ' 
0 


(16-4) 


(16-5) 


/ 


is the inverse matrix of Eq. (16-2), i.e., the matrix of the transformation 
corresponding to relative motion of the frames with opposite velocity. If 
a quantity with four components Aj transforms as the reverse transforma- 
tion of the x^j i.e., as 

a; = (Q})~'Ay, (16-6) 


then a relation equating components of the type Ay is also Lorentz co- 
variant. To restate these two cases: any quantities Ay or are Lorentz 
covariant if under change of inertial frame they transform as Eq. (16-3) 
or as 

(16-7) 

respectively. Ay is called a covariant four-vector and B^ is called a con- 
travariant four-vector. (It is unfortunate that the word ^^covariant’’ is 
used in two different ways, but this usage is a matter of accepted conven- 
tion.) In the language of matrices Q) is related to the inverse transforma- 
tion by the equation 


= 4 , 


(16-S) 
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^1 0 0 0 \ 
0 10 0 
0 0 10 
\o 0 0 1/ 


(16-9) 


is a matrix representing identity. 

We are not here concerned with general tensor analysis per se, nor with 
the -eneral transformation of coordinates. In the Lorentz transformation 
of snecial relativity the transformation coefficients Q) are constants and 
thus independent of the coordinates. In most of the references this trans- 
formation with constant coefficients is derived as a special ca,se of the 
o-eneral transformation of coordinates in which the coefficients themse ves 
are functions of the coordinates. In the general analog of Eq. (16 1) a 
differential coordinate element dx^ transforms like 

(16-10) 


dx 


»/ djJ'. 

\dxW 


Covariant and contravariant vector components transform as 


A’i = 


,5.r*7 




(16-11) 


respectively In the general theory of relativity it is necessary to use Eqs. 
(16-10) and (16-11), since the transformation coefficients may be func- 
tions of the coordinates. The distinction between covariant and con in- 
variant entities takes on added significance in that case. In special le a- 
tivity it is clear frcm Eq. (16-5) that the covariant vector Aj 
forms like -.r, -y, -z, ct. Even when the transformation coefficients a e 
constants, hm™’, th; algorism of general tensor analysis is extremely 
useful, and we shall follow the standard forms. 

lfr-2 Some teneor relatione useful in spedal relatijdt,. For our pm- 
oose TO may define as tensors aU quantities which themselves imintn n 

rfi^^UsLnmtion properties 

transformation. The simplest is an mva , +L„t _ 

1 -1 Wa have seen, for example, mat as — 

specified by a single numbei. VVe _ nf this kind is 

^df - d^ - dy^ - dz^ is such an invariant. A quantity of this kind 

calM a tensor of rank zero. four-vectors of Section 16-1 are ten- 

The contravariant ^ fensor of rank two is a collection of 

sors of rank one. A contra^'ariant 

sixteen quantities which transforms ^ ® 

(16-12) 


nkU 
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i.e., like the product of two contravariant vectors. Similarly, a covariant 
tensor of second rank is a set of sixteen components which transform like 

n = (16-13) 

i.e., like the product of two covariant vectors. A mixed tensor of second 
rank transforms like the product of a contravariant and a covariant vector, 

Tl' = QMr^Ti (16-14) 

Thus the pattern becomes clear: any quantity of the type which 

transforms like 

■ ■ ■ (et)“Vw; : z, (16-15) 

i.e., simply like products of covariant and contravariant four- vector com- 
ponents, is called a tensor of rank (m + n). It follows that the product 
of a tensor of rank m and one of rank n is a tensor of rank m + n. We 
shall rarely be concerned with tensors of higher than second rank in our 
physical applications. 

Since the transformations involved are linear, the sum or difference of 
any two tensors of equal rank is a tensor of the same rank, and equations 
can be made only between quantities of the same kind. Such tensor 
equations will be Lorentz covariant. In order to extend the principles of 
relativity by rewriting other laws of physics in the form of tensor equa- 
tions, we shall need some of the formal rules of tensor manipulation. 

1. When a mixed tensor has a contravariant index which is the same as 
a covariant index the implied summation reduces the rank of the tensor 
by two. This process is called contraction. The contraction of a tensor 
T], namely, T\, is an invariant. We shall see that if we contract the 
vector gradient (a tensor of rank 2) we obtain the divergence (a tensor of 
rank 0). 

2. We have seen that the “line element” in special relativity, ds^ — 
—dx^ — dy^ — dz^ + c^ dt^, is a scalar invariant, ds^ can be written in 
the form 


ds^ = gijdx^dx\ 


(16-16) 

/-I 0 

0 

0 ' 


0 -1 

0 


0 0 

-1 


(16-17) 

\ 0 0 

0 




is called the “metric tensor” corresponding to the line element. (In 
general tensor analysis Qij is a function of the coordinates.) It can easily 
be proved by transformation, using Eq. (16-5), that gij is actually a 
tensor. 
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3. By means of the relation 

Bi - (16-18) 

each member of a set of covariant components Bi can be associated with 
a contravariant tensor component. For the special form of gij given by 
Eq. (16-17) this process will simply reverse the sign of the first three com- 
ponents. The covariant components dxi corresponding to the basic 
contravariant interval dx^ are such that 

dx'^ dxi = ds^, (16-19) 

4. With reference to Eqs. (16-11), it can be seen by writing d/dx^^ == 
(dx^'/dx'^^) d/dx^ that the derivative d/dx'^ operating on a tensor transforms 
like an additional covariant tensor factor. (This is not true if the gtj are 
functions of the coordinates.) The operation of the ^^gradient” thus in- 
creases the rank of the tensor by one (covariant index) : if is a scalar, 
its gradient dT^/dx^ is a covariant vector, and the increment of the scalar 
can be written as a tensor relation by contraction, 

dT^ 

dT^ = — r dx\ (16-20) 

dx^ 

Similarly, if is a contravariant vector, bT^jbx^ is a mixed tensor of the 
second rank, while dT'^ldx'^, the four-divergence of T\ is a scalar invariant. 

5. If a four- vector obeys the relation 

er 

^ - 0 . ( 16 - 21 ) 


and if the components of are different from zero only in a finite spatial 
region, then the integral over three-dimensional space, 

7 = dv, ( 16 - 22 ) 

is an invariant. Let us prove this theorem. The four-dimensional analog 
of Gausses theorem states that 


/ 



/ 


rdSi, 


(16-23) 


where d^x = dx^ dx^ dx^ dx^ = dv dx"^, and dSi is an element of three- 
dimensional “surface’’ normal to in four-space. The region over which 
the integration of Eq. (16-23) is to be performed is indicated in Fig. 16-1, 
where the surfaces (A) and (C) are chosen so that the spatial components 
of vanish on (A) and (C). This can be done, for it was assumed that 
the region where the spatial components of do not vanish is finite. 
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(B) is chosen normal to the x^-bxis, 
while (D) is chosen normal to the 
It then follows from Eqs. 

(16-21) and (16-23) that 

TUSi = j 

Since dS^ — dv and dS'^ == dv', the 
ordinary three-dimensional volume 
element, this means that 

I =jT*dv (16-22) 

is an invariant under a Lorentz transformation. Similarly, it can be 
proved that if a tensor of rank two satisfies the relation 

(16-24) 
(16-25) 

is a four-vector. Equations (16-21) and (16-24) will later be recognized 
as ^^conservation laws.’^ 

6. A tensor possesses symmetry with respect to two contravariant in- 
dices, i and j, or two covariant indices i and j, if the interchange of i and 
j leaves all the components of the tensor unchanged. A tensor is said to 
be antisymmetric, or skew-symmetric, if such an interchange of i and j 
simply changes the sign of all components. All symmetry properties are 
invariant under a transformation of coordinates. 

These relations will suffice for our covariant description of particle me- 
chanics, although we have refrained from anticipating all the problems 
involved in the covariant description of electromagnetic fields. Before 
attempting the extension of relativistic principles to mechanics, let us note 
that a covariant relation in physics can be generated in three ways : 

(a) The relation is known in a special inertial frame, such as the proper 
frame where the system under consideration is at rest. If it is possible to 
express this law in the form of a tensor equation which reduces to the 
correct relation in the special frame, then this tensor equation has general 
significance. 

(b) A known tensor relation is converted into a new tensor equation by 
a eovariant tensor operation. The simplest example is multiplication by 
an invariant, but we have also noted tensor multiplication, contraction, 
and covariant differentiation as covariant tensor operations. 


then 


— r = 0, 

dx^ 




= j 


dv 



Fig. 16-1 Showing region of integra- 
tion for proving the theorem of Eq. 
(16-22). 
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(c) An equation is obtained from a relation valid in a special frame by 
transforming those quantities whose transformation properties are known, 
and deducing the correct transformations for the remaining quantities. 
These quantities are then expressible in tensor form. This process has 
been referred to at the beginning of the chapter as that of direct trans- 
formation and it is usually very tedious. 

16-3 The conservation of momentum. Let us use the above considera- 
tions to formulate the law of conservation of momentum for mass points. 
The formal relations so derived will then be compared with the result of a 
^Thought experiment” involving an inelastic collision as observed from 
various frames. 

In prerelativistic physics, a particle of mass m which is moving with 
velocity u possesses linear momentum p, where 

p = mu. (16-26) 

The vector u does not constitute the first three components of a four- 
vector, for u = dr/dt^ and while dx represents three components of the 
four-vector dx^ = {di^c dt), dt is not an invariant. [If the spatial com- 
ponents of a four-vector conform to a standard three-dimensional vector, 
we shall, in enumerating the components of the four-vector, use regular 
vector notation, as in x'^ = (r,cif).] However, if we divide the contra variant 
vector dx'^ by the invariant line element ds, we do obtain a four-vector 

dx'" 

» (16-27) 

ds 


known as the four-velocity, ds is the proper time interval multiplied by 
c, or 


ds = cdt ^ (16-28) 

and therefore the components of are given by 

u 1 

.c\/ 1 — u^/c^ ^/l — I & 

We note that so defined is dimensionless, instead of having the dimen- 
sions of ordinary velocity. * 


(16-29) 


* In constructing four- vectors or tensors we must make sure that the various 
members of the matrix representing the tensor have the same dimensions; this is 
done by using appropriate powers of c. Just how this is done is a matter of con- 
vention, and several texts differ from our conven tion by po wers of c. For example, 
may be consistently defined as = (u/Vl — c/Vl — u^/c^)^ which 

does give the dimension of velocity. The convention of choosing units of length 
and time to make c - 1 is also frequently used, with resulting simplification. 
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A covariant expression corresponding to linear momentum can be gen- 
erated by multiplying Eq. (16-27) by an invariant quantity moc^ which is 
assumed to be characteristic of the particle. Here mo is the rest mass, 
i.e., the mass measured in the proper frame of the particle. The four- 
momentum thus defined is 

pi = mo — (16-30) 

ds 


Defined in this way, is Lorentz covariant, although we note that its 
dimensions are those of energy. If we want to assure that the law of 
conservation of momentum shall be preserved in the framework of rela- 
tivity for two particles interacting at a point, then in order that this law 
be independent of the choice of inertial frame it must take the form 

Vi + P 2 = constant (16-31) 

before and after the collision. Equation (16-31) replaces the classical law 
MiUi + m 2 U 2 == constant, (16-32) 


in which it is assumed that mi and m 2 are constant. 

This discussion is restricted to direct interaction between particles, 
rather than ‘finteraction at a distance,’^ for two reasons. The total mo- 
mentum of two separated particles at a “given” time has no meaning in 
relativity, and furthermore all interactions are propagated with finite 
velocity. Therefore exchange of momentum between separated particles 
has meaning only if each particle conserves momentum with a field acting 
on it, or if the interaction is carried by a particle interacting in succession 
with the two mass points. Strictly speaking, each of the mass points con- 
sidered here must have zero extension in order that the discussion be 
rigorous. 

The components of the four-momentum defined by Eq. (16-30) are 




mouc 




\/l — u^/c^ \/l — u^/c^ 


(16-33) 


where u is the ordinary velocity in a given frame. The first three com- 
ponents have the form 

cp = emu, (16-34) 

where 


m = 


mo 

\/l — u^/c^ 


(16-35) 


Hence, if we require that the law of conservation of momentum be main- 
tained in its classical form, Eq. (16-32), and that it be Lorentz covariant, 
the mass of a particle is no longer an invariant but will depend on its 
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velocity in the particular reference frame. The ^Variation of mass with 
velocity” is an immediate consequence of formulating the law of conserva- 
tion of momentum in a covariant manner. 


16-4 Relation of energy to momentum and to mass. The relativistic 
form of the law of conservation of momentum implies not only the con- 
servation of the three spatial components of but also the conservation 
of the fourth component, 


= 




— u^/c^ 


= mc^. 


(16-36) 


Let us investigate the physical significance of this quantity. The time 
rate of change of in a given frame is 


or 


d'p"^ d / moc^ \ d / moU 

dt \\/l — 'u? I (?) dt \n/1 — 

dp? dp 

dt dt 


(16-37) 

(16-38) 


If we continue to measure the (three-dimensional) force by the time rate 
of change of momentum 

dp 

F = (16-39) 

dt 


then 


F-u 


dp 
u — 
dt 


(16-40) 


represents the rate at which work is being done in a particular system. 
Hence if the law of conservation of energy is to hold in a particular frame, 
and if E denotes the energy in that frame, 

^ constant. (16-41) 

dt dt 

Since energy manifests itself only when energy changes occur, we lose no 
physical significance if we put 

„ moc^ 

We are thus led to conclude that energy as measured by “work content” 
and mass as measured by the momentum for a given velocity are inter- 
ch ay) concepts j vdien one exists so does the other. ^N'either mass nor 
energy is an invnm^rit j the magnitude of both depends on the frame of 
the observer by the relation of Eq. ( 16 - 42 ). We have shown that the 
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change in mc^ corresponds to work done by mechanical forces; that it 
corresponds generally to change in energy under any mechanism that 
might be involved implies an additional assumption whose justification 
rests with experiment. Experience in other fields of physics, particularly 
in nuclear physics where the fractional mass changes become very large, 
certainly proves beyond any reasonable doubt that Eq. (16-42) is valid in 
this more general interpretation. 

For small velocities, E reduces to the classical kinetic energy plus the 
'hest energy^' moc^. By expansion of Eq. (16-42) for small values of u/c, 
we obtain 


E — moc^ 




, 1 ^ S 

= WIqC^ + - ^0'^ + - ^^0 “T + • 


(16-43) 


In general, relativistic mechanics reduces to Newtonian mechanics in the 
limit of small velocities, as indeed it must. 

Relativistically, the conservation of energy and the conservation of mo- 
mentum are not independent principles; one demands the other for a co- 
variant formulation. The invariant related to the energy-momentum 
four-vector, = (cp,E) in the same way that ds is related to dx'^ may be 
easily ascertained: 

p'^Pi = E^ — c^p^ = {rriQC^)^. (16-44) 

This relation between energy and momentum is valid in an}^ frame, and 
in a proper frame with p = 0 we have simply E == rrioc^. In other words, 
our assumption that mo is an invariant characteristic of a particular par- 
ticle is vindicated, and by means of it we have achieved a covariant for- 
mulation of the conservation laws. 

The energj^-momentum vector transforms like any other contra- 
variant vector. In accordance with Eq. (16-2), we have 


OPx 


cpa, - j6E 


E' - 


Vi-f 

Py; Pz = Pz, 
E - 


Vi - 


(16-45) 

(16-46) 

(16-47) 


where E = From these transformation relations, it can be seen that 
any transfer of energy implies transfer of mass and therefore momentum. 
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Fig. 16-2 Motor M driving load L at distance x. 


If E is the energy of a system in its proper frame (zero momentum), then 
from the primed system we shall observe a momentum 


P'x = 


—pE 



(16-48) 


According to Eq. (16-48), we must associate momentum with any agency 
that transmits energy, whatever the form of the energy. Consider a motor 
M driving a load L at a distance x, as shown in Fig. 16-2. If the motor 
transfers energy at the rate dE/dt to the load, the mass of L increases 
correspondingly. Mass is being transmitted over a distance x at a rate of 
(1/c^) dEJdt, and the system thus has a momentum 




X dE 
c" dt 


In general, if energy is being absorbed by a body at a given rate the 
momentum of the body increases, and to conserve over-all momentum we 
must associate a momentum density per unit volume, g, with any agent 
that transmits energy at the rate N per unit area in a given direction, 
where 

N 

g = -i* (16-49) 

c 


This relation is in agreement with our discussion of radiation pressure in 
Chapter 11, and with our considerations of momentum balance in Section 
10-6. When we considered electromagnetic radiation, which represents 
an energy flow E incident upon an observer, we were forced to attribute 
a momentum density as given by Eq. (16-49) to the electromagnetic field. 
This was really because we refused to accept the ether as capable of sus- 
taining a volume force. The failure to detect an ether by the experiments 
outlined in Chapter 14 strengthens the conviction that the system of 
radiation and absorption is a closed system. The result is that Eq. (16-49) 
is required by the conservation of momentum. Conversely, the assump- 
tions of conservation of momentum and the absence of an ether can be 
used to derive the mass-energy equivalence. In this way, the relation 
E = mc^ can be obtained without introducing the entire relativistic 
kinematics. 
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16-6 The Minkowski force. The force F = dp/di in a given frame is 
not the spatial part of a four-vector. On the other hand, a quantity 
known as the Minkowski force, 

dp® d „ 

F® = — = — (cp,mc^) 
ds ds 

I I dp I d(mc)] 

= — -= — » — —===== » (16-50) 

. Vi - dt Vi ” dt _ 

is a contra variant four- vector. The components of F'' can be written as 


= 


— u^/c^ V^l ■— 


(16-51) 


where F and u are the ordinary three-dimensional force and velocity of 
Eqs. (16-39) and (16-40). (Note that the dimensions of F^ are those of a 
force!) The transformation laivs for force can be derived from the four- 
vector character of F\ We shall restrict ourselves to the case where F is 
proper in what we have called the S frame, i.e., u = 0, F^ = (F,0). In 
the S' frame u^. = since = 0, and we obtain 

FL = F,, (16-52) 


K = FyVr^, (16-53) 

K = f .Vl - f. (16-54) 

An interesting application of the transformation equations for F is 
afforded by the equilibrium of the right-angled lever shown in Fig. 16-3. 
To an observer at rest in S, the lever is in static equilibrium under the 
action of Fx and Fy as shown, so that 



FxLy = FyLx. (16-55) 



Fig. 16-3 Right-angled lever in a moving coordinate system. 
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To an observer at rest in 2', we should expect the lever to remain in rota- 
tional and translational equilibrium, for otherwise the two inertial frames 
would be distinguishable. Using the transformation equations for lengths 
and forces, we find that to an observer in 2' a net torque, T', is acting on 
the lever in a counterclockwise direction, where 

r = - (Vl - ^2 F,)(Vl - d" L,) = (16-56) 

c 


This torque results in no rotation, however, for is doing work on the 
lever at the rate F^r == F^v, and the angular momentum of the lever is in- 
creasing at the rate 


dM (Fxv)vLy FxLyV^ 

d.t (? (? 


(16-57) 


Hence to an observer in 2', even though neither the torque nor the change 
in angular momentum is zero, the existing torque exactly balances the gain 
in angular momentum and the equilibrium condition is preserved as an 
invariant property. (In this discussion we have omitted all mention of 
the mechanism b}^ which forces are transmitted through the lever. The 
laws of elasticity are also profoundly modified by relativity: the lever can- 
not be treated as a rigid l)ody, since the velocity of propagation of an im- 
pulse is limited. A more detailed discussion, taking account of these 
modifications, does not alter the above conclusions, however.) 

Before leaving tlie subject of forces, let us consider briefly the motion of 
a particle under the influence of external forces. From 


we obtain 


F = 


c/p 


Y- 


mou 


F = 


di 

mo 


dt \ Vl 
du 


mQiin 


du 


Vl “ dt c^(l — dt 


(16-39) 

(16-58) 


This shows that tlie acceleration of a particle requires a component of 
force parallel to the velocity as well as that parallel to the acceleration. 
For low velocities the second member of the right side of Eq. (16-58) 
is much smaller than the first term. When ii/c is very small in compar- 
ison wfith unity, Eq. (16-58) can be approximated by F = modn/dt, the 
classical form of Newtorfls second law of motion. 


16-6 The collision of two similar particles. Without reference to tensor 
methods the dependence of mass on velocity can be deduced by use of the 
Lorentz transformation and the requirement that in a two-particle colli- 
sion momentum be conserved. This is an example of the Gedanken Expert- 
mente process of extending the principles of relativity. 
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Fig. 16-4 Collision of two similar particles. The bars designate quantities after 
the collision. 


Consider a head-on collision between two particles of equal properties. 
We may choose S'' as the center of mass frame in wdiich the collision is 
symmetrical, i.e., they appear to approach with equal velocities, as in Fig. 
16-4. After a short period of coalescence they will move apart in opposite 
directions with velocities of equal magnitude in this frame. 

We noAV postulate that momentum and mass are to be conserved in any 
frame. Hence, in S, 

mi + m2 = M, (16-59) 


miUi + m2% = Aff, 


(16-60) 


where M is the combined mass during collision. From the longitudinal 
velocity addition relations, we have 


Ui 


V 



U2 


~u' + V 


u'v 



(16-61) 


By eliminating M from Eqs. (16-59) and (16-60), and making use of Eq. 
(16-61), w’^e obtain 


mi 1 + u^v/c^ a/i — '^/g^ 
TO 2 1 - u’v/(? Vl - u\/^ 


(16-62) 


Hence, in order to preserve the postulated conservation laws in all frames, 
we must have 


m == 


mo 
\/l — 


(16-63) 


where mo is the mass in a frame proper to the particle. This is in agree- 
ment with Eq. (16-35), and the further deductions follow as above. 
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This description is of particular interest, since it enables us to obtain 
from Eq. (16-61) the mass M during the collision: 


ikf = mo 


: + 


V 1 - u\/c^ Vi - 


2mo 

This is larger than 1 — which would be the mass of the two 

particles of rest mass mo moving with velocity v. This increased mass 
represents the increase in energy of the two particles during collision owing 
to the stored elastic energy or to the energy increase where it is not all re- 
leased again in kinetic form. The distinction between inelastic and elastic 
collisions therefore essentially disappears so far as the first part of a colli- 
sion is concerned. If the two particles separate after the collision, a knowl- 
edge of the energy changes during the impact is necessary for the deter- 
mination of the final velocities in any frame. 
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EXERCISES 

1. Let a particle of initial energy W and rest energy Wo hit a like particle at 
rest. Show tha t if W » Wo, the maximum energy available in the zero momen- 
tum frame is V2WWo. 
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2. A TT® meson of rest energy TFo moving with velocity u in the laboratory, dis- 
integrates into two 7 -rays. Calculate (a) the energy distribution of 7 -rays from 
TT^ mesons in the laboratory, (b) the distribution in angle of one of the 7 -rays against 
the other in the laboratory. 

3. If a particle of initial kinetic energy Ta and rest energy IFo strikes a like 
particle at rest, show that the kinetic energy T of the particle scattered at an 
angle 6 k 

rp ^ 

, , Tosin20' 

4. To produce a ‘‘proton pair’^ an energy of 2Mqc^ = 1862 Mev is required in 
the center-of-mass S 3 "stem. What is the minimum energj^ (a) of a proton, and 
(b) of an electron, needed to produce such an event by striking a proton at rest? 

5. In ex}>eriments on proton-neutron scattering the scattered and recoil par- 
ticles are at 90° to each other for nonrelativistic velocities. Calculate the first 
order correction (assumed small) to this angle for velocities large enough to make 
such a correction necessary. 
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We recall that the Lorentz transformation was introduced by considera- 
tion of the propagation of an electromagnetic wave. Actually, the homo- 
geneous equation governing electromagnetic wave propagation is already 
in covariant form, since the D^Alembertian operator 


□ = - 


d d 
dXi dx^ 


(17-1) 


is an invariant. In general, Maxwelhs equations and their consequences 
lend themselves very simply to covariant description. This follows from 
the fact that no modifications at all are necessary in the laws of electro- 
dynamics to make them agree with the requirements of relativity. The 
covariant formulation of the space-time coordinates in the equations auto- 
matically puts the rest of the equation into covariant form. 


17-1 The four-vector potential. Relativistically, it is clear that charge 
density and current are simply different aspects of the same thing. If we 
have a ^‘proper” charge density po in a frame where such charges are at 
rest, then the contravariant vector 



dx^ 

f = Po- 
ds 

(17-2) 

has the components 



/-(p“ p). 

(17-3) 

where 

Po 

^ -s/l — u^/c^ 

(17-4) 


Hence the transformation equations for charge and curi'ent densities follow 
automatically. And since charge and current densities are components of 
a single four-vector f , we are led to combine the inhomogeneous wave 
equations, Eqs. (13-7) and (13~8), in an analogous way. Expressed as 

m = -p/eo, (17-5) 

□ cA = — pu/c€o, (17~6) 
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these equations are equivalent to 

□0^ 




where 


(17-7) 

(17-8) 


The scalar and vector potentials are therefore no longer quantities per- 
mitting independent description; they are different aspects of the same 
thing. It follows that the same can be said of electric and magnetic fields : 
in some sense they, too, are different aspects of the same thing. 

The equation of continuity of charge and current takes the simple co- 
variant form 


dx^ 


0 , 


(17-9) 


and the Lorentz condition, Eq. (13-3), becomes its counterpart: 


-~ = 0 . 
dx^ 


(17-10) 


In terms of the covariant components of the gauge transformations, 
Eqs. (13-9) and (13-10), combine as the single equation 


{cf), 

OjO 


( 17 - 11 ) 


giving both the correct transformation character and the correct sign. 
The derivation of the field from the (p'^ and laws of physical consequence 
must not depend on the choice of the scalar function 
Equation (17-4), which gives the transformation from a charge density 
at rest to a charge density in a nonproper frame, is such as to ensure the 
invariance of total charge. A spatial volume element dv is related to a 
proper spatial volume dvo by 

dv = dvo^l — (17-12) 

since only one dimension suffers a Lorentz contraction. Hence, 

pdv = po dvo (17-13) 

and the charge within a given boundary remains invariant. The electronic 
charge e thus remains a universal constant in the theory of relativity. 
Since no charges have been found in nature which are not integral multi- 
ples of e, total charge could be measured by a counting operation which is 
presumably also an invariant. These facts are all in agreement with ex- 
periment. The invariance of total charge is also a direct consequence of 
the theorem stated in Eq. (16-22) combined with Eq. (17-9). 
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Let us obtain the integral of the inhomo- 
geneous wave equation, Eq. (17-7), corre- 
sponding to an (invariant) point charge e at 
a point (.rOi* We know that in a proper 
frame, as in Fig. 17-1, the integral of Eq. 

(17“7) is simply the Coulomb potential, 

= ^0, V (17-14) Fig. 17-1 Source point and 

\ 47r€o ^^ 0 / field point in a proper frame. 

where Tq is the proper vector distance from the source to the field point. 
The potential signal at (x ^)2 is to be measured at the time corresponding 
to the retardation condition 

R^'R. = 0 = -r^ + (17-15) 

where 

Rj _ ^ (17-16) 

To make Eq. (17-14) valid in any frame, we seek to write the potential 
solution in tensor form such that it reduces to the Coulomb potential if 
u = 0. In a proper frame, the four-velocity, = dx'^jds, has the com- 
ponents 

4 = (0,1). (17-17) 

Now the invariant, u^Ri, can be evaluated in the proper frame where 
Rq = (ro/o), and is just 

idRi = ro. (17-18) 

Equation (17-14) can then be written in tensor form, 

e 

— . (17-19) 

47r€o VrRj 



subject to the condition RjR^ = 0. This equation is now valid in any 
frame, whether proper or not. 

In order to write Eq. (17-19) in terms of three-dimensional vectors, we 
recall that 



Hence, 



(17-20) 
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and Eq. (17-19) then has the components 

(17-21) 


(17-22) 

The potentials of Eq, (17-21) are called the Lienard-Wiechert potentials, 
and later we shall derive them from the retarded potentials of Chapter 13. 
In Eq. (17-21) u enters as the velocity of the observer relative to the 
frame in which the charge was at rest at the time of “emission” of the 
signal. 


where 


e /u 1 

<^>^ = 7 — 1 - 
4ir€o \cs 

r • u 




17-2 The electromagnetic field tensor. In writing down the covariant 
derivation of the fields from the potentials a problem arises which has its 
origin in ordinary three-dimensional vector analysis: E and B are not 
vectors of the same kind. The prototype for an ordinary vector is the 
displacement of a point in space. Such vectors are called polar vectors, 
and u, F, E, D, etc., are of this type. The scalar products of these vectors 
are unchanged by all orthogonal transformations of the coordinates — 
translations, rotations, and reflections — although if any or all of the coordi- 
nate axes are changed in sign the corresponding vector components change 
sign. The same cannot be said of the “vector product” of two polar 
vectors: the very definition of vector product depends on whether A X B 
is to be taken in the right-handed or left-handed sense. (The usual proto- 
type for a vector product represents the area of the parallelogram defined 
by A and B, but the “sense” of such a surface is arbitrary.) It is clear 
that if all three coordinate components of A and B are changed in sign no 
change at all occurs in A X B. Quantities that transform like vector prod- 
ucts are called axial vectors, and examples are torque, angular momentum, 
B, H, and M. They transform like ordinary vectors under translations 
and proper rotations of the coordinate system, but under any changes in- 
volving reflections of the coordinates the relative sign between axial and 
polar vectors is reversed. The scalar product of an axial vector and a 
polar vector is not a true scalar, but a pseudoscalar: it changes sign under 
an inversion of the axes. Physical vector relations can, of course, equate 
only vectors of the same kind. 

Axial vectors cannot form the spatial components of a four-vector. On 
the other hand, the components of C == A X B can be expressed by two 
indices, those of the components of A and B: 


where 


Cl2 = C., C23 = C,, 031 = C,, 


(17-23) 

(17-24) 
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in a right-handed Cartesian coordinate system. For example, the equation 
V X E = — B is written in this notation as 


= 


(17-25) 


(17-26) 


dE^ dEa 

dx“ dx^ 

and V X A = B is written as 

dA^ dAa 

dxP 

where a and /3 are restricted to 1, 2, 3, and ordinary three-dimensional 
components are involved on the left side of the equations. On the other 
hand, E is polar; it can be derived from the potentials by 

dS dAa 

= - — . (a = 1, 2, 3), (17-27) 

dx^ dt 

Examination of Eqs. (17-26) and (17-27) in the light of tensor require- 
ments leads us to introduce a four-dimensional antisymmetric field tensor 
Fij which, as a function of the covariant four-vector potential 



(17-28) 

is 

d(j)j d(i)i 
dx^ dx^ 

(17-29) 

The contravariant tensor would be given by 


d(i>^ d4>'^ 

dXi dXj 

(17-30) 


In conformity with Eqs. (17-26) and (17-27), the components of Fij are 

j 


/ 0 

— cBz 

-\-CBy 

-Ex'- 


0 

— cBx 

— Ey 

1 —CBy 

-{-cBx 

0 

-Ex 

\+E, 

-^Ey 

-\-Ez 

0 ' 


(17-31) 


The components of the corresponding contravariant tensor are 

i 

7 / 0 


=' 




CBy 


-cBx 

-\-CBy 

+ Fa;'' 

0 

-cBx 

+ Ey 

+cBx 

0 

A-Es 

— Ey 

-Ex 

0 ^ 


(17-32) 



282 COVARIANT FORMULATION OF VACUUM ELECTRODYNAMICS [CHAP. 17 


Since it is possible to write the fields covariantly in terms of the poten- 
tial, it should be possible to wi’ite MaxwelFs equations themselves in co- 
variant form. It is easily verified that the source equations, 


correspond to 


V • E = p/€o, 

/ aE\ 

V X B = po ( j ’ 


ji 

dx^ €o 


(17-33) 


(17-34) 


which is just the covariant divergence of the field tensor. Agreement of 
Eq. (17-34) with the equation of continuity, Eq. (17-9), is obvious from 
the antisymmetric character of the field tensor. The other field equations 
are a little more awkward : 


<9B 

V-B = 0 and VXE= 

dt 

correspond to 

_L 4. - Q 

dx^ dx'^ dx^ 


(17-35) 

(17-36) 


The left side of Eq. (17-36) will vanish identically unless i ^ j 9 ^ k. 
Moreover, permutation of indices wull not change the content, and hence 
only four of the sixty-four equations formally represented by Eq. (17-36) 
are nontrivial. 

Equation (17-36) can be written in a form resembling Eq. (17-34) 
(which is equivalent to a four-vector) by taking account of the fact that 
it is a completely antisymmetric tensor of third rank. The completely 
antisymmetric tensor of fourth rank, is defined so that its com- 

ponents are zero unless i 9 ^ j 9 ^ k 9 ^ I, and equal to ±1 according to 
whether ijkl is an even or odd permutation of 1234. transforms like 
a tensor under translations and proper rotations of the coordinates, but 
not under reflections or inversions (improper rotations) : changing the sign 
of an odd number of coordinate axes does not change the components of 
P^^^^ under this definition, contrary to what is expected of a tensor. It is 
thus not strictly a tensor, but a 'pseudotensor. The pseudotensor formed 
by multiplying the antisymmetric field tensor by is called its dual: 

Qv = ( 17 „ 37 ) 

It can be seen that is constructed like except that E and cB are 
interchanged. In terms of Eq. (17-36) is equivalent to 


r = 0. 

dx'^ 


(17-38) 
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This equation is written so as to permit the introduction of magnetic poles 
and pole currents if they exist. Since is a pseudotensor, any hypo- 
thetical pole four-vector to be added to Eq, (17-38) is a pseudovector. 

The tensor expression for the fields immediately permits a derivation of 
the Lorentz transformation of the fields. From Eq. (16-12), 


(17-39) 

and thence we can easily derive the relations 

(17-40) 

5[| = J5||, (17-41) 

= t(Ej_ + V X Bj_), (17-42) 

B'x = t(Bjl - V X E_l/c^), (17-43) 


where 7 = 1/Vl — 0^, as in Chapter 16, and E\\, Fjj and Bj_ are the 
components of E and B parallel and normal to v, respectively. 

Equations (17-42) and (17-43) can be interpreted physically in a fairly 
simple way. The terms linear in v (except for the factor 7 ) should be 
essentially classical, i.e., describable by MaxwelFs equations without ex- 
plicit use of relativistic arguments. Equation (17-42) corresponds to the 
fact that to order 0^ a particle moving relative to a magnetic field experi- 
ences an electric field E + v X B, as has been discussed in detail in Chap- 
ter 9. To interpret Eq. (17-43), we may consider the flux through a rec- 
tangle moving through a region containing an electric field, as shown in 
Fig. 17-2. The rectangle extends outside the region where E is different 
from zero. In exact analogy to the magnetic case discussed in Section 9-3, 
the line integral of the magnetic field B' seen by an observer moving with 
the rectangle would be governed by the rate of change of electric flux 
through this rectangle as well as the real current J linking the rectangle. 
The rate of change of electric flux is given by 

• (v X ca = -j){v X E) -dl. (17-44) 


Therefore the circulation of B' is given by 



Fig. 17-2 Rectangular path of integration moving through an inhomogeneous 
electric field. 
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In terms of the rest coordinates, this is equivalent to 

B == B' + ” (V X E), (17-46) 

in agreement with Eq. (17-43) for small 
The transformation equations for the fields are of considerable value in 
the solution of practical problems involving the motion of electrons and 
ions in electromagnetic fields. It is frequently possible to transform away 
either the electric or the magnetic field by choosing a suitable Lorentz 
frame, whereupon the solution may be much simplified. 

17-3 The Lorentz force. The Lorentz force per unit volume, f = 
p(E + u X B), is the space part of a four-vector, 

= (17-47) 

The fourth component of f is 1/c times the power expended by the electric 
field per unit volume. But the total force acting on a charge occupying a 
volume so that dq = p 8v, is not the space part of a four-vector, since it 
is given by 

T = fdv = dqiE + nXB), (17-48) 

In a proper frame, since 5q is an invariant, 

Fo = dq Eo (17-49) 

and hence, in general, from Eqs. (17-40) and (17-42), 

Fii==Eo|}, (17-50) 

Fx = (17-51) 

These equations are in agreement with the mechanical force transforma- 
tions, Eqs. (16-52), (16-53), (16-54). It follows that equilibrium between 
mechanical forces and electrical forces is invariant to the choice of frame — 
the nature of the force does not affect its transformation properties. More- 
over, we are justified in defining force by the relation F = dp/dt if for F 
we use the Lorentz force, Eq. (17-48), and thus Eq. (16-50) is the rela- 
tivistically correct expression for the equation of motion of a charged 
particle in an electromagnetic field. In Chapter 23, we shall return to 
consider the covariant Hamiltonian formulation of the equations both for 
particles and for fields. 


SUGGESTED REFERENCES 

Excellent accounts will be found in the previously listed books by Becker, Berg- 
mann, M0iler, and Tolman. Landau and Lifshitz approach the subject from the 
behavior of a particle in a field. In addition we should list the following works. 


EXERCISES 


285 


A. SoMMERFELD, EUctrodynamics, Part III, Theory of Relativity and Electron 
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EXERCISES 


Show that: 

1. If E and B are perpendicular in one Lorentz frame, they are perpendicular in 
ail Lorentz frames. 

2. If |E| > |cB| in any one Lorentz frame, then |E| > |cB| in any other Lorentz 
frame, and vice versa. 

3. If the angle between E and B is acute (or obtuse) in one Lorentz frame, it is 
acute (or obtuse) in any other Lorentz frame. 

4. If E is perpendicular to B but |E| 9 ^ |cB|, then there is a frame in which the 
field is either purely electric or purely magnetic. 



CHAPTER 18 


THE LifiNARD-WIECHERT POTENTIALS AND THE FIELD 
OF A UNIFORMLY MOVING ELECTRON 

The mathematical “machinery’’ of covariance is a powerful tool for de- 
riving the consequences of electromagnetic theory, as we have seen, but 
the resulting expressions must be translated into the ordinary space and 
time variables of the observer in order to be compared with experiment. 
Most of the results of classical radiation theory were derived before the 
advent of relativity theory, it being assumed that the frame of the ob- 
server was one in which Maxwell’s equations are valid. It is instructive, 
in view of the physical interpretation of the formulas, to go through some 
of these derivations, especially now that we have seen from relativistic 
considerations that their validity is much more general than could have 
been originally supposed. 

18-1 The Lienard-Wiechert potentials. Let us consider the application 
of the retarded potentials, Eqs. (13-24) and (13-25), to compute the 
radiation from an electron. Now in classical electrodynamics the only 
thing known about the electron is that it has a certain total charge, and 
any calculation of its radiation field cannot involve details of how this 
charge may be distributed geometrically within the electron. On the other 
hand, it is impossible to assume that the charge has zero physical extent 
without introducing various mathematical divergences. But certain fea- 
tures of the radiation field are actually independent of the radius of the 
electron, provided only that it is small compared with the other dimensions 
of the radiation field. In our discussion of the electron and its behavior we 
shall assume that it has a finite radius, but we shall ascribe physical sig- 
nificance only to those properties which are independent of the magnitude 
of the radius. Actually a definite electron radius has no meaning as an 
observable quantity. It can be shown quantum mechanicaliy that no 
length measurement on the electron can yield its radius. Moreover, as we 
have noted previously, a “rigid” dimension for an object is relativistically 
self-contradictory. 

Prerelativistically, considerable care had to be exercised in applying the 
concept of retarded potential to a system wdiose total charge is knowm. 
If [p] is the retarded charge density to be substituted in Eq. (13-25) to 
give the correct potential then J[p] dv does not in general represent 

the total charge of the system. The reason is that the various contribu- 
tions to the integrand [p] dv are evaluated at different times, and during 
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the time the information-collecting 
sphere of Fig. 18-1 SAveeps over the 
charge distribution the charges may 
moAm so as to appear more or less 
dense than they should to give a 
correct value for the total charge. 

This can be illustrated by a detailed 
consideration of the process. Con- 
sider the sphere of Fig. 18-1 con- 
verging onto the point of observa- 
tion Xa Avith a velocity c, and let it 
gather information as to the charge 
density Avithin a certain charge sys- 
tem as it sAveeps across the system. 

If the charge system has an average velocity component in the same 
direction as the motion of the converging sphere the volume integral of 
the retarded charge density will be in excess of the total charge. If the 
charge distribution has an average velocity component in opposition to 
the A^elocity of the contracting sphere the integral will give a result less 
than the total charge of the system. 

The situation is analogous to the problem of taking a census of the 
population of a country. Let us assume that a group of census takers con- 
verges upon the “information center’' AAuth a certain speed, measuring the 
population density by counting the people every day as they travel. The 
correct population AA^ill differ from the total of the census takers’ informa- 
tion depending on Avhether the population had a net migration trend with 
the census takers (in Avhich case the true population is less than the sum 
of the reported densities) or against the census takers. Similarly, the re- 
tarded potential of an approaching charge aauII be larger than that of a 
receding charge at the same distance from the observer, since the ap- 
proaching charge stays longer AAuthin the information-collecting sphere. 

Let us consider the radiation field of an electron Avhose A’-elocity is com- 
parable to c. We shall assume that our electron is a system about which 
AA^e knoAv (a) that the total charge is e, and (b) that Avithin an unspecified 
but small volume all parts of the electron’s charge are moving systemat- 
ically Avith a velocity u. Let r be the radius vector from a point where 
there is charge to the point of observation on Avhich the sphere of Fig. 
18-1 is converging; r is the “retarded” value of the radius, measured at 
the time of passage of the sphere. If the electron is at rest, the amount of 
charge that the sphere AAdll cross during the time dt as it shrinks by dr is 
given by [p] dS dr. On the other hand, if u is different from zero a quantity 
of charge which is less than [p] dS dr by the amount [p] dS(u •i/r) dt will be 
crossed by the sphere. Thus the amount of charge observed by this means 



Fig. 18-1 Element dS of sphere col- 
lecting information from charge in mo- 
tion with velocity u. 
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of collecting information is 

de = [p]dv' - [p] — dSdL 

But dt = dr/c, and dS dr = so that 

de = [p] dv^ — [p] dv'. 

rc 

Solving for the retarded charge density, we obtain 

de 


[p] dv^ - 


1 


u • r 


cr 


or 


b]dv’ 


de 


u • r 


(18-1) 


(18-2) 


(18-3) 


r — 


The retarded potentials of Eqs. (13-25) and (13-24) thus become 

1 /* de 


<l> = 


47r6o 


r • u 


(18-4) 


A = 


Po 

47r 


ude 


r • u 


(18-5) 


At the limit of a point charge the distance-dependent terms are slowly 
varying, and since (de = e, the known electronic charge, the potentials of 
a point charge are 

Ire 


<t> = 


47reo 


r • u 


(18-6) 



eu 


r * u 


c J 


(18-7) 


Equations (18-6) and (18-7) are known as the Lienard-Wiechert poten- 
tials of a single electron. Note that these expressions are independent of 
the extent of the charge, and therefore independent of any detailed elec- 
tronic model. They are, in fact, just Eqs. (17-21), but the significance of 
the velocity is quite different. Here the velocity is that of the charge in 
its retarded position relative to the special coordinate frame in which it 
had to be assumed, prior to relativity theory, that MaxwelFs equations 
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were valid. In Chapter 17 we saw that the velocity was that of the ob- 
server relative to the frame in which the charge was at rest at the time 
the signal was emitted. All the detailed calculations of fields from moving 
charges made on the assumption that there is one frame in which the 
wave equation is correct are equivalent to those resulting from a covariant 
formulation of electrodynamics if we thus re-interpret the velocity. 

18-2 The fields of a charge in uniform motion. Since the relation of 
the ^fietarded’’ position to the “present’^ position of an electron is not, in 
general, known, the Lienard-Wiechert potentials ordinarily permit only 
the evaluation of the fields in terms of the retarded positions and velocities 
of the charges. If the motion is uniform, however, it is possible to express 
the potentials and the fields in terms of the “present^' position of the 
charge, i.e., the position of the charge at time t that the information- 
collecting sphere of Pig. 18-1 converges at the point of observation. 

Consider an electron, as in Fig. 18-2, moving with a uniform velocity 
in the :r-direction. Let us evaluate the Lienard-Wiechert denominator 
s = r — (r • u) /c in terms of the present position of the electron. Since by 
the geometry of the figure, to X u = r X u, it can be easily verified that 



The denominator s can then be expressed explicitly in terms of the present 
position coordinates xq^ i/o, Zq, or in terms of tq and the angle ^ between u 


and Tq: 


Xo + Vo + r (Vo + ^5) 



(18-9) 



Fig. 18-2 Potential and field coordinates of an electron in uniform motion. 
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With this substitution for the denominator of Eqs. (18-6) and (18-7) the 
Lienard-Wiechert potentials are given in terms of the present coordinates 
of the electron. 

The fields are easy to compute explicitly in this case. The electric field is 

dA 

E = -V4> (13-1) 


The time derivative can be evaluated in terms of the spatial derivative by 
noting that the field must be carried by the uniformly moving charge. 
A stationary observer will see the same change in the fields during the 
time dt as will an observer who moves a distance —udt from the same 
position wdthout any lapse of time. Hence the time derivative can be re- 
placed by 


d 

dt 



(18-10) 


With the use of this relation in Eq. (13-1), 
field become simply: 





the components of the electric 



(18-11) 



(18-12) 

(18-13) 


Although A has only an ^-component, the electric field is symmetrical 
(except for the denominator) in its three components. Note that the field 
is directed toward the “present” position of the electron (for a negative 
electron), and not toward the “retarded” position. Vectorially the elec- 
tric field is given by 



(18-14) 


which shows explicitly the direction of the field. 

The magnetic field of the uniformly moving electron, as computed from 
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B = V X A, turns out to be 


fjLoe u X ro 

47r 6*^ 



1 

-rU X E. 


(18-15) 


For low velocities, u 0, s —> r, Eqs. (18-14) and (18-15) reduce to the 
Coulomb and Biot-Savart fields. For high velocities, u c, both field 
magnitudes depend on the angle between the direction of motion of the 
electron and the radius vector Tq. From Eq. (18-14) it is seen that the 
electric field is increased in a directio n at right angles to the direction of 
motion in the ratio of l/Vl — u^/c^, while in the direction of motion the 
field is decreased in the ratio (1 — u^/c^). At very high velocities the field 
thus resembles more and more the field in a plane wave. For a short 
time, as a high-velocity electron passes an observer, he sees a purely 
transverse electric and magnetic field. Note, however, that a uniformly 
moving charge is nonradiating in the sense that its field does not represent 
an energy loss. This can be shown by direct evaluation of the Poynting 
vector corresponding to the fields given by Eqs. (18-14) and (18-15). 

These formulas are identical with those obtained by appl 3 dng a Lorentz 
transformation to the fields of a static charge, with no restriction on the 
velocity other than that implied by the limit /5 — > 1. (The proof of this 
statement is left to a problem.) Prior to relativity theory, however, con- 
siderable care had to be exercised in the application of these results, and 
the assumption that the observer is at rest with respect to the particular 
frame of reference in which Maxwell’s equations were assumed valid was 
very troublesome. The theory of relativity has eliminated these difficulties 
by justif 3 dng the interpretation of u as the relative velocity between the 
electron and an observer. 


18-3 Direct solution of the wave equation. It is instructive to see how 
our conclusions regarding the field of a uniformly moving charge can be 
derived from the inhomogeneous wave equations. Equations (13-7) and 
(13-8) are to be solved subject to the subsidiary Lorentz condition of Eq. 
(13-3). The field of an electron moving with uniform velocity must be 
carried convectivel}^ along with the electron, wdiich implies that the time 
and space derivatives are not independent. This fact can be expressed 
mathematically by a generalization of Eq. (18-10): 

a 

- = -u • V. (18-16) 

dt 

This means that any field parameter at a given point changes by the same 
amount in a time dt as at a fixed time it would differ from the same field 
parameter evaluated at a distance —udt along the direction of motion of 
the electron. 
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Let US consider a single component of the inhomogeneous equation 

Di(Xa,t) = —g(Xa) (13-11) 


under the condition that the source charge moves with constant velocity- 
in the ^-direction. Then, by Eq. (18-16), the wave equation becomes 


\ cV dz^ dy^ dz^ 


-y{x,y,2) 


(18-17) 


This equation can be transformed by a change of variables 


Zi = 


yi =y; 21 = 2; 


■y/l — 

to a simple electrostatic Poisson equation, 

vfiA = -?(Vl - u^l(? Xi,yi,zi), 
of which the solution is the ordinary Coulomb potential, 




1 

4:T 


g{xa,) dvj 

r{Xa^,Xoc^ 


(18-18) 


(18-19) 

(18-20) 


If we transform back to the original variables, this solution becomes 

\p(xc) =— / dv , (18-21) 

47r 7 s 

where 

s = V(a: - x')^ + (1 - u^c^niy - y')^ + (z - z')% (18-22)* 
Explicitly, then, for a charge e moving with a velocity u, 


e 


<^= . 

47r€oS 

(18-23) 

eu 

A = 

47r€oC^s 

(18-24) 


Equations (18-23) and (18-24) represent the same potentials as those 
obtained from the Li^nard-Wiechert expressions. In this derivation, how- 
ever, the question regarding the propagation velocity of the corresponding 
wave and the relation between present and retarded potentials does not 
enter, since by a suitable transformation we have reduced the equation to 
be solved, Eq. (13-11), to the static equation, Eq. (18-19). It is obvious 
that the purely mathematical process of Eq. (18-18) is in reality a Lorentz 
transformation, in which we transform the observer's position to a frame 
that is at rest relative to the electron whose field is to be computed, 

*Note that x — x' in Eq. (18-22) corresponds to the “present^' coordinate xq 
Id Eq, (18-9), and likewise for the other coordinates. 
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lg_4. Xhe “convection potential.” The force which would be exerted 
by these fields on another electron moving with a velocity u parallel to 
that of the original electron producing the field is presumably given by 
the Lorentz expression: 

F = e(E + u X B). 


If the fields are computed from the potentials of Eqs. (18-23) and (18-24), 
this force is given by 


F = 



4x60 



u 

+ (u-V) — 
c s 


+ 



(18-25) 


which, by expansion of the vector product, becomes 


F = 



(18-26) 


Equation (18-26) can be written in the form 


where 


F = -Vf, 

e^(l — u^l(?) 

* — 


(18-27) 

(18-28) 


is called the convection potential. The force of one electron on the other 
is thus derivable from a scalar potential, i/', but this scalar potential does 
not have spherical symmetry about the position of the electron producing 
the field. In particular, since the direction of the force must be perpen- 
dicular to the surface of equal convection potential, we would conclude 
that the force F 2 exerted by the electron ei at {xuVuZi) on the electron 
at {X 2 ,y 2 ,z 2 ) is perpendicular to the ellipsoid 

s = (a;i — ^ 2 )^ (1 ■— M^/c^)[(?/i 2 / 2 )^ "b (^1 ^ 2 )^] 

= constant, (18-29) 

as shown in Fig. 18-3. 



Fig. 18-3 Showing forces between two point charges as derived from the con- 
vection potential. 
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On the other hand, the reaction force Fi on the electron 6 i is perpen- 
dicular to the corresponding ellipsoid (shown by the dashed line in the 
figure) referred to the co-moving electron 62 . Hence, except when the line 
between the electrons is parallel or perpendicular to the direction of mo- 
tion, the forces of action and reaction do not appear to be coliinear. There- 
fore if the two electrons were connected by a rigid bar there would be a 
couple acting about an axis perpendicular to the plane of the line Joining 
the electrons and the direction of motion. This will be recognized as the 
torque also predicted by Ampere^s law when current elements are substi- 
tuted for the moving charges, and which Trouton and Noble attempted to 
measure. The paradox produced by the observation of a null effect indi- 
cates the difficulties in interpreting the velocity of moving charges in pre- 
relativistic electrodynamics. 

The torque predicted here is real enough to an observer moving with a 
velocity u relative to the two charges, and should in that case be measur- 
able if there were no mechanical considerations involved. We have al- 
ready noted that the assumption of a ^'rigid'' bar is not consistent with 
the theory of relativity. What relativity means is that mechanical quan- 
tities obey the same transformation laws, whether their origin is mechan- 
ical or electrical. Hence forces derived from elastic stresses would depend 
on the velocity in the same way as those corresponding to the Lorentz 
force. The problem as a whole is similar to that in which the torque is 
balanced by the gain in angular momentum : in every case equilibrium is a 
property invariant under a Lorentz transformation. It is clear that to an 
observer moving along with the charges they do not actually constitute 
current elements, and the observed interaction will be just the static 
Coulomb force. 


18-5 The virtual photon concept. We have shown that the electro- 
magnetic field of a rapidly moving charge approaches the field of a plane 
wave as the velocity approaches c. It is of considerable interest to express 
this correspondence in a quantitative way. 

The electromagnetic field due to a passing charge represents a pulse in 
time which corresponds to a distribution in frequency of the energy con- 
tained in the field. Clearly, the integral of this frequency spectrum will 
simply represent the total energy of the field of the charge. This integral 
will, of course, be divergent unless the field is ^^cut off^^ at small distances. 

Let us first make a Fourier analysis of the transverse electric field. We 
have, from Eq. (18-13), 




47r€o y 

Ejiit) = — 2 , — 

e [{uty + 7 m ] 


(18-30) 


where 7 = (1 


— u^/c^) ^ and h is the perpendicular distance between the 
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particle trajectory and the observer (see 
Fig. 18-4). The Fourier components of this 
field are given by 


mTT J — 

eby~^ /■” 


e p 

StT €Qb'li J — (X) 


^i(o)blyu)^ 

if + 1)^ 


di, 

(18-31) 


where ^ = yut/b. This can be written as 
e 


Ecal — 


' / Co6\ / 6 

>b\i 

— Zi - 

-) 

_ \yu/ \y 

■u/ J 


(18-32) 



Fig. 18-4 For computing 
the transverse field of a moving 
electron. 


where Ki is the Bessel function of the second kind with imaginary argu- 
ment. The function Ki{x) behaves like 1/x near x = 0 and goes to zero 
asymptotically as Hence we can approximate Eq. (18-31) by 




e 


4:T^€()hU 


0) < yu/bf 


Eoii = Oj CO > yu/b. 


(18-33) 


This relation is quite reasonable, since due to the transverse contraction 
of the field the effective “time of passage^' is of order b/yu. 

In an electromagnetic w^ave half the energy is carried by the electric 
and half by the magnetic field. Hence the total energy is 


U 


eoj E\ dv = «/(/ E\u dt^ 2Tb db. (18-34) 


By using the theorem proved in Eq. (13-36) we may write this energy in 
terms of Fourier components as 


U 


•/o 

2 


0 ) dco = 4xeoW /(/> xp dco^ 2Trb db 
oo 


7r4iT€QUJo Jhrai 


■ dci3, 


(18-35) 


where 6min is an arbitrary lower cutoff for the Coulomb field. Hence, 

2 


= 


T dxao'W 


•In 


Vtobmin/ 


(18-36) 
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gives the energy distribution of the equivalent plane wave field in fre- 
quency. Clearly, &min remains undefined within the framework of classical 
theory. 

It is attractive to translate Eq. (18-36) into the number of ^'equivalent 
photons’’ No: by the relation Uo: dec = ficcNo: do). Let us take u c. Then 

No: do) = (2a:/7r) In (:Yc/o)bmm)(do)/o)), (18-37) 

where o: = e^fiTreoUc ^ 1/137 is the fine structure constant. Quantum 
mechanically the position of the charge is undefined within distances 
smaller than those of order fi/moCj so that we can take hmin ^A^/mgc, 
where A is a numerical constant. Since ymoc^ is the total energy £J of 
the particle, we can write 

No: do) = {2a/Tt) In (E/Afio)) (dco/cc). (18-38) 

Hence the spectrum of “equivalent photons” varies approximately as l/oo. 
The number of equivalent photons per electron is small, namely, of the 
order of 1/137. 

Equation (18-38) is very useful in relating the probability of processes 
induced by electrons, or by other particles which act essentially only 
through their electromagnetic field, to the probability of processes induced 
by electromagnetic radiation. 
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exercises 

1. Obtain the general expression for the field of a uniformly moving charge by 
making a Lorentz transformation of the static Coulomb field. How do you recon- 
cile the statement that the field is decreased in the line of motion with Eq. (17-40), 
according to which E[| == En? 

2. Find the torque on the charges of Fig. 18-3 as derived from the convection 
potential and compare the answer with that found in Chapter 14. 
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RADIATION FROM AN ACCELERATED CHARGE 


We shall now consider the fields of a charge e in the general case for 
which the retarded position as a function of the retarded time is assumed 
given; in other words, Xait') is known, where t’ is the time at which a sig- 
nal propagated with velocity c is emitted at so as to arrive at Xa at 
time i. Note that this statement implies the existence of a definite means 
for establishing the relation between the time of emission, and the 
time i of reception at the field point. Prior to relativity theory, it was 
simply assumed that the problem is solved in the frame for which the 
wave equation involving c is valid, and hence i and i' are connected by c. 
Relativity extends the validity of this formulation to all frames. The 
additional difference bet^veen the classical and relativistic formulation is 
conceptual. In classical physics it is assumed that there exists a universal 
time scale, so that the connection between i' and i could be verified inde- 
pendently; hence the validity of the assumption that a frame is, in fact, 
the one for which the wave equation is correct could be independently 
verified. Relativity denies this hypothesis. Moreover, we shall have to 
consider the meaning of the velocity u in the two cases. In classical 
theory u is the velocity of the source point in the frame in which the wave 
equation is valid; in special relativity u is the velocity in any inertial 
frame. 


19“-1 Fields of an accelerated charge. Let us compute the complete 
electric and magnetic fields of a charge e for which is given. The 

retarded values of the velocity and acceleration of the charge, 

Ua = dxjbi ^ Ua = d^x'cc/df^, (19-1) 


are thus also known. Vectorially, 


dr 


dh 

-U, r = U. 


(19-2) 


The Li^nard-Wiechert potentials are given by the usual formulas, 


(j)(Xa,t) 


e 1 
47r€o s 


(18-6) 
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where s = r - (ii • r)/c is a function of both the field point and the retarded 
source point coordinates. The field and source point variables are con- 
nected by the retardation condition: 

= c(t - f). (19-3) 

When we derive the fields E and B from the potentials of Eqs. (18-6) 
and (18-7) in the usual way, 

B = V X A, 


we must notice that the components of the vector operator are partial 
derivatives at constant time t, and therefore not at constant time Par- 
tial differentiation with respect to Xa compares the potentials at neighbor- 
ing points at the same time, but these potential signals originated from the 
charge at different times. Similarly, the partial with respect to t implies 
constant Xa, and hence refers to the comparison of potentials at a given 
field point over an interval of time during which the coordinates of the 
source will have changed. Since only the time variation with respect to t' 
is given (in the original description of the problem) we must transform 



and V|i to expressions in terms of 



in order to compute the 


fields. This procedure is necessary because it is, in general, impossible in 
the case of an accelerated source charge to express the potentials in terms 
of the ^‘present position” alone, as we did in the case of uniform motion. 

To obtain the required transformation for the derivatives, we note that 
since x^ is assumed given as a function of t', we have from Eq. (19-3), 


r[Xa,x^(t')] = f(xa/) = c(t - (19-4) 


which is a functional relation between Xa, and t'. In order to relate 
d/dt to d/df, we need only hold x^ fixed in this relation and note that 


Then 


or 



d r d 

dt s dt' 


(19-5) 

(19-6) 

(19-7) 


Therefore. 


(19-8) 
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is the desired transformation for the time derivatives. Similarly, for the 
vector operator V, 

dr r r • u , 

Vr = -cVt' = Vir + — Vf' = W, (19-9) 

dt' r r 


where by Vi we mean differentiation with respect to the first argument of 
the function / in Eq. (19-4), that is, differentiation at constant retarded 
time t’. Therefore, from Eq. (19-9), 


and, in general 


r 

Vt' = » 

sc 

(19-10) 

r d 

V = Vi -■ 

sc dt 

(19-11) 


Equations (19-8) and (19-11) constitute the required transformation of 
the differential operators from the coordinates of the field point to those 
of the radiator. 

The computation of the electric field from the Lienard-Wiechert poten- 
tials thus becomes 

47reo 1 3 U 

ilE = -tVs r 

e dt s(r 


1 I ds 

cs® dt' 


r ^ ru ds 
c^s^ dt' 


(19-12) 


Using ViS = i/r - v^lc and Eq. (19-5), and then collecting terms, we find 
thatl^he two terms containing u combine to a vector triple product, so 

that 



/ ru\ 


(19-13) 


Similarly, 


47r«oC' 


B = V X - 

e s 


r X ti , u X r 


1 1 /r • u r • li 

r s \ rc - 


rXfi , uXr/^^ 


cs 

u X r 


1 r ( 

-h-i-X rX 

CST I 


ru\ 


(19-14) 
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Fig. 19-1 Position parameters for the field of a charge in arbitraiy motion. 


On comparison with Eq. (19-13), we see that 

rc 


(19-15) 


Thus the magnetic field is always perpendicular to E and to the retarded 
radius vector r. 

The electric field is composed of two separate parts. The first term in 
Eq. (19-13) varies as 1/r^ for large distances, and is formally identical 
with the “convective” field of a uniformly moving charge. We might 
call = r — m/c the “virtual present radius vector,” i.e., the position 
the charge would occupy “at present” if it had continued with uniform 
velocity from the point (see Fig. 19-1). In terms of the 1/r^ field 
is simply 


Finduction 


eTu 


47r€oS^ 



(19-16) 


which is identically Eq. (18-14) for a charge in uniform motion. It is 
analogous to the quasi-static or induction field which we discussed in con- 
nection with the radiation from variable current and charge systems in 
Chapter 13. Equation (19-16) represents a nonradiating term in the sense 
that it does not contribute to the energy flow over an infinitely distant 
surface, but it may contribute to the net energy loss of the electron. If 
the charge is accelerated, the field is neither static nor convective, and 
there is a net change in field energy which must be supplied. This energy 
loss will cause a reaction on whatever outside force is responsible for the 
electron's motion. We shall return to a detailed consideration of this 
reaction force in the next chapter. 

The second teim in Eq. (19-13), 


Eradiation 


4ir€oS^c^ 


r X (r^ X t), 


(19-17) 


is of order 1/r and therefore does represent a radiation field in the sense of 
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contributing to the energy flux over a large sphere. Similar considerations 
hold for the two terms of Eq. (19-14). Let us look at some important 
special cases of this radiation field. 

19-2 Radiation at low velocity. In ease the velocity is so small that 
u/c is negligible in comparison with unity, r„ ~ r and s ~ r, so that 


Erad 


47reocV 


r X (r X t), 


(19-18a) 


B, 


rad 


47r€oC’^r^ 


u X r. 


(19-185) 


Equations (19“18a, 5) represent a 
field which is formally identical to 
that [Eq. (13-59)] of a radiating 
electric dipole of moment equal to 
lie/co^. The angular distribution of 
the radiated energy is therefore 
simply the sin^ 6 distribution dis- 
cussed in Section 13-6 (see Fig. 
19-2). To obtain the rate of energy 
loss from the accelerated charge, we 
integrate over a sphere the Poynting 
vector corresponding to Eqs. (19- 
18) and find 

dW 

(19-19) 


dt' 67r€oC^ 



Fig. 19-2 Angular distribution of 
radiation field of a low velocity electron. 
The pattern is symmetrical about the 
axis of 6. 


19-3 The case of u parallel to u. If u and u are along the same direc- 
tion, regardless of whether u is small, the radiation fields are simply 


E = 


4 :T€oC^S^ 


r X (r X n), 


B = 


er 




uXr. 


(19-20a) 

(19-20b) 


* In Gaussian units (see Appendix I), 

-dW 2eV 


df 3c^ 

Ail equations for radiation rates in this and the succeeding chapters are written so 


that they can be reduced to 


Gaussian units by putting f ) 

^ ^ \47r€0/«^k8 


(^^)g aussian* 
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Fig. 19-3 Sketch of the radiation field of an electron decelerated along its line 
of motion, u comparable to c. 

Equations (19-20) differ only by the factor r^/s^ = [1 — . {u/c) cos 0]“^ from 
the slow electron (dipole) case of Eqs. (19-18). The qualitative effect of 
this factor is to increase the radiated energy in the forward direction, as 
shown in Fig. 19-3. 

To calculate quantitatively the angular distribution of the radiated 
energy, we must look carefully at what is meant by “the rate of radiation^ ^ 
of the charge. This is the amount of energy lost by the electron in a time 
interval dt' during the emission of the signal, i.e., the rate of energy loss 
’-dW /dt' of the electron itself. At a given field point the Poynting vector 
N represents the energy flow per unit time measured as t. Therefore the 
rate of energy loss of the electron into a given solid angle dQ. is given by 


dW(e) 

dr 


dQ 


^ dt ^ . dt ci 

iN|— = \EXB.\—r^d2 


'dt' 


ctt s 

= €qcE\^ — do = eocE^ - do, 

dt' r 


(19-21) 


when we have used Eq. (19-7). Hence the directional rate of energy loss 
for the accelerated electron is 



(19-22) 


The correction s/r can be physically interpreted as follows. The energy 
emitted by the electron in a time dt' is located in the volume between two 
spheres, one of radius r about a point ( 0:^)2 and the other of radius r + cdt' 
about a point {Xf^i which is a distance —u dt' from the second position of 
the source, as indicated in Fig. 19-4. Consider the element dv of this 
volume subtending a solid angle dl2 = dS/r^ at (x«) 2 . Since dr — 
cdf — [(r • u)/r] dt'j 

( u * r\ cs 
c J dt' = —dS dt'. 


( 19 - 23 ) 
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Fig. 19-4 Location of energy radiated by an electron as it moves from ( 2:^)1 to 
(O2. 


Therefore the energy dW dQ contained in this volume within 
angle dO is 


dW dQ 


€0 




cs 


-dSdt' 


eoE^-dSdf 

r 


the solid 
(19-24) 


in agreement with Eq. (19-21). 

The principal application of Eqs. (19-20) and (19-21) is to the calcula- 
tion of radiation from an electron which is decelerated, it being assumed 
in this approximation that the direction of motion does not change. De- 
celeration radiation is kno^\m as bremsstrahlung. For an exact classical 
calculation it would be necessary to put into the equations the precise 
variation of acceleration with time, using the stopping power of the mate- 
rial upon which the electron impinges. For a simplified discussion, let us 
assume that u is constant while the velocity decreases from Uq to 0. This 
gives a resultant pulse of radiated energy: 





dW = 


(19-25) 
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i: 



-dW = 


sin^ du 

64:7r^€QC^ COS d 


Uo 

1 cos 

c 


- 1 dQ. ( 19 - 25 ) 


Thus the angular distribution of the pulse as a whole is also tipped for- 
ward in the direction of the motion. The radiation is polarized with the 
electric vector lying in the plane of the radius vector and the direction of 
deceleration. Equation (19-25) can be used to estimate the total efficiency 
of an x-ray tube. In practice, however, both the angular distribution and 
the polarization of the outgoing radiation are greatly modified by scatter- 
ing of the electrons in the target material. 

The frequency spectrum of the outgoing radiation can be obtained by 
Fourier analysis of the radiation field. Let us assume for simplicity that 
a change Au in the velocity takes place in a very short time At\ and that 
u<^c. If the radiation takes place at time to, the wave field during the 
short time interval may be written 


e sin 0 Au e sin 6 

m) = ^ Au 5{t - to), 

iweoC r At 4TeoC 


(19-26) 


where we have expressed w as a S-function, 


If we put 


ii = 5{t — to) Au, / udt = Au. 


Eit) = / dM, 


„ 1 e sm 0 Am . , 

E^=— Eit)e^*dt = — r — — e"‘o, 
2 t J 8r6o(rr 


(19-27) 


which, except for phase, is independent of o. Now the total energy loss 
is obtained by integrating the Poynting vector over the surface of a sphere 
and over the time during which the change in velocity takes place. For 
M <5C C, 

f dW r /’” 

-W = J - —dt' = eocj J E^dtdS. (19-28) 

The frequency of the energy loss, corresponding to a field whose Fourier 
components are Floj, is then obtained as in Section 13-3. 


E^dt^4:x 


(19-29) 
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Frequency 

(a) 


Wavelength 

(b) 


Fig. 19--5 Ideal spectrum of bremsstralilung as a function of frequency and as a 
function of wavelength. 


is analogous to Eq. (13-36). Hence the energy loss in a frequency band 
dco is 


— Wo} do) ~ 47r€oC 


■ f \E.\ 

Js 


^dSdo>. 


(19-30) 


For our specific spectrum, Eq. (19-27), 


■W^d<^ 


/ A'mV du 


— 


277 


47r€oC \ c / (27r)^ Jq 
/Au-V^dco 


d(p I sin"^ 6 sin 6 dd 


3t€oC \ c / 27r 


(19-31) 


Equation (19-31) indicates that the spectrum of radiation is constant 
on a frequency scale. Even classically the extent of the spectrum to high 
oj is due only to the simplifying assumption of zero collision time: a Fourier 
analysis of a finite collision time process will automatically remove the 
very high frequenc}^ components. Actually the spectrum will be cut off at 
the point where the kinetic energy of the electron is equivalent to a single 
quantum of radiation: 

K.E. = = Aj^max. (19-32) 


With such a maximum the ideal spectrum is shown on a frequency scale 
and again on a wavelength scale in Fig. 19-5. By means of Planck^s 
hypothesis, Eq. (19-31) can be expressed in terms of the number of quanta, 
dN = —Wi^do)/fio), that are “shaken off^’ during the velocity change. 
This gives 


dNa. = 


2 /A^^\^ do) 

47reofic SttK c J o> 


12 / AtiX ^ doo 
137 Stt \ c / CO 


(19-33) 


Thus an infinite number of zero energy quanta would be emitted, although 
the total energy is finite. This feature is also present in a more exact 
treatment, and is known as the infrared catadrovhe. 
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Fig. 19-6 Charge with acceleration at right angles to its velocity. 


19-4 Radiation when the acceleration is perpendicular to the velocity. 
There are important practical applications of the case of a charge moving 
in a circle of radius a with a constant angular velocity co, as indicated in 
Fig. 19-6. Here u — ao), u — r^ = r — ur/c, u • r = cos u • r = 
ur sin 6 cos <p, where ^ is the azimuthal angle. Hence 


[r X (r„ X 6)]^ 
and thus 

dW{e,ip) 

ai] = 

dt' 



167r^€oC^ 



sin^ B cos^ 
sin^ 6 cos^ (p 

do. 


(19-34) 


The resultant pattern has zeros in the plane of the circle at 0 = cos“ 
(u/c). For large velocities the radiation is very much more intense in the 
forw^ard direction than in any other, as indicated in Fig. 19-7. As u ap- 
proaches c the radiation becomes a sharp forward ray. 



Fig. 19-7 Sketch of the radiation field of Fig. 19-6 in the plane of motion for u 
comparable with c. The pattern is not symmetrical about the axis of 6 in tins case. 
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Integration of Eq. (I9~34) gives the total rate of radiation of a charge e 
moving in a circle of radius a with constant angular velocity co : 

_ ^ ^ ^ f Z.V ( 19 - 35 ) 

dt' 6ir6oC® (1 — GireoC® VTFq/ 

where Wo = and W is the relativistic energy W = Wq/V 1 — u^/c^. 
Such considerations are important in the theory of the betatron and syn- 
chrotron. The betatron, for example, is a machine in which electrons are 
accelerated to very high energies while moving in a circle of fixed radius. 
Some numerical examples of the energy which must be supplied for radia- 
tion loss are included in the problems. 

19-6 Radiation with no restrictions on the acceleration or velocity. 

The general radiation field, Eq. (19-17), together with the correction to 
the rate of radiation that leads to Eq. (19-21), gives the general expres- 
sion for the directional rate of radiation; 

dW e^r 

dn = 3 v -x [r X (r„ X u)]^ dQ. (19-36) 

Since the radiation fields vanish when r„ = r — ur/ c is parallel to il, 
there are, in general, two nodal lines such as we have noted in the special 
cases. The position of the nodes can be constructed graphically, as shown 
in Fig. 19-8. Construct a circle of radius r about the charge at 0, and lay 
off OQ = nr/c. A line through Q parallel to u with end points A and B 
on the circle will then represent both values of Tu for which the fields van- 
ish. OA and OB are thus the two nodal lines, which always lie in the 
plane of u and d. 

It is an elementary but somewhat complicated matter to integrate Eq. 
(19-36) over the total solid angle. Probably the simplest method is to 



Fig. 19-8 Graphical construction of nodal lines in the radiation field. 
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choose the direction of u as the polar axis and first perform the azimuthal 
integration. The final result of the integration is 


dW 

IF 


u 


(u X n)^/c^ 


fiTTCoC^ (1 - 


(19-37) 


for the total rate of radiation. It is easy to check that the radiation rates 
given in the previous sections are special cases of Eq. (19-37). That Eq. 
(19-37) can be derived by Lorentz transformation from Eq. (19-19) is 
shown in the problems. 


19-6 Classical cross section for bremsstrahlung in a Coulomb field. 
At low electron energies Eq. (19-25) gives the approximate yield of “soft/' 
x-rays if empirical values of u are used. In that case, collisions of the pri- 
mary electrons with nuclei are rare, and the principal source of energy loss 
and momentum transfer consists of electron-electron collisions. But single 
collisions between particles of like e/m do not produce either electric dipole 
or magnetic dipole radiation, since displacement and circulation of the 
center of charge are inconsistent with the conservation of linear and angu- 
lar momentum. (As an example, see problem 4 in the exercises at the end 
of this chapter.) Hence, in the low-energy range, where electron-electron 
collisions predominate, the radiation is computed by the collective effects 
of the electrons in retarding the incident particle. At higher energies, and 
particularly for heavy targets, the x-ray yield must be considered as being 
due to radiation during the deflection of the electron in the Coulomb field 
of a nucleus. For electron collisions with nuclei, dipole radiation is pos- 
sible, and in these circumstances the effect of single collisions predominates. 
We can make a simple nonrelativistic calculation, involving only the trans- 
verse acceleration, which contains the essential physical features of a more 
detailed treatment. 

Consider an electron of velocity u passing a nucleus of charge Ze at a 
distance 6. If the time of closest approach is taken as ^ = 0, the magni- 
tude of the force as a function of the time is 


F = mu = 


Freo(h^ + uHF 


(19-38) 


so that the (small) transverse component of acceleration suffered by the 
electron is approximately 

h 


47r€oW (6^ + 


(19-39) 


To calculate the radiation loss and the spectral distribution, we must 
make a Fourier analysis of u: 


1 

= — / u{t)e dt 
27r J —00 


1 2Ze% f cos dt 
2'ir 4:T€om Jq (5^ + uH^) ^ ^ ^ 



19 - 7 ] 


CERENKOV RADIATION 


309 


Now the Bessel function Ki(ub/v) is represented by the integral 


( 19 - 41 ) 


( 19 - 42 ) 


The function Ki(uih/u) has the property that Ki(o:b/u) c^u/ub for 
o}b/u < 1, and for large values of the argument it decreases exponentially. 
We may therefore take 

1 Ze^ 1 

Ua, = W < u/b, 

TT iTTfoin ub 

( 19 - 43 ) 

= 0, 0 } > u/b. 




— I 

uo) Jo 


cos exit dt 


and tfius 


1 


lib/uf + ei 

Ze^ 2o> 


2x 4')r€owr w' 


Kt 




The radiated energy per unit solid angle is then, from Eq. (19-30) with 
the substitution of the radiation of the radiation field appropriate to Uc^j 

1 


• do) dil 


4X60 


sin^ 6 dcx) do, 


(19-44) 


where ro = e^/4x€omc^ is the classical electron radius. The total rate of 
radiation per frequency interval do) is 


-Fee do; = 


2Z^e% c 
3x^€o 


dw. 


(19-45) 


Equation (19-45) can be expressed as a cross section for the emission of 
quanta of energy fio), if we take account of all possible distances b: 

do) 


da 




flu 


2x6 db = 


3 x€o fic 


In 


iax\ do) 
ain' W 


3 U^/c^ \bmiJ 0) 


(19-46) 


in which it must be remembered that co < u/b^in. The limit 6max is de- 
fined by the effective limit of the Coulomb field due to ^ ^screening’ ^ by 
atomic electrons surrounding the nucleus. The limit bmin is equivalent to 
cutting off the spectrum for fio) greater than the kinetic energy of the 
incoming electron. Equation (19-46) is only approximate, but it illus- 
trates the dependence on Z, Tqj and a = e^/4x€o^c which is retained in the 
quantum mechanical calculation. 


19-7 Cerenkov radiation. We have seen in Chapter 18 and again in 
Section 19-1 that a charge moving uniformly in vacuo does not radiate. 
The Poynting vector corresponding to the induction fields, Eq. (19-16) 
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and the related magnetic field given by Eq. (19-15), falls off too rapidly 
with increasing r to contribute to a surface integral at large distances. 
The situation may be different, however, in a dielectric medium for which 
€ > eo, /c > 1. Let us consider the field of a moving charge in such a non- 
conducting medium, where for simplicity we let }x = mo- With the more 
general definition of the D’Alembertian operator given by Eq. (13-6), the 
inhomogeneous equation for the vector potential is just 

□A = V^A - = -Moj. (13-7) 

dr 

The solutions are the same as the vacuum solution s ex cept that c is re- 
placed by c/n, where the index of refraction n = \/e7^ = a^nd thus 
the retarded time is t' = t ~ rnfc. The relativistic limitation on the 
velocity of a particle is r < c, but if an electron with velocity nearly equal 
to c enters a dielectric medium its velocity may be greater than that of 
light in the medium. In these circumstances the retardation denominator 
may vanish, and in the direction for which 1 — un/ccos6 = 0 the field 
intensities are infinite. In a cone defined by the angle 6 — cos""^ (c/nu) 
with the direction of motion, we might therefore expect to find radiation. 
Such radiation was first observed by Cerenkov in 1934. Note that if 
u > c/n the transformation of Eq. (13-7) to an equivalent static solution, 
as discussed in Section 18-2, is impossible. 

For a quantitative estimate of Cerenkov radiation it is convenient to 
use the Fourier solutions of Chapter 13. The current density j corre- 
sponding to a charge e moving with velocity u can be represented by 

j = eu 8(x' — ut) d(y') 8{z'). (19-47) 

This expression evidently localizes the charge correctly at the source point 
{x',y\z'), and makes Jj dy' dz' dt = cx, where x is a unit vector in the 
direction of motion. The Fourier transform of j required for substitution 
into Eq. (13-33) is given by 

jcc = — dt=: — 8{y') 6(z') (19-48) 

27r J 2x 


Hence, if we let x', y\ / be the components of the source vector | in Eq. 
(13-33), the Fourier component of the magnetic field becomes 


Ho, = ~ 


f ek sin 6 
4:T~R ^ 


' f i(~-‘kx'cosd\ _ , 

■ / c k w / (19-49) 


when the integrals over y^ and z' have been performed. Here k = oon/c 
as defined in Eq. (11-19), and 6 is the angle between k and u. We can 
now follow the line of derivation leading to Eq. (13-37), with the slight 
modification due to the presence of the refractive index n in the equation. 
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In the wave zone the relation between the magnitudes of E and H is 

1 1/^0 


|Ei 


|Hi, 


\ €o 

and hence the energy loss in a frequency band dco is 
Itt 


sw = 


j \H^\^R^dUdc^ 

{(^-kx'cosd) ^ . 

/ e V ^ y dx' 

J — 00 


e^cn 
47r 


€Qcn 647r^c‘ 


sin^ 0 do do), (19-50) 


The integral over x' is essentially a 5-function, 5(1 ■— 7iu/ccosd), again 
indicating infinite fields in the direction 6 = cos~^ (c/nu). But this form 
is easily manageable: an infinite path is not available to the electron, and 
the integral can be taken from —X to X: 


'•X 


'-X 


QOS eyx'/u ^ 


2 sin 


nu 


■ cos 6 ) 




/ nu \ 
CO ^1 cos 8J 


(19-51) 


Therefore 


dW = 


1 e 


, 2, ^,,2 /*+! 


Sin"' 


2 ^" eoC^ J —1 


sin^ d - 


/ nu \ 

(l--cos»j 


loX 

u . 


(l 


nu 


cos 9 


■ d(cos 6) dco. 




(19-52) 


The angular integral still has some of the characteristics of a 5-function: 
it has a sharp maximum at cos 9 = c/nu. If we use this value of 9 in the 
slowly varying function sin^ (9, and remember that the limits do not matter 
so long as they include the one maximum, we may write the integral in 
Eq. (19-52) as 


sin" 


[(■ 


nu 


■COS0 


\ coX 


7^ 


nu 


cos 


- d(cos 9) 


0 


c2 \cX 


r 


con 


' sin^ X 


cX-K ( <? \ 

& = 1--F1- (19-53) 

un \ n u / 
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The radiation loss in the frequency interval doo is then 


8W = 


2xeoC^ 




) do). 
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(19-54) 


The corresponding energy loss per unit length of path becomes 
5F __ ^ 

dL 4:TreoC" 

since the total path considered is 2X. In terms of the number of quanta 
of energy Tica, Eq. (19-55) becomes 


(l--4~^c.dc,, (19-55) 


8N 


\doi ( 

47reo/ic \ 'nTw! c \ 




do) 

c 


(19-56) 


which is independent of the frequency except insofar as the index of re- 
fraction depends on the frequency. Since the velocity of propagation for 
high frequencies in a dielectric approaches its vacuum value, n(6;) will 
become smaller than c/ii for sufficiently large values of w, and the total 
number of quanta is finite. 


SUGGESTED REFERENCES 

Radiation from accelerated charges is treated in practically all books on electro- 
dynamics. Three of the best are: 

R. Becker, Theorie der Elektrizitdt, Band II. 

L. Landau and E. Lifshitz, The Classical Theory of Fields. 

A. SoMMERFELD, Electrodynamics. 

Briefer accounts will be found in: 

J. A. Stratton, Electromagnetic Theory. The emphasis here is on antennas and 
antenna arrays, but the accelerated charge fields are also derived. 

W. R. Smythe, Static and Dynamic Electricity. The radiation fields of a charge 
are included in Chapter XIV, together with special relativity. 

For a treatment of the Cerenkov effect, see L. I. Schift’, Quantum Mechanics. 


EXERCISES 


1. Equation (19-19) is valid in a proper frame. Show that a Lorentz trans- 
formation of both sides of the equation leads to Eq. (19-37). 

2. In a betatron, electrons are accelerated to velocities comparable to that of 
light while moving in a circle of fixed radius. Find the energy radiated per one 
revolution of an electron for c. 

3. Show that most of the radiation from a very fast electron is confined to a 
cone of angle 6q = Wq/W, where TV is the total energy and TVo = m^c^. 

4. Show that the angular distribution of the total radiation emitted when one 
particle, ei, mi, passes another, m 2 at relative velocity w <$C c, is given by 


dW __ const / ei 
dQ^ Wi 
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where n and n,, are the components of a unit vector n directed along the direction 
nf the radiation and h is the impact parameter, assumed constant during the mo- 
ton The velocity u is in the ^-direction, and the two charges lie in the xy-plane. 

^ li ' Consider a charge e passing a heavy charge Ze with impact paraineter b. 
The velocity is not necessarily small. Assuming that the angular change in path 

k small calculate the transverse momentum imparted. _ 

6 From the result of problem 5 calculate the mean square scattering angle ot a 
phsro-e nassino- through a thickness t of material containing N, charges of magni- 
tude'’Ze per unit volume. Assume that the impact parameters available range 

Calculate the classical cross section (per unit frequency interval of the emitted 
radiation) for radiation from an electron colliding with a perfectly hard sphere of 

output of Cerenkov radiation for a 350-Mev neutron traveling 
in o-lass of refractive index 1.9. (The current associated with the neutron is due to 
its mai^netic dipole moment.) Compare this answer whh the Cerenkov radiation 
from a*proton of the same energy under the same conditions. 

Hint: Put j = V X M in Eq. (19-48) and integrate by parts. 



CHAPTER 20 


RADIATION REACTION 


It was shown in Chapter 10 that the law of conservation of momentum 
could be reconciled with an electrical interaction of the form 


F = c(E + u X B) 
only if a momentum of density 

N EXH 

S = 1 = — i— 


( 20 - 1 ) 


( 20 - 2 ) 


is assumed for the electromagnetic field. Similarly, the electromagnetic 
field carries an energy density 




E-D + H‘B 
2 


(20-3) 


in order that energy be conserved in a closed system containing both mat' 
ter and radiation. Let us apply these considerations to the field of an 
electron. 


20-1 Electromagnetic mass. If we consider the energy and momentum 
balance of the fields due to an electron, we are immediately led to the fol- 
lowing qualitative conclusions: 

1. If an electron is in uniform motion its field will contribute to the mo- 
mentum, since for a small virtual change in velocity the momentum of 
both particle and field would change simultaneously. 

2. If an electron radiates by virtue of an acceleration produced by an 
external force, the external force must supply both the energy and the 
momentum required by the change in fields. This can be done only by 
means of a reaction force, produced by action of the radiation field on the 
electron itself. 

To arrive at somewhat more quantitative conclusions, let us first con- 
sider the electron in uniform motion with u<Kc. If the velocity is changed 
by a small amount 5u, the magnetic field changes by 


Mo e8n X r 

47r 


(20-4) 


Consider the magnetic flux passing through an area in a narrow strip 
normal to 8n and extending from the electron to infinity, as indicated in 
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Fig. 20-1. The flux change of Eq. 
(20-4) produces an electromotive 
force around the boundary of the 
strip. If the 2 :-axis is taken along 
dn, as shown, curl E = ~dB/dt re- 
duces to BE si dr = dB/dt^ and hence 
the impulse received by the charge 
due to the change in velocity is 
approximately 

n 

dg == eEs 8t — e 8B dr 


I i'CO 

+ + + 4 

4 4 + 4 

+ 4 + 4 
+ 4^+ 4 

® \-6u 


2; 


8u 

, 

47r€oC^ To 

(20-5) 


Fig. 20-1 Path of integration for 
qualitative computation of the reaction 
of an electron to a small change in ve- 
locity. 


where ro is the (unspecified) ^^electron radius.^^ We see immediately that 
this impulse would be infinite if the electron were a point charge; on the 
other hand, if the electron has a finite extent of order ro, then the mag- 
netic field will react a maximum amount at ro, and the reaction will go to 
zero at the center. If we assume a radius ro; Eq. (20-5) implies that as 
far as the accelerating force producing 5u is concerned there is an effec- 
tive ^^mass” of order 

m (20-6) 

4T€oroC'^ 

or, in Gaussian units, m = e^lroc^. 

Equation (20-6) was derived by computing the inertial reaction of the 
field on the driving force. According to the general considerations of 
Chapter 10, we should obtain the total momentum if we integrate g == 
E X H/c^ over all space. Again, if we take the field to be that of a point 
charge, the integration will diverge, so that a lower limit corresponding to 
a finite radius ro of the electron must be introduced. For low velocities 
this integration can be carried out very easily, using the quasi-static fields 
for which 

H = €oU X E. (20-7) 


For a symmetrical charge distribution the momentum, 


G 


eoE X (U X E) 


dv 




uE^ - (u • E)E 


dv, (20-8) 


is axially symmetric about the direction of the velocity, and it is clear that 
G itself is along u, which we may take in the x-direction. The second term 
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in the integrand is therefore just uEt For low velocities, E is spherically 


symmetric, and 



G = 

j 

/■“ eoiEl + El)n dv 2u r dv 

to 3 iro 3 ’ 

(20-9) 

where 

C/o = i Je • D * 

(20-10) 


is the electrostatic field energy of the charge e. If, for instance, it is assumed 
that the charge is distributed uniformly over a spherical shell of radius Tq, 


1 €oe^4:Trr^ dr 

2 Jro (47r€or^)^ ST€oro 


( 20 - 11 ) 


and thus Eq. (20-9) is in qualitative agreement with an electromagnetic 
mass as given by Eq. (20-6). 

At high velocities the fields of Chapter 18, with s 7 ^ r, must be used in 
the computation of G. The resultant relation between momentum and 
velocity depends on the behavior of the shape of the electron during its 
motion. If it is assumed to suffer a Lorentz contraction in the direction 
of its motion (an assumption due to Lorentz, and later made plausible by 
relativistic arguments), the integration is relatively straightforward, and 
the final result is 


4l7o u 
3 \/ 1 — u^lc^ 


( 20 - 12 ) 


where Uq is given by Eq. (20-10). 

With the exception of the factor f, Eq. (20-12) is consistent with the 
general relations 

G == mu, 


m 


mp 

V l u^/c^ 


( 20 - 13 ) 


Up = moc^, 


which we have found to be the correct relativistic expressions relating 
mass, energy, and momentum. The factor f is significant, however, and 
indicates that the purely “electromagnetic mass” calculated here is not the 
actual mass, although the ratio of electromagnetic mass to total field 
energy is independent of rp and hence independent of any approximations 
made in the fields. An additional mass —Up/Sc^, whose origin is not 
electromagnetic, is needed to account for the observed quantities, which 
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do obey the relativistically correct equations (20-13). This extra mass 
(or energy) presumably represents the nonelectromagnetic binding which 
must be present to make the charge system of the electron stable. 

20-2 The reaction necessary to conserve radiated energy. We have 
seen that physically the mass associated with the momentum of the field 
is due to a reaction on whatever tends to change the velocity of an elec- 
tron in steady motion. Let us now obtain the reaction force which must 
be present if the electron is accelerated, giving rise to a rate of energy loss 


dW __ 
dt QireoC^ 


(19-19) 


No essential restriction is implied by the form of Eq. (19-19), since the 
results can be generalized by the appropriate transformation of Chapter 17 
to be valid for all allowable velocities. For energy to be conserved, the 
reaction force should satisfy the condition 

F • u d r = 0. (20-14) 

6x60 (y 


This equation obviously has no solution for F which can be instantaneously 
correct for all times, since u and li are basically uncorrelated. We must 
be content with a solution representing an average over a sufficiently long 
period of time. This means that we have only an average energy balance 
between the force and the radiation field, and that an extra fluctuation 
will be available which will be stored in the induction field. On this basis, 
Eq. (20-14) becomes 

/ (F-n)dt+ r dt = 0. (20-15) 

Jti Jti fiTreoC 


Integrating by parts, we obtain 



• VL dt -\- 




= 0 . 


(20-16) 


The integrated term represents the ^ffiuctuation’' referred to above; for 
periodic motion, or for an acceleration occurring over a limited time, it 
will not affect the integrated energy balance. On the average, energy will 
be conserved if we put 

e^u 


Frad o 

^T€oC^ 


(20-17) 


as the radiation reaction force. 
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The reaction is in addition to that demanded by the conservation of 
mcmentum. The total reaction on the electron itself would then be 

^ = -- - ^el. mag. (20"“18) 

where rnei.mag. is the electromagnetic mass 


^el- mag. 


4 ^ 

3 


(20-19) 


20-3 Computation of radiation reaction from the fields. It is instruc- 
tive to compute Eq. (20-18) by direct integration of the interaction of 
the radiation field of one part of the electron with the other parts. This 
calculation, originally due to Lorentz, shows very clearly the limitations 
of the theory. 

For this calculation we shall make the following assumptions: 

1. We shall choose a frame such that the element de of the electron, on 
which another element de' acts, is at rest: n(t)de = 0. 

2. None of the quantities u, fi, ii, etc., changes very much during the 

time it takes for an electromagnetic signal to cross the electron. This is 
equivalent to the conditions that u<^c, w « c^/tq, u « uc/vq^ etc. The 
solution is effectively a power series in tq = fo/c = times the 

operator bibi, 

3. The fields will be derived from the Lienard-Wiechert potentials, even 
though their correctness at distances of the order of ro is doubtful. There- 
fore, only terms not containing ro explicitly will be considered as having 
physical significance. 

4. The electron charge distribution has spherical symmetry. 

Consider an element of charge de at Xa affected by the element de' at 

Xay as shown in Fig. 20-2. From Eq. (19-13), we have the electric field 
at X due to de ' : 


4x60 dE{t) = 


de' 

7 * 


1 




(20-20) 


Since the field is expressed in terms of the electron’s condition at t', the 
problem would be insoluble without knowledge of the electron’s entire 
past if we allow arbitrary motions. Treatment of the problem is made 
possible only by the restrictions of item 2 above. With these limitations 
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on the motion, it is possible to refer 
all velocities and accelerations to 
the time of arrival of the signal at 
Xa, which must be common to all 
elements de\ Only in this way are 
we able to integrate over the entire 
electron. The change from t' to t 
is accomplished by expanding the 
functions of f = t — r/c in powers 
of r/c, remembering that u(t) = 0, 
in accord with assumption 1. 



Fig. 20-2 For computing the inter- 
action between one part of the electron 
and the other parts. 


Ut') = 6(<) - , (20-21) 


u(r) = - 


u{t)r u(t) r 

c 2 c 


( 20 - 22 ) 


s 


—3 



3u(0 • r 




(20-23) 


Let us carry terms only to order (r/c)^; thus [u{t')/cf can be neglected, 
and the resulting expression is considerably simplified. In terms of t, 
Eq. (20-20) then becomes 


4 x 60 dE = def 


r(r • u) 


u 

rc^ 


r(r • ii) ii r 

m 1 j 1 — 

r^c^ c^ 


3r(u-r) 3 r u 

-T 1 j (ii • r) H 

rV 2rV^ ^^rc^ 


ii " 
2c^. 


= dd 


2r(u • r) 1 r(ii • r) 

^ d ^ - + 



(20-24) 


It will he easier to take advantage of our assumption of spherical sym- 
metry if we WTite Eq. (20-24) in tensor notation: 


dEa = 


dd 

47r€o 


2ra(u^rfi) 




1 Taju^r^) 

2 



(20-25) 


Now the average of ra over a spherically symmetric region is zero, and 
the average of is simply dafi- Therefore the third term of Eq. 
(20-25) will contribute nothing to the final integral, and we may write 

de' / 2 Ua 2 Ua\ 

dEa = ( — r “i” o ) 

direo \ 3 c^r 3 (?/ 


(20-26) 
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where 


F = dedE - 


e^u 


dTreoC^ 


- mel. 1 


^el.i 


3c^ 


de de' 4 
8x60^ 




C/o, 


(20-27) 

(20-28) 


mth Uq again representing the electrostatic energy of the electron in its 
own field. This is in complete agreement with Eq. (20-18), the result re- 
quired by the conservation laws. 

In Eq. (20-27) the term proportional to ii is independent of the extent 
of the electron, and therefore presumably independent of the detailed 
structure of the electron. The mass term is indeed structure-dependent, 
but its relation to the electrostatic energy is not. If we had carried the 
calculation to higher order in r/c the additional terms would form an 
ascending series in Tq which, according to our assumption 3, could not be 
assumed to have physical significance. 


20-4 DifBculties in classical electron theory. The direct computation 
of the reaction force indicates certain unsolved problems in the classical 
theory of the electron; 

1. The theory gives a relation between electrostatic field energy and 
mass, but does not indicate that either of them should be finite for a point 
field source. 

2. The electromagnetic mass of the electron does not account for the 
entire mass ; the electron must have nonelectromagnetic mass of unkno^vn 
origin to account for its stability. 

3. The restriction u <<C uc/tq, which was necessary to permit the calcula- 
tion of Eq. (20-27), is equivalent to putting 


\rm\ ^ 


ro 

STTCoC^ro c 


= |F.adl. 


(20-29) 


This means that there must be an external force large compared with the 
radiation reaction force in order for the theory to be valid. Hence the 
force equations derived here apply only to electrons whose behavior is 
governed by external forces. If we attempt to consider the force of radia- 
tion on a free particle, the equation of motion takes the form 


where 


/cii — li — 0, 


kc^To 


47reomc^ 


(20-30) 
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The solution of Eq. (20-30) is 

u = + constant X t (20-31) 

Now To is roughly 10”^’^ second for an electron, so that if Eq. (20-31) 
were justified the particle would go shooting off to infinity. 

Quantum mechanics has not solved these difficulties. In fact, problems 
arise concerning the charge that are similar to the classical difficulties in 
regard to electronic mass. The experimental values of e and m can, of 
course, be used to describe the external behavior of the electron; the un- 
solved problems are those concerned with the details of electronic structure. 


SUGGESTED REFERENCES 

H. A. Lorentz, The Theory of Electrons. The proofs of the radiation reaction 
formula are to be found in the notes at the end. 

L. Landau and E. Lifshitz, The Classical Theory of Fields. Chapter 9 includes 
radiation damping. 

A. Som.merfeld, Elecirodynamics. Section 36 is devoted to an excellent discus- 
sion of radiation reaction. 

Discussions of electromagnetic mass are to be found in: 

R. Becker, Theorie d.er Elektrizitat, Band II. 

J. H. Jeans, The Mathematical Theory of Electricity and Magnetism. 

M. Mason and W. Weaver, The Electromagnetic Field. 


EXERCISES 

1. Find the radiation reaction force on an electron being accelerated in a betatron 
(i.e., while moving in a circle of fixed radius). What is the dependence of the 
reaction force on tlie particle energy? 

2. Given an electron moving initially in a circle of radius a about a proton. 
If energy were lost by rnfliation according to the classical law, what would happen? 
Find how long the system would last. 

3. Two parallel di])<jle antennas are excited sinusoidally OO'' out of phase and 
separated by a quarter wavelength in space. Find the net force on the antennas. 



CHAPTER 21 
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21-1 Radiative damping of a charged harmonic oscillator. Provided 
that none of the restrictions of Section 20-3 is violated, the theory of 
radiation reaction can be applied with some confidence to a bound elec- 
tron. Consider an electron bound with a harm onic force F = — /cx, corre- 
sponding to a natural frequency coq = 's/h/m. The equation of motion, 
including the self-force of the electron, is then 


X + COqX 


e^x 


^TreoC^m 


2 

-roi-. 


( 21 - 1 ) 


(The mass reaction term is implicit here, i.e., m is the empirically deter- 
mined mass, including the electromagnetic mass.) As we have seen in 
Eq. (20-29), the right side of Eq. (21-1) must be small in comparison 
with the binding term. In that case, we can make the approximation 


X ~ —0)oX, 

(21-2) 

If for convenience we set 


2 2 eVo 

7 = - ToO)o = » 

3 OTeo^m 

(21-3) 

then Eq. (21-1) becomes 


X -f" yx -j- cioqx = 0. 

(21-4) 

The solution of Eq. (21-4), valid for small 7, is 



(21-5) 

The energy of the oscillator thus falls off as 


W e 

2 

(21-6) 

and 

, = 7TP = e 

dt 12T€or 

(21-7) 


But Eq. (21-7) is just the rate of radiation, averaged over a cycle, so that 
energy is conserved in accord with our first derivation of Frad- Equation 
(21~7) corresponds to a damped wave train emitted by the oscillator after 
a given amplitude A has been excited by an external impulse. It is clear 
from Eq. (21-7) that I/7 is the mean duration of the radiated pulse when 
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it is averaged over the energy. This is the classical quantity correspond- 
ing to the quantum mechanical “lifetime'^ of an excited state produced by 
an external impulse. 

The limitation on the frequency imposed by the condition that y <$C a?o 
is entirely unimportant except for high-energy y-rays. In terms of the 
quantum energy of the outgoing radiation, the inequality becomes 


fto>o « 




■ nic‘ 


? = 137 mc^ c- 70 Mev. 


( 21 - 8 ) 


Because of the radiative damping, the radiation emitted by the oscilla- 
tor is not monochromatic. The line width can be obtained by making a 
Fourier analysis of the fields, which are proportional to Eq, (21-5). If 


then 


E 


■/: 


= 


rfco = 
Eq 


2ir Jo 




(21-9) 


En 


2x i{(a — Wo) — 7/2 
Equation (21-10) corresponds (see Fig. 21-1) to a radiation intensity 


(21-10) 


hy 1 

2ir (w — wo)^ + 7^/ 4 


( 21 - 11 ) 


normalized in such a way that 



h. 


The full frequency width at half intensity is therefore 

2 2 

Acoc^y = sTowo. 


( 21 - 12 ) 


(21-13) 



Fig. 21-1 Radiation intensity plotted against frequency as given in Eq. (21-11) 
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The corresponding width expressed in wavelength is 


2r Acoc 4:Tr 47r 

AX = = — CTO = — ro '■ 

Wo 3 6 


10 


-12 


cm, 
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(21-14) 


which is constant, independent of the frequency of the oscillator. In 
practice, the radiation damping is, of course, not the only source of width 
for a spectral line: interruptions of the wave train by atomic collisions and 
Doppler shifts also contribute to line width. 

The relation between line width and mean life given by Eq. (21-13), 
namely, Aa) 7 ~^ = 1, is equivalent to the relation 

AE At n, (21-15) 

where AE = fi Ao). Equation (21-15) is the quantum mechanical relation 
between the lifetime and the energy width of a state. 


21-2 Forced vibrations. In the previous section, we have discussed the 
motion and consequent radiation of a bound electron following a transient 
disturbing impulse; this is the classical theory of spectral emission. Let 
us now consider the steady state motion of a harmonically bound electron 
forced to vibrate by an external electromagnetic wave. The classical 
theories of the scattering, absorption, and dispersion of light are based on 
such a consideration. 

For the treatment of optical frequencies and even soft x-rays, we may 
assume that the velocity of the electron is well below the velocity of light, 
and therefore we may neglect the effect of the magnetic vector in the in- 
coming radiation. The equation of motion of a bound electron in an 
external (polarized) plane wave field E = is then 

.. 2 ... , e 

X tqX + coqX = — Eoe”'“ , (21-16) 

3 m 

with TO as defined in Eq. (21-1). We shall be interested in the steady 
state solution, which is proportional to and so we may put 

(21-17) 

We may define 

T = (21-18) 

although it does not matter very much whether we use Eq. (21-18) or 
Eq. (21-3) ; tq is sufficiently small so that the term is important only when 
w ^ 0 ) 0 , i.e., only near resonance. The steady state solution of Eq. (21-16) 
is then given by 

. X = Eo ~ { -2 1 r™ ^ 

m \c*Jo — w — 


(21-19) 
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The acceleration of the charge in terms of the external field, 


e / -oP' \ 

X =-f ^ 2 ^)E, 

m \<ao — CO — Kay/ 


325 


( 21 - 20 ) 


may be substituted in Eqs. (19-20) for the dipole radiation fields to give 
the scattered radiation. We shall examine in detail several applications of 
Eq. (21-20). 

21-3 Scattering by an individual free electron. For an unbound and 
weakly accelerated electron, 7 ~ 0, wo ^5=; 0, so that 


X = -E. 
m 

This acceleration gives rise to a radiation field of magnitude 

e sin ax 

m 


4ireore 


( 21 - 21 ) 


( 21 - 22 ) 


where a is the angle between E and r, as shoivn in Fig. 21-2. The rate 
at which the re-radiated energy crosses a unit area is 


|N| = 



~e sin ax' 

1 Mo 

. 47r€orc^ _ 


INI =rgsin2a(^^y 

where Tq = /Ax eomP is the classical electron radius, and 


In = 




Mo 


(21-23) 

(21-24) 

(21-25) 


Field point 



Fig. 21-2 A plane wave to be .scattered by an electron, showing the polarization 
and scattering angles. 
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is the primary intensity. Then 


dW 

dt 



SttIoTo 

3 


(21-26) 


If we divide Eq. (21-26) by h, the intensity of the incoming radiation, we 
obtain the effective scattering cross section per electron. 



(21-27) 


Equation (21-26) is known as the Thomson scattering formula, and Eq. 
(21-27) is called the cross section for Thomson scattering. Both are con- 
stant, independent of the frequency. 

Comparison with experiment is facilitated if we express Eq. (21-24) in 
terms of the scattering angle 6 and the polarization angle (p, shown in Fig. 
21-2. The angles a, 6, and p are related by 

cos a — cos ip sin d, 

i.e., sin^ a = I — cos^ <p(l — cos^ 6). 

If the primary wave is unpolarized, i.e., randomly polarized, we must 
average over and thus we obtain 


sin^ 

since the average of cos^ p is 
energy is 



a = -1(1 + cos^ 6), 

In terms of i9, the total rate of scattered 


(1 + cos^ d) 


do. 


STrlpro 
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(21-28) 


The differential scattering cross section per unit solid angle is given by 


_ ro(l + cos^ d) 
dQ~ 2 


(21-29) 


This cross section is shown graphically as a function of the scattering 
angle in Fig. 21-3. The quantum mechanical formula for the scattered 
radiation approaches Eq. (21-29) as the frequency goes to zero, but the 
scattered intensity is not symmetrical. In general, the scattered radiation 
is more concentrated in the forward direction, as indicated by the curve 
for radiation whose primary energy is 100 kilo-electron-volts. 

There is another feature of Thomson scattering w’'hich is modified by 
quantum considerations. Classically, the scattered radiation has the same 
frequency as that of the incoming wave. One qualification must be made: 
momentum, as well as energy, is removed from the incident beam, and 
from the symmetry of the scattered radiation it is evident that this mo- 
mentum is given to the electron. This is equivalent to an average force in 
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Fig. 21-3 Differential scattering cross section as a function of scattering angle, 
showing deviations from Thomson scattering for moderately high frequencies. 

the direction of the incoming beam, and equal to (Io/c)cto, which would 
gradually impart a net velocity to the electron. Actually this is not ob- 
served. What happens instead is that each quantum of radiation imparts 
some of its energy and momentum to the electron, and that the frequency 
of the scattered quantum depends on the angle of scattering. For a dis- 
cussion of Compton scattering and the quantum mechanical Klein-Nishina 
formula, see, for example, W. Heitler, The Quantum Theory of Radiation^ 
second edition, pp. 149-161. 


21-4 Scattering by a bound electron. For the general case of a har- 
monically bound electron, the acceleration given in Eq. (21-20) must be 
used in Eq. (21-23) to determine the re-radiated energy per unit area in a 
given direction. With this substitution, the total cross section for scatter- 
ing becomes 


0*0 


(ojo — + {y<^r 


(21-30) 


where cro is the Thomson cross section given in Eq. (21-27). The angular 
distribution is the same as in the free electron case. 

The maximum value of Eq. (21-30) is obtained if co coq, i.e., for reso- 
nance scattering. In that case, the scattering cross section can become 
very large : the cross section 



(21-31) 


is greatly in excess of the classical area of the electron. 

For strong binding, « <5C wq, 7 a?o, and Eq. (21-30) becomes 


cr = 



(21-32) 


giving a cross section that depends on the inverse fourth power of the 
incident wavelength. In Chapter 12 we obtained scattering from a con- 
ducting sphere which behaved in the same way for the case that the 
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dimensions of the sphere were small compared with X, and it is found 
that a small dielectric sphere scatters radiation according to the same 
frequency dependence. The inverse fourth power law was first derived by 
Rayleigh in his investigation of the blueness of the sky; he assumed that 
the individual molecules scatter in a wholly random fashion, so that the 
phases are random and the intensities add. Not only does Eq. (21-32) 
account for the blue color; with average empirical values of coq it leads 
quantitatively to generally good agreement with observed atmospheric 
scattering, both in total amount and in polarization. Justification for the 
assumption of random phases will be discussed later. 


21-5 Effect of a volume distribution of scatterers. If we have N elec- 
tronic scatterers per unit volume, each of them will scatter an incoming 
plane wave in accord with Eq. (21-30). The scattered radiation will, in 
general, combine coherently with the external field, and thus modify the 
effective velocity of the wave. It is possible to obtain the effect of a great 
number of scatterers, electrons or molecules, by superposition of the scat- 
tered wavelets. For the study of refraction, however, it is mathematically 
simpler to treat the re-radiation as being due to the electric polarization 
of an entire volume element, rather than to the combination of single 
electron displacements. The polarization is related to the individual elec- 
tron displacement by 

P = Nex, (21-33) 

The effect of the volume polarization is to add the polarization current 
d'P/dt to the vacuum displacement current €o dE/dt as a circulation source 
of magnetic field. Equation (9-6) (4) becomes 


V 


XB = MO 


(.0 


aE 

dt 


dt/ 


(21-34) 


This equation, when combined with V X E = —dB/dt in the usual way, 
yields the homogeneous wave equations 


where 


V^E - 


■n/d^E 

dt^ 


0 , 


V^B - 


ti^d^B 


0 , 
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(21-36) 


is the index of refraction. 
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For dilute systems, in which the scattered energy is very small com- 
pared with that in the incident beam, it is a good approximation to take 
as the local field at the scatterer just the field of the incoming wave. 
Therefore, from Eq. (21-19), 

o Ne^ 1 

K = g ^ — (21-37) 

eom £00 — ci3 — iciyy 


Equation (21-37) is the dispersion formula for a dilute gas of electrons 
with a single binding frequency. If co < coo, we have what is called “nor- 
mal dispersion,” in which the refractive index diminishes with increasing 
wavelength. At £o ==:£ coo there is an absorption band, at which n has an 
appreciable imaginary part. On the short wavelength side of a resonance 
frequency w < 1, but Ave note that c/n is the phase velocity; the group 
velocity, Aaldh, is less than c on both sides of the resonance frequency. 
For frequencies in the immediate neighborhood of coo the question of 
transmission is more complicated, and we shall consider it further in 
Section 21-6. 

If the medium is not dilute, the local field is not equal to the external 
field, but may be approximated by Eq. (2-36) : 

Eeff = E + P/3 £o. 


It is this field that must be substituted in Eq. (21-9) to obtain the polariza- 
tion as defined in E<|. (21-33). When the fields are eliminated, we obtain 
the analog of the Clauisius-Mossotti relation, Eq. (2-39): 


„ _ 1 ^ _ 1 _ ATe^ 1 

K + 2 -h 2 3€om coq — co^ — fcoy 


(21-38) 


The resemblance to Eq. (2-39) is even closer if we express Eq. (21-38) in 
terms of the classical electron radius, ro, and the wave numbers fco = coo/c, 
k = £o/c, r = y/c. and put N = gNo/M in terms of the density g, the 
molecular weight .17, and Avogadro’s number No'- 


3M /»-’ - 1\ _ iirNoro 

Y " /eg - - ikT 


(21-39) 


For a given frequency, tiie right side of Eq. (21-39) depends only on the 
atomic properties of the material and is thus independent of the density. 
Since it is referred to a gram molecule, the quantity on the left is called 
the “molar refraction/^ and we see that it is equal to the polarizability 
per gram molecule. 

Equations (21-37), (21-38), and (21-39) can be generalized to take 
account of the fact that all electrons may not have the same binding energy. 
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If a fraction of the electrons ft has a binding frequency &>oi and a damping 
width 7 i, Eq. (21-38), for example, becomes 


1 


+ 2 


_ 
^ 2 

oe^m i cooi 




^2 


(21-40) 


There are several practical examples of the case where the volume dis- 
tribution consists of free electrons: refraction of electromagnetic waA^es by 
the ionosphere, re-radiation by a ''plasma'’ in an electric discharge, and 
even the refraction of x-rays, since the resonance frequencies of electrons 
in light atoms are so small in comparison with x-ray frequencies that the 
electrons may be considered free. For free electron systems that are 
dilute, Eq. (21-37) becomes 

O 

= 1 5* (21-41) 

In terms of the reduced lA^avelength X = c/w, and the classical electron 
radius Tq = ^ Eq. (21-40) may be written 

= 1 - 47riV'roX2. (21-42) 


The index of refraction of a volume distribution of free electrons is always 
less than unity, although the group velocity is less than c . Flowever, for 
wavelengths longer than a certain value, X > l/\/47rA^ro, v? is negative 
and the refractive index pure imaginary. For such frequencies free elec- 
tron media can exhibit total reflection at all angles, behaving somewhat 
like a wave guide for frequencies lower than the cutoff frequency. 


21-6 Velocities of propagation. The velocity that appears in the Avave 
equation, such that the plane wave solution is f(xdtvt)j is the phase 
velocity of the wave, and the index of refraction is defined by n = c/v. 
If all frequencies are propagated at the same velocity there is no dispersion, 
and c/n is the only velocity involved. If coq is much greater than the 
radiation frequency, Eqs. (21-37) and (21-38) very nearly fulfill this re- 
quirement. Ordinarily, hoAvever, since actual radiation consists of more 
than a single frequency, its passage through a medium is modified by the 
differences in phase velocity among its components. 

In Section 12-6 Ave arrived at a definition of group velocity by super- 
posing tAvo Avaves of slightly different frequencies for Avhich the phase 
velocities are different. The concept of group velocity also applies to a 
pulse of waves, or a "AA^ave packet," Avith a continuous spectrum confined 
to a narrow band of frequencies. Let stand for E or B correspond- 
ing to such a narroAv group, which can be represented by a Fourier integral 

= f dk. 


(21-43) 
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If the amplitude a(k) differs from zero only in the neighborhood of a par- 
ticular frequency designated by wi, fci, we may write 


where 




A = 


j dk. 


(21-44) 

(21-45) 


If A is slmvly varying, the group may be considered as a wave of angular 
frequency wi propagated with amplitude A. The velocity with which A 
travels corresponds to having the amplitude be constant to an observer 
moving with that velocity. Hence, 


from which 


dA 

hi 

dA dA , 

dt dx 

1! 

o 


/dx\ 

dAjdt 


^d<A\ 

\dt / A constant 

dAjdx 

Afc ' 

\dk), 


(21-46) 


in agreement with Eq. (12-35) for the group velocity, p, 
for Vg may be written in a variety of useful ivays: 

dco dv 1 

~ ^ ~ dk/do}' 


The expression 


(21-47) 


If the phase velocity is a slowly varying function of the frequency, a 
pulse may travel through a dispersive medium with relatively little change, 
and the group velocit^q defined for its average of maximum amplitude fre- 
quency, is the rate of propagation of energy. In the region of anomalous 
dispersion, however, dv/d\ is negative, and the group velocity may easily 
be greater than c. For any particular frequency it is more reasonable to 
define the mean velocity of energy transport as the ratio of the time aver- 
age of the Po^mting vector to that of the energy density. This velocity, 
which is called the energy velocity, actually has a minimum at coq. 

The practical difficulty of describing the transmission of a signal in the 
region of anomalous dispersion arises from the fact that the group, or 
packet, is highly distorted, so that the concept of group velocity as defined 
above is no longer valid. The problem corresponding to a plane wave 
that starts through a medium at a particular time has been worked out 
by Sommerfeld and by Brillouin, and details may be found in Volume II 
of Co 7 igres International d'Electriciie, Paris, 1932.^ The definition of a 
signal velocit}^ depends on both the nature of the pulse and the nature of 
the signal detector, but careful analysis shows that it is never greater 
than c. Figure 21-4 indicates the behavior of the four velocities in the 
neighborhood of an absorption frequency coq. 

The method is to make a Fourier analysis of the incident pulse, let each com- 
ponent be propagated with the phase velocity r(co), and resynthesize the pulse. 
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Fig. 21-4 Behavior of various velocities near a resonance frequency (after 
Brillouin). 

21-7 Scattering from a volume distribution. Rayleigh scattering. That 
part of the scattered radiation coherent with the incoming wave and in 
the same direction has been successfully treated by means of the total 
polarization of the assemblage. For the scattering at any other angle it 
is, in general, necessary to superpose the individual wavelets with the 
proper phases. If the electrons are distributed completely at random it 
may be assumed that the phase differences are as often positive as nega- 
tive and thus average out, so that the total scattered intensity is simply 
the sum of the individual scattered intensities. If the scatterers are regu- 
larly placed, as in a crystal, this is no longer true, and the effect is pre- 
cisely that of a three-dimensional diffraction grating: in any direction for 
which successive contributions from neighboring scattering centers are in 
phase there is a maximum of intensity. For x-rays in ordinary crystals 
there may be many such directions, giving rise to what is known as Bragg 
diffraction.* If the wavelength is long in comparison with the distance 

* Actually the three-dimensional nature of a crystal ‘‘grating” has the conse- 
quence that constructive interference is obtained only at a given wavelength and 
a given angle from any set of planes containing regularly spaced scatterers. Thus 
a single crystal must be rotated during the exposure to monochromatic x-rays if 
all the regularities are to be evidenced in the diffraction pattern. In a one- or two- 
dimensional grating there is always an angle at which constructive interference at 
a given wavelength is obtained if the wavelength is sufficiently short. 
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between neighbors, however, the condition for a maximum cannot be ful- 
filled except in the forward direction, just as a one-dimensional diffraction 
grating does not produce a pattern if the grating space is much smaller 
than X. 

In connection with this last point, there arises a question about random 
scatterers. Consider a cubical volume whose edge is half a wavelength, 
and w^hich contains many atoms or molecules. Even though the electrons 
may be distributed randomly within the cube, its radiation will be on the 
average out of phase with that from a similar neighboring volume in a line 
of observation at right angles to the beam. The net observed scattering 
from many such volumes should then be zero from any angle, except, of 
course, the straightforward direction.* Now these are the conditions on 
atmospheric scattering of visible light— why, then, is Rayleigh’s result in 
accord with observation? 

The answer to this question has been given by Einstein and Smolukowski 
on the basis of a study of density fluctuations in the atmosphere. The 
number of scatterers per “cell,” or per cube of dimension X/2, is constant 
only on the average, and the fluctuations in this number are responsible 
for the scattering. If Nj is tlie number of scattering electrons per cell, 
and dNj is the differen(*e of the actual number from the mean, the scatter- 
ing intensity is proporlional to 


X 8Nj 
i 


l2 


E + E SNi SNk, 

j j =i=k 


(21-48) 


where ipj is the phase of the jth cell. To make a comparison with observa- 
tion, we must take the average of Eq. (21-48). In dilute gases the fluc- 
tuations of different cells are independent, and since the average of bNj is 
zero, by definition, tlu- .seciond term on the right cancels out. If the fluc- 
tuations are small the “dispersion,” the square of what is called in prob- 
ability theory the root-mean-square deviation, is given by 


{8Njf = Nj. (21-49) 

Therefore the total scattering is simply proportional to SATy = N, the total 
number of scattering centers, in agreement with Rayleigh’s assumption. 
For denser media, the e\-;iIiuil,ion of the average of Eq. (21-48) is more 
complicated, and near a chemical phase change these fluctuations give rise 
to what is called critical opalescence. 

21-8 Absorption of radiation by an osciUator. The consequences of Eq. 
(21-19) have thus far been discussed principally in terms of the effect of a 

* Incidentallv. this argument justifies the procedure used in Section 21-5 for 
treating dispersive media) if fluctuations are neglected we must consider the effect 
of the individual (jscillations only along the original direction of propagation. 
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bound electron on the propagation and scattering of electromagnetic 
radiation. Another question of fundamental interest concerns the amount 
of energy abstracted from the wave and converted to energy of the bound 
electron system. 

Consider a somewhat more complicated case than a monochromatic 
plane wave. Let represent the Fourier component of a general time 
dependent E(t), i.e., E = dca, and let be the Fourier component 

of the resultant displacement x{t). Clearly, as with a monochromatic wave. 


cEta 1 

X(j3 — ~2 2 ^ 

m ^0 


(21-50) 


Let us now consider the rate of work done by the electric field on the 
electron, and compute the time integral of that work. To make this com- 
putation, we must generalize somewhat the theorem of Eq. (13-36). In 
Section 13-3 we proved that if a real variable, A{t), is represented by a 
Fourier integral, 

/ CO 

-M 

then 

^00 /» 00 

/ A^{t) dt = 4ir du. (21-51) 
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The proof of this theorem can be readily extended to the product of two 
real time-dependent variables A(t) and B(t) to give 


A{t)B(t) dt 


Jo 


{A^Bl + aX) do>. 


(21-52) 


With this theorem, it follows from Eq. (21-50) that the energy A {7 ab- 
sorbed by the electron due to the passage of the electric field pulse is 


AU= eE{t)x{t) dt 


— / m 

m Jo 
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-j-2 do). (21-53) 


This integral can be evaluated under the assumption that the resonance 
term is sharply peaked relative to the frequency distribution of the exter- 
nal field. In that case. 


AU = 


2x6^ 


m 





(2o)o^y + £0o7^ 
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where f = w — wq. 
simple result 


We may replace the lower limit by -oo to obtain the 
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(21-55) 


21-8j 


ABSORPTION OF RADIATION BY AN OSCILLATOR 


335 


Note that the result is independent of 7; the energy absorbed from an 
incident field satisfying the assumption above is thus independent of line 
width, regardless of the physical cause of such a width. 

The result stated in Eq. (21-55) can be brought into a different form. 
Let S be the energy flow per unit area in the incident beam, which is given 
by 

/• 00 ^00 

S = / eocE^ dt = 47r€oC / \E^\^ d<^, 

J -ao Jo 


(21-56) 


according to Eq. (13-36) or Eq. (21-51). Hence, if we define by 

r 00 

S= do), ( 21 - 57 ) 

Jo 

Eq. (21-55) becomes simply, in terms of the classical electron radius tq, 

AU = 27r\cSo,,. (21-58) 

Then, since AU represents the energy abstracted from a given energy flow 
S per unit area, we can write Eq. (21-58) as an integral of the absorption 
cross section over the frequency: 



(21-59) 


This is the classical ^^sum rule,^^ giving the total absorption cross section 
integrated over the frequency. The presence of more than one binding 
frequency for a single charge will not modify Eq. (21-59). 

Some further remarks are appropriate here. Equation (21-59) gives the 
integrated cross section for ^^dipole absorption^’ only, since the “excursion” 
X of the oscillator is taken to be small compared with the wavelength. 
Note also that we assumed the displacement x to be parallel to E. This 
would be the case if the incident radiation is polarized and directed onto 
a one-dimensional oscillator so that E is parallel to x, or if an arbitrary 
wave group is incident on a three-dimensional oscillator. If a randomly 
directed and polarized radiation field is incident on a one-dimensional 
oscillator, then Eqs. (21-55), (21-58), and (21-59) should be divided by 3, 
because Eq. (21-53) would then contain a factor cos^ 0, where 0 is the angle 
between x and E, and the mean value of cos^ 6 averaged over a sphere is 

Equation (21-59) can be generalized to any mechanism of electric dipole 
absorption. We must remember, however, that if this equation is applied 
to a system where the charged particles are not light compared with the 
total mass of the system, e must be replaced by ^effective, where 

^eff displacement of charge relative to center of mass 


absolute displacement of charge 
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and m becomes the ''reduced” mass of the absorbing system. If more than 
one charged particle is present, the sum rule can be generalized to 



doo = 2'jr^c 
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4:7r€omiC^ 
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21-9 Equilibrium between an oscillator and a radiation field. In the 
previous section, we obtained an expression for the energy absorbed by an 
elastically bound electron in an external energy flux S of radiation whose 
spectral distribution is dco. Let us now consider a linear oscillator in 
a randomly directed and polarized radiation field whose spectral distribu- 
tion of energy density Uv is given by 

U, = / do). (21-61) 

Jo 


Let AU now be the energy absorbed in a given time At. Clearly, Uvu = 
Sco/c At, and in order to make use of Eq. (21-58) we must divide the 
right side by 3 for reasons discussed above. Hence, 


At 



(21-62) 


From Eq. (19-19) we know that the energy radiated by such an oscillator 
in a time At is given by 


A?7rad 2 mu^ 
At ~ 3^“~' 


(21-63) 


Averaged over a cycle of the oscillation, Eq. (21-63) becomes 


At/pad 2 jj 

At ~ 3 c ' 


(21-64) 


since mu^ = mull2 = U, where Uq is the crest value of u and where U is 
the energy of the oscillator. Now consider the oscillator to be surrounded 
by a wall (at the same temperature as the oscillator) which absorbs the 
emitted radiation and re-emits it randomly. Under these conditions, the 
oscillator will establish equilibrium with its surroundings, and hence Eqs. 
(21-64) and (21-62) can be equated. Thus 

= -Ti t/- (21-65) 

Tt C 


This relation governs the frequency distribution of the energy density of 
electromagnetic radiation in a cavity with perfectly "black” walls; the 
distribution is controlled by the statistical behavior of the oscillator at a 
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given temperature. It is this conclusion which leads to the paradoxical 
Rayleigh-Jeans spectral distribution of blackbody radiation if classical 
statistical mechanics is applied to the oscillator, i.e., if we put TJ = kT, 
Obviously, the energy density corresponding to a particular frequency 
cannot increase indefinitely with increasing frequency at a given tempera- 
ture. 

The distribution law, Eq. (21-65), can be arrived at in an entirely differ- 
ent manner. It will be shown in Chapter 24 that the field equations of a 
bounded radiation field can be transformed in such a way that they are 
equivalent to the equations for simple harmonic oscillators. In fact, there 
is a one-to-one correspondence between equivalent oscillators and the nor- 
mal modes of the field in the enclosure. The coefficient in Eq. 

(21-65) then corresponds to the number of normal modes per unit circular 
frequency interval (compare with the answer to problem 8 in the exercises 
at the end of Chapter 12). 
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EXERCISES 

1. Show that the scattering cross section of a free electron for an elliptically 
polarized wave (electric field E = A cos + B sin 0 :% where A and B are mutually 
perpendicular vector amplitudes) is given by 

2r (AXn)^-f (BXn)-^ -| 

dO, '’®L + J’ 

where n is a unit vector in the direction of the radiation. 

2. What is the minimum frequency that can be propagated in free space without 
attenuation, assuming one electron per cubic centimeter? Find the group velocity 
for higher frequencies. 

3. Show that in the presence of a magnetic field H in the direction of wave 
propagation an electron gas exhibits two velocities with indexes of refraction 

4roAr/fe^ 

1 db Wl/w 




ni 


= 1 




1 ± 


efioH 

Tim 


= 1 


where ojx is the Larmor frequency. 



338 


RADIATION, SCATTERING, AND DISPERSION 


[chap. 21 


4. Make a sufficiently accurate plot of the wave and group velocities and the 
absoiption coefficient near a resonance frequency to indicate the essential features, 
showing that the maximum and minimum of the index of refraction occur at fre- 
quencies where the absorption coefficient has half its maximum value. 

5. Compute the rate of energy transport, i.e., the time average of the Poynting 
vector over that of the energy density, at a; = wq. 

6. How much polarization is to be expected in sky light scattered at angle 67 
Assume unpolarized light from the sun and take account only of single scattering. 

7. In Eq. (21-43) take a(k) = with hi and b constants. Find the 

form of the group in space, and trace it in time as it progresses into a dielectric. 
Find a general expression for its width in space, i.e., the distance from the position 
of maximum amplitude to the place where the amplitude is 1/e of its maximum 
value. Assume that the frequency of the group is not too near a resonance fre- 
quency of the dielectric. 

8. Prove Eq. (21-52). 

9. Consider a nucleus of N neutrons and Z protons, and let A = N + Z. Show 
that under the assumption of pure electric dipole absorption, the ‘'integrated cross 
section^^ is given by 

where a is the fine-structure constant, C5£l/137, and M is the proton mass, approxi- 
mately equal to that of the neutron. Evaluate this expression numerically. 


CHAPTER 22 


COVARIAHT FORMULATION OF THE FIELD EQUATIONS IN 
MATERIAL MEDIA AND THE CONSERVATION LAWS 
OF ELECTRODYNAMICS 

From the electron theory viewpoint the ordinary Maxwell equations are 
the result of averaging electrical quantities over regions large enough to 
permit macroscopic observation. We saw in Chapter 17 that vacuum 
electrodynamics with charges and currents may be described in a simple 
covariant manner. It should then be possible to write the equations of 
electrodynamics in material media in covariant form. 

22-1 Covariant description of sources. The new element in macro- 
scopic electrodynamics of material media is that the four-vector current f 
may have four non vanishing components even in a frame in which the 
medium is at rest. In such a frame, 



( 22 - 1 ) 

where is the current density in the proper frame. Let us now consider 
the form of the components of / in a nonproper frame. To correspond to 
the vacuum case, f must retain the components 

11 

( 22 - 2 ) 

in any frame, and hence, in general. 


II 

1 

( 22 - 3 ) 


(22~4) 

where v is the velocity (taken along x) of the arbitrary frame measured in 
the proper frame. 

Equation (22--3) is physically clear: it contains the convective current 
due to transport of charge and the contraction factor which assures the 
invariance of the charge. Equation (22-4) is less obvious physically: it 
says that a substance which carries a current but is electrically neutral 
(pO = 0) in a proper frame does not necessarily remain neutral when ob- 
served from another inertial frame. This effect can be understood in terms 
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Fig. 22-1 Minkowsld diagram showing the possibility of unequal charge den- 
sities in two Lorentz frames. 

of the kinematics of the moving charges. Let us consider equal densities 
of positive and negative charges in the proper frame For simplicity j 
let the positive charges be at rest (although this is not necessary to the 
argument) and the negative charges be in motion. The wmrld lines of the 
plus charges (shown as dashes) and of the minus charges (shown solid) as 
observed in 2:® and in an arbitrary frame S are indicated in the Minkowski 
diagram, Fig. 22-1. The charge density in is measured by counting + 
and — charges simultaneously in i.e., on the .r^-axis; the charge density 
in Z is measured by counting + and — charges along the ^r-axis, i.e., 
averaging them simultaneously in Z. It is seen that the density of — 
charges along the x-axis is decidedly decreased relative to that along the 
while the density of + charges has changed very little. (Note, 
however, that density of charge is measured by counting charges per unit 
length defined by the intercept of the unit hyperbola with the respective 
axes, as shown in the figure.) Therefore a net positive charge is found in 
Z, corresponding to the negative current in the neutral proper frame, in 
agreement with Eq. (22-4). 

One consequence of this effect, resulting directly from the difference in 
simultaneity betw-een Z^ and Z, is the fact that a neutral stationary cur- 
rent loop in Z^ acquires an electric moment when observed in Z. Con- 
sider the rectangular current loop of Fig. 22-2, cai-rying a current J. From 




Fig. 22-2 Electric moment acquired by a current loop when viewed from a 
moving frame. 
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the point of view of S the legs parallel to will carry charges of ±Javl(? 
respectively, if we ignore the terms quadratic in v. Thus the system has 
an electric moment 

vabJ |v X ml 

( 22 -^ 5 ) 

where m = JS is the magnetic moment of the loop of vector area S, 
)S| = ah. 

22“2 The field equations in a material medium. If we divide the 
charge-current four-vector into ^^true” components f and magnetization- 
polarization components jV, then Maxwell’s source equations, Eq. (17-34), 
become 

iJIiM , ^22-6) 


dx^ 


€0 


while Eq. (17-36) remains unchanged. As before, the are given by the 
matrix of Eq. (17-32) in terms of B and E. It is desirable, as in the three- 
dimensional formulation, to write Eq. (22-6) in terms of the true charges 
and currents as external sources only, and to incorporate the “induced” 
charges and currents into the fields. This can be done by introducing the 
moment tensor by the equation 

= "TT- (22-7) 

In order to correspond to the inaccessible sources of Chapter 7, the com- 
ponents of fu Jiiust be 

+ jp 

OP ] — \ h 

c dt 


fu 


(—■ 4 = ( 


-v-p 


(22-8) 


The components of ilf are then given by 


(M«) = 


J ^ 

/ ^ 

-M^/c My/C 

-p.. 

1 MJc 

0 -MJc 

-P'. 

1 

Mxic 0 

-P: 

\ P. 

Py Pz 

0 

three-dimensional relations 


H/ceo = 

cB — M/C€o, 


D/eo = 

: E P/ €o, 



(22-9) 


122 - 10 ) 

( 22 - 11 ) 
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we may introduce a new field defined by 

The source equations, Eq. (22-6), then become simply 

'vhere 




\- 


dx^ 




j 

0 

-HJc 

Hy/C 

A 

HJc 

0 

-HJc 

A 

Hy/e 

H,/c 

0 

D. 

D, 

— Dy 

-D, 

0 


( 22 - 12 ) 


(22-13) 


(22-14) 


The signs in the defining equations of the auxiliary fields correspond to the 
way in which the equivalent currents and charges are derived from the 
moments. 


22-3 Transformation properties of the partial fields. The transforma- 
tion properties of the moments follow directly from the covariant formula- 
tion, as in Chapter 17 for the case of the total fields. We obtain for the 
transformation from the plain to the primed system moving with relative 
velocity v, 

P\\ = P\\, (22-15) 

-M;, = ikf„, (22-16) 

p± = 7 (pi - ’ (22-17) 

M'j. = 7 (Mj_ + V X Px). (22-18) 

Equation (22-15) is to be expected, since P\\ is the product of an (invariant) 
charge and a distance divided by a volume, both contracted in the same 
ratio. A similar argument applies to Eq. (22-16). The term v X P in 
Eq. (22-18) is, apart from the factor 7, nonrelativistic, arising from the 
fact that convection of a polarized medium corresponds to a net circulation 
of charge. We have met this effect before (Chapter 9) in the discussion of 
MaxwelFs equations in moving media from a nonrelativistic point of view. 
Consider an infinite polarized slab, showm in Fig. 22-3. From S, a moving 
frame, this slab possesses opposing surface currents corresponding to a uni- 
formly magnetized medium. 

Equation (22-17) has no nonrelativistic counterpart. It represents, as 
already shown, the effect of the net charges when a current in a neutral 
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-t- + ^ *i- 

i P> ^ ^ 




j>Surface 

currents 


SO 


Fig. 22-3 A polarized slab in motion corresponds to a magnetized medium. 

stationary conductor is viewed from a nonproper frame. The extra elec- 
tric moment is that predicted by Eq. (22-5), and arises from the relativistic 
definition of simultaneity. This equivalent electric moment resolves the 
apparent paradox of the unipolar induction generator. We concluded in 
Section 9-5 that a current would flow when a conductor, in contact with 
take-off brushes, moves transverse to a magnetic field. No difficulties 
arise so long as the source of B is external; the effect should, however, 
persist if B is due to a permanent magnetization of the bar itself. Since 
the permanent magnetization is to be describable in terms of equivalent 
Amperian currents alone, the question arose as to how such currents could 
produce an electrostatic effect when viewed from a moving frame. Now 
we see that this description leads to no difficulties, since we can interpret 
the electrostatic field as due to the equivalent moment v X M/c^. Inas- 
much as this equivalent moment is a consequence of the relativistic defini- 
tion of simultaneity, unipolar induction is fundamentally a relativistic 

effect. . , . 1 - • 1 

Practical devices for producing unipolar induction ordinarily involve 

rotation, and consequently some remarks .should be added here concerning 
rotary motion or accelerated motion in general. A full treatment of ac- 
celerated frames is beyond the scope of this book, but some consideration is 
necessary to clarify the applicability of statements made here and in Section 
9-5 to actual experiments. 

Contrary to what is true of frames differing in motion only by uniform 
relative velocity (Lorentz frames), experiments can be performed that dis- 
tingui.sh rotating (accelerated) frames. Heie we have been dealing with the 
special (inertial) frames in which the laws of special relativity are valid. 
Which frame is an inertial frame is presumably defined by gravitational 
forces, and therefore “a preferred frame as to rotation” is defined by the 
location of the bulk of the mas.ses in the universe. Strictly speaking, there 
is no frame in which special relativity is exactly valid, since no frame can be 
found in which gravitational accelerations or “equivalent’ (i.e., indis- 
tinguishable) inertial accelerations vanish. For all electrical phenomena, 
however the surface of the earth is a satisfactory Lorentz frame to a very 
good approximation; note that the tests of the special theory are concerned 
with the effects of the linear, not the curvilinear, motion of the earth’s 
SIlFfsiCG. 

But there are large scale electromagnetic effects which distinguish non- 
inertial frames produced by rotation of matter in the earth’s frame. Many 
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radoxes result if one assumes that such phenomena should be reciprocal 
?^the rotating frame and that of the earth. Let us consider the device 
^g^lQgous in rotation to the sliding-bar experiment of Section 9~o, the 
f^Faraday disk” illustrated in Fig. 22-4. Its behavior conforms in some 
details to the conclusions dravm in Section 9-5. All the results set forth in 
9 -L which gives the electromotive force corresponding to various 
gibilities of motion of the disk, the source of magnetic field, and the ob- 
gerving apparatus, are preserved. In particular, the important conclusion 
• i*etained that motion (rotation in this case) of the source of magnetic 
field does not affect any physical process, so long as such motion does not 
roduce a time-varying field. Again the electromotive force can be cal- 
ulated directly from Faraday’s law, Eq. (9-2), if the change in flux is com- 
ited through an orbit which moves with the actual carrier of the current; 
bere this path is split between the two frames. Also, consideration of the 
f^ 0 £fective force on an electron” gives the right answer. Note, however, 
l^bat the effective electric field E,. in the rotating frame is given by E,, = o)Bt 
for velocities; this expression has a nonvanishing divergence, and thus 
volume charge is developed. This is at variance with our transformation 
laws for linear motion, and is an indication that the “absolute” rotational 
0 iotion of the disk (i.e., the motion relative to an inertial frame) can in 
principle be determined. 

^ Another experiment which more obviously distinguishes absolute ro- 
tational frames is that shown in Fig. 22-5. A negative point charge is 
surrounded by a positive spherical surface distribution of equal total 
chargo- If this system is not rotating, E = B = 0 outside the sphere, in 
a^ccord with Gauss’s theorem. But if the charge is rotating the positive 
cbargos constitute ring currents, and thus the entire assembly develops a 
luagnoflo moment. Hence B is different from zero, both inside and outside 
the our transformation laivs fail to apply to nonrectilinear 



Fig. 22-4 Faraday disk illustrating Fig. 22-5 Rotating charge distribu- 
^^polar induction in rotation. tion of zero net charge. 


22-4] COVARIANT FORMULATION OP THE CONSERVATION LAWS 


345 


motion. It is not possible to discuss the problem consistently in both the 
stationary and the rotating frames without recourse to general relativity.* 
It should be emphasized, however, that within the framework of special 
relativity our earlier considerations do permit us to describe all fields in all 
Lorentz frames, whether the sources are accelerated or not. 


22-4 Covariant formulation of the conservation laws of vacuum electro- 
d 3 maiiiics. The conservation law^s of Chapter 10 may be written in three- 
dimensional tensor language as 


dNa ^ d 

h pEaUa + €0 T , 

dXa dt L 


= 0 , 


dXj3 


€0 “■ (E X cE)a — p[Ea + (u X B) J. 
dt 


(22-19) 


( 22 - 20 ) 


Here N = E X H is the Poynting vector and Ta^ = EaD^ + HaBp — 
dap(EyDy + HyBy)/2 18 tfic Maxwcll stress tensor. Equation (22-19) 
balances energy of radiation loss with the rate of mechanical and thermal 
work and the time rate of change of the electromagnetic field energy. 
Equation (22-20) balances the volume force with the rate of increase of 
the mechanical and electromagnetic momentum. These two equations can 
be combined into a single relation by introducing the energy-momentum 
tensor of the electromagnetic field defined formally by the symmetric 
matrix 


jiij 


/- 

rpM 

•" -t 11 

rpM 

— i 12 

rpM 
— J-iz 
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rpM 

“■I 12 

rpM 

— i 22 

rpM 
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- 

rpM 
“I 13 

rpM 

mM 

“"■^33 
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CGy 

cG, 

w' 


( 22 - 21 ) 


where G = N/c^ is the momentum density f of the field and W = 
{eoE^ + yLQlP)/2 is the energy density. If is a tensor with the com- 
ponents as given, the conservation laws, Eqs. (22-19) and (22-20), are 
equivalent to the simple covariant relation 

= -f , (22-22) 

, dx'^ 

where 

if) = p(E + u X B, E . u/c) (22-23) 


is the four-vector representing the Lorentz force per unit volume and the 
rate of work per unit volume of the electromagnetic field on the charges 
and currents. 

’^' See^L. I. Scliiff, Froc. Nat Acad. Sd. 25, 391 (1939). 

t The relation G = can be taken as a consequence of the symmetry of the 
tensor 
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To show that is actually a tensor, we note that it can be generated 
from of Eq. (17-32) by the tensor operation 

- i (22-24) 

where Fi == g-^nF^'^- Therefore is a tensor. The algebraic correctness 
of Eq. (22-22) can then be easily checked. It is seen that the second term 
on the right side of Eq. (22-24) is simply the invariant “trace^^ of F^^^^ 

= 2{<?B^ - FF). (22-25) 

The invariance of again shows that the ratio between the elec- 

tric and magnetic fields in a plane electromagnetic wave in space is a 
constant. 


22-5 Some consequences of covariant formulation of the conservation 
laws. The conservation laws, like the field equations, are in agreement 
with relativity theory without modification. Moreover, a Lorentz trans- 
formation of Eq. (22-21) again shows the equivalence of energy transport 
and flow of momentum. A number of other interesting and important con- 
clusions can be drawn from the covariant conservation laws and the form 
of the energy momentum tensor. 

1. If “state of equilibrium^’ is to be an invariant property of a system, 
we must conclude not only that electromagnetic forces, energy, momenta, 
etc., must be describable by a tensor relation of the iormp = —dT'^^'/dx\ 
but also that the totality of such mechanical quantities must obey an 
equation of this form. Hence, for example, Eq. (22-22) will be a valid 
equation, in a medium under elastic stress, with W as the mass density 
(including elastic energy density), G the mechanical momentum density, 
and the elastic stresses. This formulation yields the transformation 
equations for all quantities entering into the mechanics of continua. Note 
particularly that the mass density of a continuous medium cannot be 
treated as a scalar, or even as a component of a four-vector like the elec- 
trical charge density, but is the (4,4) component of the mechanical energy 
momentum tensor. The quantity m = jW dv has the same transformation 
character as a point mass. These facts are consistent with the existence 
of a fundamental unit of charge and the apparent lack of existence of a 
fundamental unit of mass. The tensor component character of mass den- 
sity is of importance in the formulation of the gravitational action of 
matter in the general theory of relativity. 

2. Let us consider a volume v containing totally a quantity of free elec- 
tromagnetic radiation but no charges or currents. The energy tensor of 
Eq. (22-21) then obeys the conservation law 


dx^ 


0 , 


(16-24) 
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= 


cG dv 


, W = 




(22-26) 


is a contravariant four-vector. Thus the momentum and energy of a 
radiation pulse totally contained ivithin a finite volume has the same 
transformation properties as a material point particle. For the total field 
of a charge this is not true, since Eq. (16-24) is not satisfied; we shall re- 
turn to this point shortly. For a plane electromagnetic wave the invariant 

G% = W^- ^G^ (22-27) 


is zero, and hence the equivalent particle properties of such a wave corre- 
spond to zero rest mass. This is in agreement iidth the fact that radiation, 
propagated with velocity c, can obey the particle transformation laws and 
still yield finite momenta and energy, which would be impossible if the 
rest mass were other than zero. All these facts are consistent with the 
“light quantum” concept. 

3. The “phase” of an electromagnetic wave is defined by the relation 
E = AV*'’ = (22-28) 


where k is the wave propagation vector and w is the angular frequency. 
The zero point of a field must be an invariant physical fact, and hence 
one would expect <p to be an invariant. Therefore we can write 

^ (22-29) 

with 

hi = (k,-co/c), /c* = -(k,a,/c). (22-30) 

Since Icdd = 0, fc* transforms exactly like an energy momentum vector of 
a particle of zero rest mass. This suggests making the momentum and 
energy of a light quantum proportional to k and co respectively, as has 
been done in quantum theory. 

Equation (22-30), in defining the transformation character of k and co, 
provides a simple method of obtaining the relativistically correct expres- 
sions for the Doppler shift and for the aberration of starlight. Consider a 
source at rest in a frame radiating in the ic-diiection such that w /c. 
In a S frame we obtain from the Lorentz transformation applied to k*: 


os = cy 




os\l - <3) 



(22-31) 


This is the relativistic formula for the Doppler shift. The expression for 
aberration can be obtained similarly from the spatial components of k\ 
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The relation 

sine = ^ 


(22-32) 


is obtained for the aberration angle 6, in agreement with Eq. (15-48). 

4. It is to be noted that only the electromagnetic momentum and energy 
of a free wave have the correct transformation character for a particle of 
zero rest mass. Let us consider the electromagnetic field of a point charge 
moving uniformly with velocity u in the rr-direction. In the Lorentz 
frame in which the charge is at rest, the energy momentum tensor would 
have the components 


T^j — 


0 Y 
\ 0 Wo/' 


( 22 - 33 ) 


to be integrated over a three-dimensional volume; Wq is the electrostatic 
field energy density of the charge. In the general frame, it follows from 
the Lorentz transformation that 


rpl4 _ 


p{Wo - O 


Wo - 


( 22 - 34 ) 

( 22 - 35 ) 


Note that we chose the sense of the Lorentz transformation such that 
frame S® has a positive velocity in S. Hence the momentum and energy 
of the field become 


cG^ 


=J Vl - dvo 


= ^^0, ( 22 - 36 ) 

U=jT^Uv=j Vl dvo 

= ^ 

where dno is the volume element in the rest frame. But if the charge is 
spherically symmetrical in the rest frame, 

fwod,,.U, 

jTu''dvo = ~~ jEodvo= ~Y' { 22 - 39 ) 
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where Uq is the electrostatic energy of the charge, and where we have made 
use of the relation, satisfied by a spherically symmetrical field, that El = 
Hence, 

^ 4u f/o 

G = (22-40) 




V = 


3c^ V 1- 
Uo 




Vi-0- 


(22-41) 


These expressions obviously do not transform as components of a four- 
vector, and therefore we obtain an additional argument for the fact, dis- 
cussed in Chapter 20, that the electromagnetic mass of a particle does not 
constitute its total mass. 


22-6 The electromagnetic energy momentum tensor in material media. 
We have seen that the covariant formulation of the conservation laws for 
vacuum electrodynamics is both straightforward and fruitful. The sepa- 
rate formulation for the macroscopic fields in material media, however, in- 
volves some apparent ambiguities. We shall consider this problem only 
briefly. 

The conservation laws of vacuum electrodynamics, Eq. (22-22), may be 
written 

-f = TT = > (22-42) 

dx^ 

where f is the four-vector current density. If we assume that the volume 
force in material media is similarly given hy jiF^\ where / is interpreted 
as the true (macroscopic) current and charge density satisfying Eq. (22-13), 
we must introduce a new energy momentum tensor. The equation corre- 
sponding to Eq. (22-42) becomes 

-f = (22-43) 

dx 

where 

(22-44) 

Equation (22-43) is covariant, since S” as given by Eq. (22-44) is a tensor, 
and algebraically the conservation laws are correctly given. The only 
argument against the correctness of this energy momentum tensor is 
based on the fact that it is not symmetric: ^ for dielectrics and 

permeable materials. It would seem that if Maxwell’s macroscopic equa- 
tions are indeed Just the result of averaging the microscopic vacuum quan- 
tities no difference in symmetry properties could arise, and for many 
years a “corrected” (i.e., symmetrized) energy momentum tensor was pre- 
ferred by most physicists. More recently, however, it has been pointed 
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out that there is no reason for demanding symmetry in the case of a partial 
field which also leaves out of consideration all mechanical properties, and 
that the only valid demand on is that it correspond to the correct 
Lorentz volume force in all instances. The situation is fully discussed by 
M0ller in the reference cited below, who shows that the evidence tends to 
favor the formulation of Eq. (22-44), due originally to Minkowski. The 
total energy momentum tensor, including mechanical as well as electrical 
quantities, is of course symmetrical, corresponding to a closed system. 
This follows, since the relation G = N/c^ should be obeyed by the total 
mechanical properties of the system. 
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exercises 


1. Show that the constitutive equations can be written relativistically as 


and 


HijU^ = €FijU\ 

y'jFki + U]cF I j + y>iFjk = iic\ujHki + uiMis + uiHjk), 


where Ui = dxi/ds. Write this in three-dimensional language. 

2. Check the algebraic correctness of the conservation laws as derived from the 
tensor of Eq. (22-24). 

3. Find the components of as defined by Eq. (22-24) and show that it im- 
plies an electromagnetic momentum density proportional to D X B in material 
media. 

4. Prove that the quantity F^^F{ in Eq. (22-24) is symmetrical in i and j. 

5. Show that Tl = 0. 


CHAPTER 23 


THE MOTION OF CHARGED PARTICLES 
IN ELECTROMAGNETIC FIELDS 

Material media actually consist of charged particles and, as Einstein has 
pointed out, the energy tensor represents matter only provisionally. The 
fundamental problem of electromagnetic theory deals with the motion of 
charged particles interacting via electromagnetic forces. The field concept 
is not necessary in formulating equations for such motion: formulation in 
terms of action at a distance is possible in a relativistically covariant way.* 
Separation of the problem into ^Tadiation’’ (production of a field by a 
charge sj^stem) and '^motion of charged particles in a field^’ is in a certain 
sense artificial and introduces some difficulties. In particular, this separa- 
tion implies that the radiation can be computed from the motion of the 
system as driven by external forces. In reality, there is also the “radiation 
reaction’^ which must be taken into account in order that the conservation 
laws be satisfied. The reactions can be computed from the radiation and 
applied as corrections to the external forces for a more accurate descrip- 
tion, and this process of successive approximations converges unless the 
variability of the motion is too high. In case the reactions are negligible, 
however, the separation is possible and generally advantageous, since the 
sources of the field need not be known in detail for a description of the 
motion of a charge. We shall deal here with the motion of charged par- 
ticles only under the conditions that reactions may be neglected. 

23-1 World-line description. In the covariant language of Chapters 16 
and 17, the equation of motion for a particle of charge e, rest mass mo, 
and four-velocity u\ moving in an external field F'^^, is given by 

mQC‘^ — = eujF'^^y (23-1) 

ds 

corresponding to the three-dimensional form 

— = e(E + u X B). (23-2) 

dt 

Here, as before, 

p = moti/ V 1 — u^/c^o (23-3) 

* See, e.g., J. A. Wheeler and R. P. Feynman, Revs. Modern Phys.^ 21, 425 (1949). 
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Since Eq. (23-2) is equivalent to the components of Eq. (23-1), it is the 
relativistic extension of the low velocity equation of motion which follows 
from the definition of the field. 

To find the equations of motion in canonical form, it is customary to 
proceed by choosing a Lagrangian which yields the correct equations. 
Here we shall do this in such a way as to emphasize the required invariance 
properties. 

Let the world line of the particle be given by xXs), where s is the ^'proper 
time” for the particle. Let us look for a Lagrangian L 4 in four-space such 
that the motion is given by a variational principle, 


8 / L 4 (x\u^) ds = 0. (28-4) 


The variation is taken between fixed 
world points Xq and xl^ as indicated 
in Fig. 23-1. Invariance requires 
that L 4 be a scalar, and in order to 
yield a linear equation of motion, 
the invariants making up L 4 must 
be not higher than second order in 
wb For a free particle, we are led 
to choose 

moc^ . 

L 4 = — (23-5) 


x‘ 



xt 

Fig. 23“1 World-line variation of the 
path of a particle. 


explicit dependence on x'^ being excluded, since all world points are equiva- 
lent for a free particle. (The coefiicient of it^Ui is arbitrary in this case.) 
We may introduce a scalar interaction with the field described by a four- 
potential (j>%x'') by putting for the total Lagrangian 

L 4 = u^Ui + eui<j)\ (23-6) 


[The constants in Eq. (23-6) have been adjusted so that the equations of 
naotion wOl agree with the usual convention for rest mass and charge.] 
Let us now apply the variational principle, Eq. (23-4), to obtain the 
Eulerian equations: 


. . 

8 I ds = 



mo(?Ui 8u' + e(<l>i8u^ + ~ bx’u 
\ dx^ 


’u^ 


ds. 


(23-7) 


Since Su^ = 


d(8x^) d<j>i 

and — 

ds ds 


we can integrate by parts to obtain 
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■ • 

d I L4 {x\u'^) ds 
Jxi 



— imoc\) + e 
ds 





8x^ ds. 


(23-8) 


The integrated part does not appear, since the variation of the function 
vanishes at Xq and xl. Since 8x^(s) is arbitrary along the path, the brack- 
eted expression must be equal to zero, and hence 


moC' 


2 

ds 


bF jiU , 


(23-9) 


which is the covariant equivalent of the contravariant Eq. (23-1). 


23-2 Hamiltonian formulation and the transition to three-dimensional 
formalism. A Hamiltonian in the ordinary sense cannot be readily intro- 
duced in covariant formulation, since in the ordinary Hamiltonian equa- 
tions, 


dH dqa BH dpa 

dpa dt dQa dt 


(23-10) 


the time enters asymmetrically. On the other hand, if we introduce a four- 
Hamiltonian, i? 4 , which is to obey the relations 


di?4 dqi dH^ dpi 

dp'^ ds dq^ ds 


(23-11) 


then H4 (which is different from H) will be a scalar. To establish a con- 
nection between Eq. (23-11) and Eq. (23-10), we must recognize that 
(23-11) represents eight equations, while (23-10) represents six. We shall 
show that if we find a scalar H^ip^q^) such that (23-11) yields the correct 
equation of the world point, then the magnitude of this scalar is a univer- 
sal constant for a given particle. If we then solve this equation for 
p^(xa,Pa,^'^)i we can show that p^ obeys Eqs. (23-10) for H. Since is 
thus generated by a covariant process, the resultant equations, although 
not ^^manifestly’’ covariant, are nevertheless relativistically correct. We 
can, of course, add the final test that the correct relativistic equations of 
motion shall result. 

The four-Hamiltonian obeying Eq. (23-11) is defined by 

dZ/4 

H4 = pX--i4, = — ’ (23-12) 

dUi 

or, from Eq. (23-6), 

p* = moc^u^ + e(i>^. (23-13) 

Hence, 

H4 = -mocVu^* = r {[p" — “ #i(^")]} (23-14) 

2 2moC^ 
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gives the explicit functional dependence of H 4 on p'^ and Numerically, 
however, u^Ui = 1, as can be easily veri fied by means of the components 
of namely, == (n/c, — u^/c^. 

The four-Hamiltonian, Eq. (23-14), together with Eq. (23-11), gives 
the correct equation of motion. By direct differentiation, 


Hence, 


5^4 

dq^ 


d(t>j 


ew 


moc^ 



^ t 

II 

dui B(t>i 

= —mncr e — : u\ 

ds dx^ 

(23-15) 

'' Vaa;* 

d(l>i\ dUi 

: = mnC » 

d.rV ds 

(23-16) 


in agreement with Eq. (23-1). 

Let us now turn to the ordinary three-dimensional representation of the 
Hamiltonian. We postulate 



H{Va,qa,t) = V*(Pa,qa,X^), 

(23-17) 

where p^ is 

the solution of Eq. (23-14) for Hi = f?noC^, i.e., 



Hij[)a,q<x,t) = e 4 > + cV (p - eA)^ + {nioc)^. 

(23-18) 

If we put 

L = -E + p • u, 

WqU 

' - V1 - 

we find that 

(23-19) 


L{u,qa,t) = —6(1) + e{A • u) — moc^Vl — u^/c^ 

(23-20) 


is the ordinary three-dimensional Lagrangian. Note that this Lagrangian 
fills the necessary relativistic requirement that the action integral, 

jLdt = — j {u'(l>i + moc^) dsj (23-21) 

shall be a scalar invariant. It can be easily shown that the three-dimen- 
sional Hamiltonian and Lagrangian, Eqs. (23-18) and (23-20) respectively, 
lead to the equation of motion, (23-2). 

It remains to be shown that if p^ = H, then H satisfies Eq. (23-10). 
According to Eq. (23-11), we can establish the relation between and s, 
i.e., between ^‘time'^ and “proper time’’: 

d^_ dH^ 

ds dp^ 


(23-22) 
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Hence, in general, 

dXa 

dx^ 


dHJdpc dpoc ^ dHJdXa 


dHJdp4, dx^ 
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(23-23) 


[Note the change in sign due to the presence of covariant components in 
Eq. (23-11).] If we set the total derivative of the invariant in Eq. (23-14) 
equal to zero, we obtain 


Hence, with Eq. (23-23), 


dHd, dp4 

- + - — ^ = 0 , 

( 23 - 24 ) 

OXo> dp4 OXa 

dH^ dH^ dp4 
+ — — = 0 . 

( 23 - 25 ) 

dpa dp4 dpa 

dXa dp4 

dt dpa 

( 23 - 26 ) 

dPa _ dp4 

dt dXa 

( 23 - 27 ) 


Thus P 4 ,{XajPa) Satisfies the ordinary three-dimensional Hamiltonian equa- 
tion, and the postulated Eq. (23-17) leads to a relativistically correct 
Hamiltonian and to a correspondingly correct Lagrangian. 


23-3 Equations for the trajectories. Thus far we have assembled the 
various relativistically correct expressions for integrating the equations of 
motion with respect to the time. Frequently, however, there are cases 
where it is desirable to obtain equations for the particle orbits, without 
regard to the time involved in the course of the path. These can be found 
by integrating the equations of motion in time and then eliminating the 
time but, in general, it is less tedious to obtain directly differential equa- 
tions for the orbits in vspace. This can be accomplished most easily by 
means of the “principle of least action.’’ 

It should be recalled that in classical mechanics there are two variational 

rh 

principles in general use: (1) Hamilton’s principle, S Ldt = Q, and 

Jh 

(2) the principle of least action, S p ■ dl = 0. These principles are 

quite different in their physical content. We have already made use of 
Hamilton’s principle, in which the variation is taken between two im- 
varied points in space and time; the varied paths will not obey the equa- 
tions of motion or the conservation laws. In the principle of least action, 
the end points are fixed points in space but not in time; however, the 
varied path does obey the law of conservation of energy. 
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Together with Eq. (23-19) the principle of least action gives 


r r 
d I p • dl = d I I 

•'X/y Xa-, 


Xa 

Xa, 


(mu + eA) • 

moU 




+ eA 1 « dl = 0. (23-28) 


Let us now make one of the three coordinates, say x, the independent 
variable, and let z' be the slopes dyldx^ dzfdx, respectively. Equation 
(23-19) then becomes 




5 / [mwVl + y'^ + z'^ + e(A^ + Ayv' + A,z')] dx = 0. (23-29) 

J Xi 

The Eulerian equations of this system will yield the differential equations 
for the orbit if the magnitude of the velocity u is known as a function of x. 
Since in the principle of least action the varied paths obey the law of 
conservation of energy, we can express u in terms of the kinetic energy T 
and the rest energy Eq of the particle, i.e., 

I L = y/T^ + 2TEJEo. 
c V 1 ■“ 


In terms of r = T/Eq the variational equation is then given by 





+ t / 2)(1 + y'^ + z'^) + — (Ax + Ayy' + A^z^) 

Eq 


\dx = 0. 
(23-30) 


The principal application of these considerations is for the calculation of 
orbits in electric and magnetic lens structures. This is a fairly specialized 
subject, and only solutions of general interest will be discussed here. For 
more detailed information the reader is referred to the electron optics 
literature, some of which is listed at the end of the chapter. 

In electron and ion optics one usually deals with orbits in the proximity 
of an axis. Let us first consider the case of radial symmetry about such 
an axis, i.e., the only component of A is Ae, which is independent of 6. 
If, in cylindrical coordinates, we make z the independent variable, with 
r' = dr/dz and 6' = dd/dz, Eq. (23-30) becomes 


‘I 


V2t( 1 + r/2)(r'2 + + i)H + if. 

^0 


dz == 0. 


Eulerian equations for r(z) and e(z) can then be generated in the usual 
way. A first integral of the equation in 6(z) can be found immediately and 
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leads to the law of ^'conservation of canonical angular momentum’^ in the 
form 


7^B'-s/2t(X + r/2) ec ^ ^ 


( 23 - 31 ) 


It can be shown that Eq. (23-31) is equivalent to 


rpB + eAer = C', (23-32) 

where pd ~ tSmo/ V 1 — /c^. Hence a particle emitted in a magnetic 

field will attain mechanical angular momentum when leaving the field; a 
particle passing through a magnetic field will experience a change in me- 
chanical angular momentum, but this will be restored to its initial value 
on leaving the field. 

Equation (23-31) can be substituted into the Eulerian differential equa- 
tion for t{z) in order to eliminate dependence on S'. The resulting equa- 
tion is algebraically complicated, but it can be stated simply by means of 
a change in parameters. Let 

? = 2r(l + r/2), 

1 /C cc \ 


where C is the constant of Eq. (23-31). Then, without any approxima- 
tion, the Eulerian equation becomes 


r 


n 


1 + 
2X 


(1 + r'2) 


ax 

dr 



(23-34) 


This equation is more general than is usually necessary. In most cases, 
X has a simple form; e.g., for a purely electrostatic system and low velocity 
motion X is just the kinetic energy and hence the electrostatic potential. 

Equation (23-34) reduces to a much simpler form if one considers "par- 
axiaF’ motion, i.e., motion in which the inclination of rays to the axis 
never becomes large. In this case, two approximations are possible: we 
can ignore r'^, and we can relate d/ dr to d/dz by the field equations. Spe- 
cifically, we have, near the axis. 


d(i> T d^^ 
dr ' 2dz^' 


(23-36) 


Ae 


Br 

T’ 


(23-36) 


and 
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correct to order and we need consider the values of <l> and B only on 
the axis. With these approximations, Eq. (23-34) becomes 



+ 


T (eB/moc)^ 
8 t( 1 “h 'r/2) 


^2 

2r(l + T/2y 


(23-37) 


If we put /3 = u/c and 7 = l/\/l — Eq. (23-37) takes the simpler 
form 


r' 7 ' 


r" + — + — ^ ■ 

PS 2pS 


r / Be y 
4 XmocPyJ pSS 


= 0 . 


(23-38) 


The physical content of Eq. (23-38) is clear. The first three terms 
correspond to an electric lens system with orbits of zero angular momen- 
tum. The last term adds a ^^centrifugal potential’^ or an effective “repul- 
sive core^’ to the system in case the canonical angular momentum is dif- 
ferent from zero. The fourth term represents the lens action of a mag- 
netic field. We shall consider the effects separately. 


23-4 Applications. 

1 . Electrostatic lens, no ^‘eccentric” rays, B = 0 = C, 
(23-38) becomes 


r" + 


r' 7 ' 

¥y 


ry 


2 / 5^7 


= 0 , 


or 


ry" 

{Pyr'Y + ^ = 0- 


In this case, Eq. 


(23-39) 

(23-40) 


Qualitatively, the action of an electrostatic lens depends on the change in 
velocity of a particle traversing the system. In Fig. 23-2 it is assumed 
that a positive charge travels near the axis from left to right. In an 
accelerating lens the particle is faster and hence spends less time in the 


Converging Diverging 



Diverging Converging 




Accelerating lens Decelerating lens 

Fig. 23-2 Accelerating and decelerating electrostatic lenses, both of net 
vergence. 


con- 


23-4] 


APPLICATIONS 


359 


diverging part of the field; conversely, if the lens produces deceleration 
the particle is slower in the now converging second part of the field. In 
either case, therefore, the lens is converging. This can be seen quantita- 
tively if we apply the transformation 

R = (23-41) 

to Eq. (23-39) in the nonrelativistic approximation. We obtain 

3 /r\^ 

+ = (23-42) 


which demonstrates the convergence property of the lens. By integrating 
Eq. (23-42) through a region of variable potential, we can obtain formulas 
for the focal properties of electrostatic lenses. 

The velocity of the particle, and hence the (nonrelativistic) square root 
of the electrostatic potential, is analogous to the refractive index, n, in 
optics. This can be understood immediately if we note the correspondence 

rx2 

between Fermat’s principle in optics, S ndl = 0, and the nonrelativistic 

J Xi 

rX2 

principle of least action, 6 / a/t dl = 0. Note also that electrostatic 

Jxi 

lenses are “second order” devices in the sense that the focusing action de- 
pends quadratically on T' and hence quadratically on the axial field 
strength; physicall}^ this is due to the fact that the lens action depends 
on both the change in velocity caused by the field and the radial com- 
ponent of the field. 

For simplicity, we have considered only the nonrelativistic case. The 
same arguments apply to the general case, except that the transformation 
leading to Eq. (23-42) is somewhat more complicated than Eq. (23-41). 

2. Magnetostatic lens, no eccentric‘s rays, C == 0. If there are no elec- 
trostatic fields to produce changes in energy, Eq. (23-38) becomes simply 




where Bp = cm^fiy/e is the “magnetic rigidity” of the particle, i.e., the 
product of the magnetic field and the radius of curvature. No approxima- 
tion involving small velocities needs to be made in this case. It is obvious 
that a magnetic lens, like an electrostatic lens, is always a converging de- 
vice. Equation (23-43) can be readily integrated to give the focal length. 

The lens action is also of second order in this case, i.e., it is quadratic in 
the field. Let us try to understand this physically. Consider a magnetic 
lens, say in the form of a solenoid, and let a particle enter with zero canon- 
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ical angular momentum (Fig. 23-3). While entering the fringing field, the 
particle will acquire a mechanical angular momentum 

eBr 

— Pe = eAe ’ (23-44) 

2 


according to Eq. (23-32); this is also qualitatively evident by inspection 
of the Lorentz force on the charge in this part of the field. This angular 
velocity then interacts with the longitudinal component of B to produce a 
radially inward force. Thus B has acted twice, and the net effect is quad- 
ratic. The reader can easily convince himself that the direction of the net 
radial force is always opposite to the direction of the radius vector. 

3. General case. Equation (23-38) can be written as 


n f7" l/eB\^l CM 

j— + “( ) ri 

dz 1 2/3 4 \mQC/ I3y J 


= 0 , 


(23-45) 
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which, except for the last term, is the equation of motion corresponding to 
a harmonic oscillator of variable mass and variable force constant. The 
last term corresponds to an r~^ repulsive core in such a potential; finite 
canonical angular momentum makes it impossible for the particle to cross 

the axis. _ 

In general, the solution of Eq. (23-45) requires numerical or ^aphical 

integration. Note that ,8 and y are assumed to be given functions of z 
through the value of the electrostatic potential on the axis. If C = 0 and 
the parameters vary slowly with respect to the period of radial oscilla- 
tions, the equation can be integrated for extended systems by means of 
the so-called “adiabatic theorem.” In that case the equation has the form 

{Fry + Gr = 0. (23-46) 


If F and G are functions of z fulfilling the conditions that 

F'/F«.V^, G’/G^V^, 


solutions of Eq. (23-46) are represented by 


1 


r = 


\/FG 


±i\^y/G/Fdz 
e j 


(23-47) 


and the exponent may be integrated analytically or numerically, depending 

on the nature of the fields. -t,, . u -u 

4 First-order lenses. It can be easily shown that it is impossible to build 
a first-order lens, either electric or magnetic, which has cylindrical sym- 
metry. In an electrostatic field of cylindrical symmetry the mean value 
of E -will always vanish in charge-free regions because of the divergence 
condition. Similarly, the mean value of the azimuthal component Be of 
the magnetic field will vanish in a current-free region, since in this case B 
is irrotational. Hence, no net radial impulse of first order in E or B can 
be given to a particle in a field of cylindrical symmetry. 

First-order focusing effects can be produced by asymnaetrical lenses. 
The prime example of such a lens is the electric or magnetic quadrupole, 
which is essentially a “fully astigmatic” lens. It can be seen from Fig 
23-4 that such a structure, if acting as a thin lens, will have equal but 
opposite focal strengths in two mutually perpendicular planes; hence the 
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theorem that the mean radial momentum imparted to a particle (averaged 
over azimuthal angles) shall vanish is still not violated. The combination 
of a diverging lens and a converging lens of equal strength separated in 
space is converging; hence lens combinations made up of alternating ele- 
ments of quadrupoles are converging. This is the basis of the “strong- 
focusing’’ principle in electron and ion optics. 

5. Solutions simplified hy change of Lorentz frame. Frequently, integra- 
tion of the equations of motion may be simplified by choosing a Lorentz 
frame other than the frame of physical interest. Most notable are the 
cases where the combined effect of electric and magnetic fields can be re- 
duced to the effect of a purely electric or a purely magnetic field. The 
possibilities for such transformations can be ascertained by examination of 
the two invariants, scalar and pseudoscalar, 

_ ^ 2^2 ^ (23-48) 

E • B = /2. (23-49) 

We have seen in Chapter 17 that if Ji = 0 = I 2 , we have the case of a 
plane wave which is invariant in all its properties. If /2 = 0 h ^ 0? 
it is possible to transform away either B or E. li E < cB, a frame can be 
found for which E vanishes. If B is uniform, the orbits are then circles 
(or helixes) and thus become cycloids in the laboratory frame. If cB < E, 
a transformation may be effected to a frame in which B vanishes, and the 
orbits are catenaries if E is uniform. A component of E parallel to B 
(h ^ 0) cannot be transformed away, but if E is parallel to B, motion in 
the plane defined by the fields and the initial velocity depends only on E 
and can be integrated first; a solution for the motion at right angles to 
this plane then follows. 
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EXERCISES 


1. Verify that the Lagrangian 


L — — moc^\/l — u^/c^ — e<t> + eA^ u 
yields the correct equation of motion. 

2. Show that the orbit of a particle of charge e, rest mass mo, in a uniform elec- 
trostatic field E along the x-axis, is 


Uo , eEy 

X — — cosh » 

eE poc 


where Uo = V (moc^)^ + c^pl and po is the initial momentum in the y-direction. 
The momentum in the a;-direction at 2/ = 0 has been taken equal to zero. 

3. Consider an accelerating column for charged particles such as might be in- 
stalled in an electrostatic generator. As a result, the energy of the particle is 
given approximately by 

/ ga . 27 rz\ 
e<b — z + ~sm — ) » 

\ ZTT g / 

ecj)' = k(^l + a cos ’ 


where z is the axial distance and k is the mean accelerating field. Since 



E^ 

E^' 


a is a measure of the fluctuation of the axial field. Assume that g, the wavelength 
of these variations, is small compared with the focal length of each lens of thick- 
ness g. Hence, 0'^ may be represented by its mean square and the fluctuation 
term in <!> may Ibe neglected. What is the minimum value of a such that the orbits 
will be oscillatory? 

4. An electrostatic ‘^strong-focusing’^ lens produces a field corresponding to the 
complex potential 

where Eo is the electric field at radius a. How could such a field be realized? If 
the length of the lens is L, calculate the focal length in the x- and ^/-planes. Do 
not assume the lens to be thin. 

5. Consider two coaxial conducting circular cylinders of equal radii charged to 
potentials — Fo/2, +Fo/2, respectively. Let the separation between the cylinders 
be small compared with the radius a of the cylinders. Calculate the potential 
within the space bounded by the cylinders. 

6. In the preceding problem, let Fo == A cos o)t, where (jo<^c/a, so that the static 
solution is valid. Let a particle of charge e cross the field along a trajectory parallel 
to the axis at a distance b from it. What is the energy gain? 

7. Consider a particle of energy Uo^eVo passing through the system of prob- 
lem 5. What is the focal length? 

8. Prove Eq. (23-47) as a solution of Eq. (23-46). 


CHAPTER 24 


HAMILTONIAN FORMULATION OF MAXWELL^S EQUATIONS 

In Chapter 23 we found the covariant equations of motion for a point 
particle in an external field, using the Lagrangian and Hamiltonian formula- 
tions. Let us now formulate the equations of motion of the field, i.e., 
Maxwell’s equations, in terms of Lagrangian and Hamiltonian functions. 
No new physical information concerning classical electrodynamics can be 
arrived at in this way, but the transition to quantum electrodynamics is 
accomplished through canonical formulation of the field. Moreover, the 
methods facilitate the investigation of various types of fields other than the 
electromagnetic. 

In extending the Hamiltonian formulation to a field, we are faced with 
a new consideration, namely, the fact that the number of degrees of free- 
dom, in the mechanical sense, is infinite. We shall begin, therefore, by 
studying the transition of a mechanical system of N degrees of freedom to 
a system in which N becomes infinite. 


24-1 Transition to a one-dimensional continuous system. Let us con- 
sider a set of N point particles of equal mass m, connected by springs of 
equal length a and force constant k. (See Fig. 24-1.) Let r)i be the dis- 
placement from equilibrium of the ^th mass. The solution of this problem 
rests on finding a suitable Lagrangian L such that the equation 

S j L{nm,t) dt = 0 (24-1) 

represents the correct equation of motion. In classical mechanics, we 
know that L ~ T — V, where T and V are the kinetic and potential 
energies respectively. By the geometry of the problem at hand, we thus 
have (neglecting end contributions) : 

N 

~ 2 2 ~~ (24—2) 

Equation (24-2) can be written in the form 

N 

L = X) (24-3) 



Fig. 24-1 A system of mass points connected by springs. 
a64 
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where 


= 


m 


La 


7}i — ha 



(24-4) 


is a quantity which we might call the “linear Lagrangian density.” Equa- 
tion (24-1), with the Lagrangian of Eq. (24-2), gives the usual equation 
of motion for a set of coupled oscillators; orthogonalization of Eq. (24-2) 
yields the set of normal modes. 

Our principal interest here is to allow the number of degrees of freedom 
to tend to infinity; this we shall do by letting 

a *— > dx, 
m/a — ^ IX, 

ha Y, (24-5) 

Vi+l — Vi drj 
— ^ — , 

a dx 


where /x is the linear mass density and Y is Young's modulus. By means 
of this transition, we have replaced the discrete index i by the continuous 
variable x. The Lagrangian then becomes 


with 



(24-6) 

(24-7) 


The Lagrangian density thus acquires an explicit dependence on the spatial 
derivatives of the “field coordinate” ??. 

Let us now derive the Eulerian equation corresponding to the variational 
principle of Eq. (24—1), which has become 


8 j L dt 




£dxdt = 0. 


( 24 - 8 ) 


On substituting Eq. (24-7) and integrating by parts in the usual way, we 
obtain (ignoring explicit time dependence) 




d£, d£ 

— 87] 4 

dr} d(d7}/dx) 


( 

\dx/ 


+ 




d{dr]/dt) 


\d£> 

[ drj 


a 

■ d£ 

d ~ d£> 1 

dx 

^d(dri/dx)^ 

dtld{dv/dt)l\ 


( ] 

I ^ — ] \ dxdt 

\ dt/ J 

hrt dx dt = 0. (24-9) 
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The integrated part has been made to vanish by the condition that 5?; = 0 
at the end points of integration over t. Since brj is an arbitrary function 
of X, we obtain the partial differential equation 


d£, 

d 

■ d£ 

d 

■ a=e 

drj 

dx 

,d{dr]/dx). 

dt 

.d{dr]/dt)^ 


Equation (24-10) is often written in the form 


where 


a r ■ 

8rj dt[d(drj/dt). 


d£> dSi d r ~ 

8r) dr] dx .d{dr]/dx) . 


(24-10) 


(24-11) 

(24-12) 


is called the ^Variational’^ or “functional” derivative. Note that in going 
to the limit of a continuous variable we have replaced a system of N 
ordinary differential Lagrangian equations by a partial differential equation. 

With the substitution of the Lagrangian density, Eq. (24-7), Eq. (24-11) 
yields immediately the wave equation. 




= 0 , 


(24-13) 


corresponding to compressional waves traveling with velocity ^s/YJix, 


24-2 Generalization to a three-dimensional continuum. These con- 
siderations may be generalized to a three-dimensional field ?/, where ?? may 
be any covariant parameter. The variational principle corresponding to 
Eq. (24-1) is given by 



<£ dv dt 


0 , 


(24-14) 


or 



(24-15) 


This formulation is evidently covariant if the Lagrangian density £ is a 
scalar. Let us again vary the functional dependence of our] and dy]/dx\ 
but consider the a;" as fixed independent coordinates. Partial integration 
gives 


H-- 

d 


1 la?; 

dx^ 

.d{dr]/dx'^) \ 1 


d^x 8r] 


= 0 , 


(24-16) 


24-2] GENEKALIZATION TO A THEEE-DIMENSIONAL CONTINUUM 367 
leading to the covariant Lagrangian equations 

d£> d 
dr] 


d£> 


.d(dv/dx'^) 


(24-17) 


To exhibit the time dependence explicitly, we may write these equations 
in the form 


where 


8£> d / dJu 

8r} dt \d7 } . 


(24-18) 


dr djB “ 

8r] dr) dx^ -d{dr)/dx^) . 


(24-19) 


with Yj = drj/dt and with representing the three space variables. Our 
program is to find an £ such that Eq. (24-17) will lead, in the electro- 
magnetic case, to Maxwell’s equations. Clearly, this discussion will apply 
to any field theory. 

It has been possible to state the action principle and write a Lagrangian 
partial differential equation in obviously covariant form. To introduce a 
Hamiltonian, we must single out the time among the as has been done 
in Eqs. (24-18) and (24-19). We can then define a ^^momentum density” 
conjugate to 77 , 

d£ 

» (24-20) 

dr) 

and a Hamiltonian density. 


/dr) drr \ 

^ i 'n, n = (24-21) 

\ dXa OXa / 


The Hamiltonian equations follow in the usual way. Consider an incre- 
ment dH of the total Hamiltonian H = Jx dy: 


dH = 


J ?7 dir + TT d)? 


d£ 

^ 

d{dr)/dx^) 




dv. 


With Eq. (24-17) and the definition of tt, this becomes, on partial integra- 
tion. 


dE 


J (r) drr — TT dr)) dv. 


(24-22) 


Since 


H = 



dTT dr) \ 

dx^ dx^J 


dVj 


(24-23) 
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we may also write 


dH 


■f 


dx dx /ax\ dx 

dir -j d ( ) H dri 

[.dir d{dir/dx°‘) \dx“/ dij 

dX 


— d(—) 

d(dv/dx^) \dxV 


dv. (24-24) 


If we integrate Eq. (24-24) by parts and identify the result with Eq. 
(24-22), we obtain, in the notation of Eq. (24-19), 


V = 


63C 

, 

Stt 


TT = 


dr] 


(24-25) 


as the new form of Hamilton’s equations. 

Hamilton’s equations lead to the usual meaning of the time rate of 
change in terms of Poisson brackets. If A is the density of a physical 
variable L, i.e., if L = jAdv, then by means of the process used for ob- 
taining Eq. (24-25), we find 


dL 

dt 



dv 


(24-26) 


which is analogous to the usual Poisson bracket. These expressions lead 
to convenient starting points for quantization. 

The discussion above leads to definite field equations if a Lagrangian 
density £ is given. In order that the field equations be linear, the La- 
grangian must not contain higher powers than the second of either t] or 
dr]/ dx\ As the simplest example, we might consider 


2 dxi / 


which leads, by Eq. (24-11), to the field equation 

(□ - m")i? = 0. 

The corresponding momentum density is given b 3 

1 drt 
5r = — — . 

(? dt 


(24-27) 


(24-28) 


(24-29) 
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and we are led to a positive definite Hamiltonian, 

3C = J[c^7r^ + (Vj;)^ + n^ri% (24-30) 

This is the scalar meson field of Yukawa, of which the point solution is 

g— /»>• 

,, = gi(k-r-.0 ^2 

T 

24r^ The electromagnetic field. The electromagnetic field demands a 
more complicated formulation. Presumably, we are now dealing with a 
vector field, i.e., 

V (24-32) 

The total Lagrangian will have three parts: (1) a mass term for the motion 
of material particles; (2) an interaction term relating particle to field; and 
(3) a field term corresponding to the field equation. 

Terms (1) and (2) can be written down from our former considerations. 
If we take 

■Cl = (24-33) 

where g'o is the proper mass density, and 

= j%{, (24-34) 

we know that the correct motions of point particles in an external field 
will result. In writing down Lz we may be guided by a classical analogy: 
let us choose Lz such that £ is an invariant, and also is analogous to the 
classical difference between potential and kinetic energy. In an electro- 
magnetic oscillation, energy oscillates between electric and magnetic 

energy, just as in a mechanical oscillation energy oscillates between kinetic 
and potential energy. The only scalar which is quadratic in the first 
derivatives of the four-potential is proportional to this difference, namely, 
F^^Fij = 2{c^B^ - E^). (The quantity where (?,-,• is the dual of 

Fij, is excluded because it would transform differently from the remaining 
terms of the Lagrangian, as we have seen in Section 17-2.) It is, of course, 
not excluded that a Lagrangian density might also include terms quad- 
ratic in the four-potentials themselves, such as that found in Eq. (24-27), 
but it is just this term that introduces an exponential dependence on r 
into the point solution, Eq. (24-31). Thus, while a Lagrangian density 
analogous to Eq. (24-27) yields a possible field theory from the point of 
view of the transformation character of the terms, it does not correspond 
to the experimental properties of the electromagnetic field. When trans- 
lated into quantum mechanics, a theory in which the Lagrangian density 
contains terms quadratic in the potentials as well as their derivatives pre- 
dicts photons of finite rest mass, instead of the zero rest mass photons of 
electromagnetic theory. 
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Thus, for the electromagnetic field, we are led to take 
eoiE^ - C^B^) 


£3 = 




(24-35) 


Note that the field equations, 


V-B = 0, VXE = 


dB 


dt 


are already implied in the connecting equations 

d(l>^ d(j>^ 

pv = — — 


dXi dxt 


(17-30) 


corresponding to 


E = -V<^ 


dk 

dt ’ 


E = V X A. 


With Eq. (24-35), the total Lagrangian density is given by 

£ = - — + eu% + - goc^u*Ui. 

4 2 


(24-36) 


A further reason for this choice of the Lagrangian is the connection be- 
tween Lagrangian density and the energy momentum tensor, Eq. (22-24). 
If we consider the Hamiltonian as retaining its meaning as an energy 
density, we can put 


Now 


dSQ. d 



dX. 

— •+ V-N 
dt 

= 0. 

(24-37) 



. d£ 

d£ d^r. 

^ dtXdri) 

’ dr, 

didn/dx^^) dx'^dt 


d 

d3f 


d£ 


d(dri/dx“) 
Hence, from Eq. (24-37), 


= cT'^“ = ij - 


d£ 


d{drt/dx°) 

The covariant generalization of Eqs. (24-39) and (24-21) is 


_. dri d£ 

T] = — . : £p. 


dx^ d{d'i]/dx^) 


(24-38) 


(24-39) 


(24-40) 
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Thus the choice of Lagrangian fulfills both Eq. (24-39) aad Tt = as 
required. 

It can be easily shown that the Lagrangian £2 + <^3 leads to Maxwell’s 
equations. Note that this choice of £ is not unique. Since the equations 
of motion will depend on the fields which in turn do not depend on 
the quantity d(l)'^/dx\ any function of b<Fl^x^ may be added to £. It is 
customary but not mandatory to use the Lorentz condition dcp'^fdx^ = 0. 
From Eq. (24-17) we have, using £ = £2 + £3 and dJd/d<j)j = f, 


3 d£ 

€0 d [ 3 

Y— - 


dx^ d{d4>j/dx^) 

~ 4 dx^ 


dxi) Xbx^'' 3xW.\ 


and thus 


€0 


dx^ ' 


QF^j jj 
€0 


(24-41) 

(17-34) 


which are Maxwell’s source equations. 

This calculation can, of course, also be carried out using the three- 
dimensional form, 

£ = - hoio^B^ ~ F;") - A • j + p0, (24-42) 

and Eq. (24-19). In the language of three dimensions, we may take 


v"" = (24-43) 

= -€oF/^ (24-44) 


i.e., A and E are canonically conjugate. In terms of these variables, the 
Hamiltonian density of the field in the absence of sources is given by 


5C = €0 



(V X A)" 

2/io 


60 /dA\^ 
2 \dt/ 



tt" ^ (VX11)^ 

2€q 2/xo 


(tt . V(^>). 


(24-45) 


The last term can be made zero by a particular choice of gauge; in any 
case, since V • E = 0, the volume integral of the last term vanishes, and 
thus does not contribute to the energy. 
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24-4 Periodic solutions in a box. Plane wave representation. An 
alternative way of treating Maxwell’s equations in Hamiltonian form is to 
make the number of degrees of freedom finite by confining the field to a 
box of dimensions L. We may take the boundary conditions such that 
the field functions shall be periodic with period L in the three dimensions. 
The method is of great historical significance in the derivation of the 
Rayleigh- Jeans law (see Section 21-9), and leads to a representation of the 
field which is readily quantized. 

Let us take as the Hamiltonian 




T- . (VXA) 


2-1 


L2eo 




2/jo 


dv. (24-46) 


Since the solutions are periodic, they can be expanded in space by a Fourier 
series. That is to say, if we put 




(24-47) 


then in terms of these functions any vector function can be expanded as a 
sum over k and over the unit vectors, t.k\- The boundary conditions re- 

2^ A 

strict k to the values k = -y (lx + mf + nz), with m, n representing all 

Jb 

positive and negative integers, and the e/cx (X = 1,2,3) permit an arbitrary 
choice of polarization. For example, we can write 


A(a;“,«) = Vmo X VLk\{r)qk\(t), (24-48) 

k,\ 


= VTq X) ^k\{r)Pk\(t). (24-49) 

k,\ 


The functions of Eq. (24-47) satisfy the auxiliary relations, 


V • uu = k • U75X, 

V X ua = k X ua. 


(24-50) 


Let us apply these relations to a pure, i.e., transverse, radiation field. We 
can choose a gauge in which <^ = 0, and thus take V • A = 0, V • E = 0. 
tn that case k • sx* = 0, and hence the summation over possible polariza- 
tions will include only two components, tki and e^, for each k, where 
is perpendicular to k. Thus 


V X Ufci = ffcUA2- 


(24-51) 
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For the first term in the Hamiltonian, we must evaluate 

J L/ J k 


— «0 S 2 + ^')PkPk' = 2 ^OPkP-le- (24-52) 


k k' 


Since ir is real, Eq. (24-49) is equal to its complex conjugate, and since 


Ua;x = u_ 7 sx we must have = p.*. Hence, 

1 

«o 


= 23 S bal^. 

k X=1 


(24-53) 


Also, from Eqs. (24-51) and (24-48), 

— /"(V X A)2 * = 23 \ikqk\\^ = 23 (24-54) 

M J k,\ k,\ 

(24-55) 


Hence, 


= i 13 (bap + fc^baP). 

k,\ 


Each term in Eq. (24-55) is the same as the Hamiltonian for a harmonic 
oscillator. Thus the equations of the electromagnetic field are equivalent 
to the equations of motion for a set of harmonic oscillators. The number 
of oscillators, dco, corresponding to an angular frequency interval 

do), results from taking the length of the box large in comparison with the 
wavelength of the radiation considered. By the application of statistical 
mechanics the mean energy of each oscillator when it is in equilibrium with 
walls at temperature T may be found. We have already seen that the re- 
sulting distribution law, Eq. (21-65), is in profound disagreement with 
experiment; it was Planck’s effort to correct this treatment which originally 
led to the quantum hypothesis. 


SUGGESTED REFERENCES 

H. Goldstein, Classical Mechanics. Chapter 11 of this work forms an excellent 
introduction to the Hamiltonian formulation for fields. Our treatment of the 
transition from discrete to continuous systems parallels that in Goldstein’s Sec- 
tion ll-l. 

G, Wbntzel, Introduction to the Quantum Theory of Fields. The raison d’Mre 
for the Lagrangian and Hamiltonian formulation of classical electrodynamics is to 
facilitate quantization, and discussions are rare except as a preliminary to quan- 
tum mechanical treatments. WentzeFs Chapter 1 is largely devoted to classical 
fields. 
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L. I. ScHiFF, Qmntum Mechanics. The alternative treatments we have outlined 
are to be found in Chapters XIII and XIV of Schiff’s very useful book on quan- 
tum mechanics. 


EXERCISE 

1. Show that the transformation of the Lagrangian density 





where is an arbitrary vector function of rj and drj/dx^, does not affect the Eulerian 
equation. Hence the choice of Lagrangian density to represent a given field is not 
unique. 
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UNITS AND DIMENSIONS IN ELECTROMAGNETIC THEORY 

Classical mechanics is characterized by the fact that its mathematical 
formulation does not contain any fundamental constants inherent in the 
theory. Hence all physical laws in classical mechanics ^‘scaie’’ perfectly 
for any change in parameters over any arbitrary range of magnitudes. It 
is customary^ although not at all mandatory, to formulate classical me- 
chanics in terms of three-dimensional entities: mass {M), length (L), and 
time (T). The number could be increased, for instance, by choosing the 
constant K in the equation Volume = K (Length)^ to be different from 
unity and to have dimensions. The dimension is customarily identified 
with volume by choice, not by necessity. Similarly, the number of funda- 
mental units can be decreased by arbitrarily defining certain constants to 
be unity and dimensionless. The convention c = fi = 1 frequently used 
in quantum mechanical calculations is such an example. In these units 
L — T — arbitrarily. 

We mention these examples only to indicate that the number of inde- 
pendent dimensions is arbitrary even in classical mechanics, although con- 
venience suggests a specific choice. In general, the greater the number of 
dimensional entities chosen, the more independent units can be chosen to 
suit the orders of magnitude convenient for a particular purpose. It 
should be remembered, however, that changing units or even numbers of 
dimensions does not affect the physical content of any equation if it is 
correctly interpreted. 

In classical mechanics the MLT system is used conventionally, and 
hence the issues discussed above are usually not of interest. For electro- 
magnetic theory, the conventions are of more recent origin and appear 
more controversial. 

Electromagnetic theory differs from classical mechanics by the fact that 
one constant, c, the velocity of light in vacuo, appears as a fundamental 
constant of the theory. Physical laws thus ^^scale” correctly over arbi- 
trary magnitudes only if ratios of length and time are held constant. In 
this property electromagnetic theory exhibits a feature which special rela- 
tivity extends to all laws of physics. 

If the MLT system is used in the mechanical quantities in electromag- 
netic theory, the constant c having dimensions LT~~^ will appear explicitly. 
Whether any additional dimensional units are introduced is entirely a 
matter of convention. As an example, if in Coulomb’s law in the form 
F = Kqiq^/r^ the constant K is chosen arbitrarily to be dimensionless, 
then the charge q automatically acquires the dimensions and 

875 
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no basic units beyond those of M, L, and T need be specified. The justifica- 
tion for this procedure is analogous to that for setting K in the equation 
V = KL^ equal to a dimensionless constant and thus giving a volume the 
dimension L^. 

If we do not choose a dimensionless constant in one of the equations re- 
lating mechanical and electromagnetic quantities, then w’-e retain the free- 
dom of choosing one of the electrical units arbitrarily and assigning to it a 
dimension. This has been done in what is called the mks system. 

The particular set of units employed in this text is the inks system now 
in fairly general use. The principal convenience of this system is that it 
incorporates the common technical units — volt, ampere, coulomb, etc. — 
and is thus particularly suitable for treating applications that involve both 
“lumped” circuit parameters and fields. Since these technical units imply 
that the unit of time is the second and also define the power simply in 
watts, the natural choice of mechanical units are the meter, kilogram, and 
second. With this choice of electrical and mechanical units the constants 
€o and juo in the equations 


F == 


47reo ^12 


( 1 ) 


F 


4 t J J ri2 


dvi dv2 


(2) 


can be determined once w^e have selected a basic electrical unit. We shall 
postpone their numerical determination until we have seen how the elec- 
trical unit was chosen, but we note that two constants, €o and juo? are car- 
ried in the equations when they are written in mks units, although only 
one constant, c, is fundamental to the theory. 

Historically, a set of units (esu) was defined by using unity in place of 
4 x 60 in Coulomb's law, Eq. (1), and cgs units for mechanical quantities. 
This defines the electrostatic unit of charge with mechanical dimensions 
indicated above, and from this the units of potential, electric field, etc., 
are defined. On the other hand, if we set juo = 4t in Eq. (2), and if cgs 
mechanical units are used, the equation defines a unit of current (with 
dimensions called the electromagnetic unit (emu) or abampere. 

Units for other electrical quantities can be derived from the abampere and 
the cgs relations. The charge densities and current densities defined by 
Eqs. (1) and (2) respectively obey the relation 


• ^ ^ 

3 emu Pesu ’ ( 3 ) 

where c appears here as the measured ratio of the units. This ratio was 
first determined by Weber and Kohlrausch by measuring the discharge of 
a condenser whose electrostatic capacity was known. A consistent set of 
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units (Gaussian units) is obtained by using the electrical quantities de- 
rived from Pesu End the magnetic quantities derived from jemu and carrying 
c in the equations as the only constant. 

As indicated in Eqs. (1) and (2), the mks system is commonly used in 
its rationalized form; the cgs units have been quoted in their unrationalized 
form. A rational system of units contains the factor At in Coulomb’s and 
Ampere’s laws of force so as to eliminate it in the Maxwell field equations 
which involve sources. General vector relations do not contain such 
factors. The appearance of the geometrical factor is indicated mathe- 
matically by the form of the Green’s function. If a source (such as a 
point source) defines a problem in spherical symmetry, then in rational 
units one obtains At explicitly in the resulting solution; if the source (such 
as a line source) defines a field structure of circular S3mmetry, then 2t 
appears. A system of units analogous to the Gaussian system but in 
rationalized form is known as the Heaviside-Lorentz system. 

Historically, the ampere Avas taken to be exactly of the abampere, or 
emu, of current. This fact enables us to determine the magnitude of po in 
Eq. (2), since we have seen that the abampere is defined by setting ijlq/At 
= 1. It is customary to use the coulomb, not the ampere, as the basic 
electrical quantity, and we need only transform the defining equation of 
the electromagnetic system with all quantities of unit size into mks units. 
Explicitly, in the electromagnetic cgs system, 

1 dyne = 1 (abampere)^ 


[since all lengths cancel on the right side of Eq. (2)], which in mks units 
for which 1 abampere = 10 coulomb/second, becomes 

. kilogram-meter po 10^ (coulomb)^ 


10 ^ newton = 10" 


second^ 


or 


At X 10 


kilogram-meter 
(coulomb)^ 


At 


At X 10 


(second)^ 
, henry 
meter 


The constant eo is now obtained from the relation €omo = 1A^> 


o 

) 

^ /(coulomb)^ (second)^ farad \ 

Xi-irc^ X 10®y 

\ kilogram (meter) ^ meter/ 


What has been done here is to define po in terms of the arbitrarily chosen 
size and dimension of an electrical unit, whereupon €o is automatically 
fixed if the system is to be consistent with the mechanical units and the ex- 
perimental value of the fundamental constant c. 

Electrical units which are referred to mechanical standards via defining 
relations containing fixed numerical constants are called absolute electrical 
units. Actually, the accuracy with which the emu and esu could be rea- 
lized in terms of their defining equations was until recently insufficient for 
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practical purposes: during the period when the accuracy of verification of 
absolute units was inferior to the reproducibility of standards, the practical 
units were based on such standards* as the international ampere and the 
international ohm. Improvements in techniques have resulted in greatly 
improved absolute electrical measurements, so that the former international 
standards have been relegated to the role of secondary standards. Hence 
the value /xq = 47r X 10“"^ as an exact numerical constant refers to the 
practical units as absolute rather than international units. Note that cq 
in the mks system depends on the experimental relation between the veloc- 
ity of electromagnetic radiation to the length and time standards (although 
juo does not) ; this corresponds to the explicit presence of c in the Gaussian 
and Heaviside-Lorentz systems. In the “natural” system the velocity of 
light itself constitutes a standard. It is clear that an experimental meas- 
urement of the velocity of light can only provide a measure of the ratio of 
the velocity of propagation of electromagnetic radiation to the ratio of 
length and time standards. Hence the resultant number can never have 
any fundamental significance in an absolute sense, but is of great practical 
utility in providing independent accurate means of relating the length and 
time standards. 

Clearly, the physical content of the fundamental relations is the same 
in all systems of units. It is easy to translate the laws of electrodynamics 
from one system to another: for vacuum conditions, the relations in this 
book are written so that the transformation 

^ -i^Gaussian? 

«0 (47r)“\ 

Aio«o — > l/<? 

will effect a reduction to their Gaussian equivalents. Table I-l contains 
a brief summary of fundamental electromagnetic relations valid in vacuo 
as they appear in the various systems of units. For convenience in the 
numerical conversion of units, a list of the most important conversion 
factors is given in Table 1-2. Table 1-4 contains other numerical con- 
stants and functional relations useful in applications involving atomic 
particles. 

The situation regarding the equations in material media is somewhat 
more complex than that for vacuum conditions, and is frequently mis- 
understood. To gain some insight into the problem, let us consider the 
fundamental process by which Maxwell’s equations in media are generated 
from the vacuum relations. 

* For example, the international ampere was defined as “the value of the un- 
varying current which on passing through a solution of silver nitrate in water in 
accordance with standard specifications deposits silver at the rate of 0.001118 gm 
per second.” 
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The vacuum source equations have the general form 

D(F) = S, (4) 

where D is a linear differential operator acting on the field F and S is the 
source. In media S is broken up in terms of an '^accessible'' (macroscopic) 
source S and an "inaccessible" source Sp, i.e., 

D(F)^S + Sp. ( 5 ) 

Sp is then derived from an auxiliary quantity Fp by the same differential 
operator D such that 

= D(Fp) ( 6 ) 

and hence 

D(F - Fp) = ;S. (7) 

A partial field Fh = F — Fp can thus be defined such that 

D(Fh) = (8) 

i.e., such that this field is derived from the "accessible" (often called "true") 
sources only. In Table I~3 this general statement is illustrated in terms 
of the actual electrodynamic quantities. 

Ambiguity arises because in this general formulation quantities of the 
type Fp (i.e., P and M) appear in a dual role. On the one hand, in the 
relations 

PP= -V.P, (9) 

JM = V X M, (10) 

P and M represent purely source quantities — they describe certain charge 
and current distributions. In both relations, on the other hand, P and M 
can be viewed as fields, namely, those electric or magnetic fields whose 
sources are Pp or respectively. In relations of the type 

€oE = D -- P, (11) 

B/po = H + M, (12) 

as written in the now conventional mks system, P and E or B and M are 
given different units: P is measured in coulombs/meter^, while E is in 
volts/meter; M is in amperes/meter, while B is in webers/meter^. This 
convention emphasizes the roles of M and P as current and charge de- 
scriptions. The "partial field" aspect is, however, equally valid, and is 
somewhat obscured by the constants in Eqs. (11) and (12). In cgs units, 
Eqs. (11) and (12) become 

E = D ~ 47rP, B = H -f 47rM (Gaussian), 

E = D — P, B = H + M (Heaviside-Lorentz). 
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Here the units of all quantities are the same, and hence the ^^partial field' 
aspect is emphasized. 

To solve field problems, it is in general necessary to specify the ''consti- 
tutive equation'' giving P(E) and M(B). If these are of linear form, 
such as 

P = 6o(. - 1)E, (13) 

it is often said that E represents an "intensive variable" and P an "exten- 
sive variable," i.e., E is cause and P effect. This point of view is empha- 
sized by the fact that E • 6P represents the differential of work done in 
this case. From this aspect the use of different units for E and P appears 
justified. Actually the cause-effect situation is very much less clear when 
permanent polarization (electrets) or permanent magnets are considered. 
It should be noted that the basic relations (11) and (12) are additive; on 
the other hand, relations of type (13) are not at all general. 

We may summarize by saying that the question of whether E, P, and D 
(or B, M, and H) should have the same units is fairly irrelevant; in fact, 
an understanding of the dual physical function of P and M is the prin- 
cipal requirement for clarity in the classical theory of electric and mag- 
netic media. 
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Table 1-2 


CONVERSION FACTORS 


Multiply the number of 
mks units below 

by 

to obtain the number of Gaussian (cgs) 
units of 

ampere 

10"! 

current in abamperes 

ampere/meter^ 

10-5 

current density in abampere/cm^ • 

coulomb 

3X1109* 

charge in esu i 

coulomb /meter® 

3 X ilO^ 

charge density in esu/cm® 

farad = coulomb/volt 

9 X 10-“* 

capacitance in cm 

henry = volt sec/ampere 

10® 

inductance in emu 

joule 

10^ 

energy in ergs 

newton 

109 

force in dynes 

ohm = volt/ampere 


resistance in esu of potential per abam- 
pere 


i X 10“* 

resistance in esu 

volt 

1 * 

300 

potential in esu 

volt/meter 

i X 10^* 

electric field intensity E in esu 

coulomb/meter^ 

12ir X 109* 

electric displacement D in esu 

weber = volt second 

10* 

magnetic flux in maxwells 

weber/meter^ 

: 10* 

flux density B in gauss 

ampere-turns/ meter 

•fcr/ilO^ 

field intensity H in oersteds 

mho/meter 

A* 

conductivity in abamperes/cmVesu of 
field intensity 

ampere turns 

47r/10 

magnetomotive force in gilberts 


* In all conversion factors marked by an asterisk 3 is used for c/W^, where in 
this definition c is measured in cgs units. If higher accuracy is desired, a more 
precise value of c must be substituted. DiiMond and Cohen give c = 299792.9 ± 
0.8 km/sec. [Revs, Modern Phys, 25^ 961 (1953).] 
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Table 1-4 useful numerical relations 


A. Some atomic constants.* 


cgs 

Gaussian 

cgs 

Heaviside-Lorentz 

mks 

Name 

1 

1 1 

1 

Fine structure 
constant 

he 137.04 

47rj^c 137.04 

i-whceo 137.04 

e^ 

« 2.8178 i 

mc^ ... ! 

X 10 cm 

; = 2.8178 

4:Trmc^ ^ 

X 10 cm 

, - 2.8178 

Classical elec- 
1 tron radius 

= 5.2917 

me^ „ 

X 10 ® cm 

= 5.2917 

nie^ _ ^ Q 

X 10 ^ cm 

= 6.2917 

X 10-^1 m 

Bohr radius 


B. Relations useful if energy of a 'particle is measured in electron volts.* 


Eo == moc^ — .51097 Mev for electron 
Eq = moc^ — 938.210 Mev for proton 


1. “Magnetic rigidity” Bp of particle of kinetic energy T carrying charge e. 


cgs Gaussian 

rnks 

r, Vt^ + 2TEo 

^ Vt^ + 2TEo Vr^ + 2TEo 

Bp--Vr^+2TEo^ 300 

^ ~ c 3 X 108 

2 . Tension t of wire carrying current I having same orbit in magnetic field as particle 
of kinetic energy T carrying electronic charge e. 

\ 

cgs Gaussian 

c 300 

mks 

Tc = iV¥~+Weo 


Z. Velocity u, momentum p, kinetic energy T, total energy E. 


Eq 


cosh 0 = ~ + 1 
Eo 


— = sinh9 = 

J&o 

n 

~ == tanh 6 = 
c 



VWEo + T^ 

T +Eo 


T 

Eq 


cosh^ — 


1 

■%/! — (u^/c^) 



1 

Vl ~ (u^/c^) 


(m/c) 

Vl — (u^/c^) 

Ve^ - El 

cp 

E 

V(cp)^ + El 

Ea 



* The numerical values here are consistent with those given by J. W. M. DuMond 
and E. R. Cohen, Revs. Modern Phys., 25, 961 (1953). 
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VECTOR RELATIONS IN CURVILINEAR COORDINATES 

A list of vector operators expressed in the common orthogonal curvi- 
linear coordinates is often useful in the solution of physical problems. For 
the derivation of these relations, it is possible to precede quite formally 
from the definition of the operator V in Cartesian coordinates and the 
transformation equations to other coordinate systems, but for physical 
applications it is advantageous to work from the geometrical definitions of 
gradient, divergence, and curl. One may first specify the coordinate sys- 
tem and derive the required expressions, or make a general derivation 
valid for any curvilinear coordinates and only then specify the coordinates. 
We shall follow the latter plan, first outlining a derivation valid for any 
right-handed system of orthogonal coordinates for which the line element 
is known, and then writing the particular forms for Cartesian, cylindrical, 
and spherical polar coordinates. 

A line element in three dimensions is an infinitesimal displacement in 
space. If only one of three orthogonal coordinates gi, q 2 j gs is varied, the 
corresponding line element may be written 


*1 = h dqu 


( 1 ) 


together with similar expressions in g 2 and gs. For any infinitesimal dis- 
placement, 


ds^ = hi dqi + hi dql + hi dqt 


( 2 ) 


Now the gradient of a scalar function \l/ is defined by the requirement that 


Vi/' • ds == #, 


(3) 


giving the change in i/' corresponding to the space displacement ds. Then 


mi = 


lim 

dsi —* 0 


^(gi + dqi) — 4^{qi) 

dsi 


1 # 
hi dqi 


(4) 


is the general form of a gradient 
To find the divergence, we shall 
consider an infinitesimal volume 
rfy = cUi ds 2 dsz bounded by the 
surfaces qi = constant, gi + dqi = 
constant, etc., as indicated in Fig. 
II-l. Let us apply Gauss’s diver- 
gence theorem, /V- Kdv = jA'rfS, 
to a vector A(gi,g2>23) com- 

ponents Ai, As, As, integrating 
over this infinitesimal volume. The 


component. 



Fig. II-l Element of volnme for 
computing the divergence. 
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integral of the outward normal component of A over the two surfaces 
perpendicular to the direction of increasing qi is 

d 

(Ai ds2 dsz)qiJ^dqi ” (^1 ^82 ds^)q^ = — {Ai ds2 ds^) dqi 

dqi 


d(h2hQAi) 

dqi 


dqi dq2 dqz 


1 d{h2}izAi) 

a?;, 

hih2hz dqi 


and analogous expiessions hold for the other two sets of surfaces. Since 
the sum of these three terms is, by Gauss’s theorem, equal to V • A dv^ the 
divergence is given explicitly by 

d{h2hzAi) d{hzhiA^ dQiih2A^ 

1 1 

dqi dq2 dqz 

The Laplacian of a scalar function can be written down immediately, 
since it is just the divergence of the gradient: 

hzhz d\l/\ d d /hih2 d\p\' ^ 

hi dqj dq 2 \h 2 dq 2 / dq^Khz dqzJ 1 

To obtain a particular component of the curl of a vector, we may apply 
Stokes’ theorem to an infinitesimal area at right angles to the direction of 
the desired component. Consider the area defined by ds 2 and dsz^ as in 

Fig. II-2. By Stokes’ theorem, A • ds = f(V X A) • dS, which, in this 
application, becomes 


vV = 


hih2hz 


d 

dqi 


V-A 





(^2 ^§2)53 + (^3 — {A2 ds<^q^j^dqz — (A3 <^83)^2 = (V X A)i dsz dsz. 


Therefore 


(V X A)i 


1 

hzhz 


dQizAz) 

dq2 


d^hzAz) 
dqs - 


( 7 ) 


and the other two components are 
obtained by cyclic interchange of 
the coordinate indices. 

In Table II-l are listed the ex- 
plicit forms for gradient, divergence, 
curl, and Laplacian in the three 
most common coordinate systems. 
For the definition of other orthog- 
onal coordinates see, e.g., Marge- 
nau and Murphy, The Mathemat- 
ics of Physics and Chemistry. 



Fig. II-2 Element of area in the 
§2,^3 plane for finding the component 
of the curl Arrows show the direction 
of the path of integration. 


Orthogonal line elements 
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Aberration, stellar, 237, 259, 348 
Abraham, 350 

Absorption of radiation, 333-336 
Accelerated charge fields, 297-309 
Accelerated frames of reference, 343 
Accessible charge, 24, 379 
Adiabatic theorem, 361 
Advanced potential, 214 
Ampere^s law, 112, 376 
Anisotropic media, 26 
Associated Legendre functions, 74, 207 
Astigmatic electron lenses, 361 
Attenuation, wave guide, 198 
Axial vector, 280 

Bessel functions, 80, 138-140, 195, 308 
spherical, 202 
BesseFs equation, 80, 189 
Biot-Savart law, 114 
Blackbody, 174, 209, 336 
Boundary conditions, on electric field 
vectors, 26-28 
at conducting surfaces, 109 
on magnetic field vectors, 129 
on electromagnetic waves, 176-182 
at metallic boundaries, 185 
Bragg, 332 

bremsstrahlung, 303, 308 
Brewster’s angle, 179 
Brillouin, 331 

Canonical field variables, 369-373 
Capacity, 56, 110 
Cauchy-Riemann equations, 55 
Cavities, oscillations in, 190-196, 202 
Cavity, with ^^black” wails, 336 
definitions of electric field, 30 
Cerenkov radiation, 309-312 
Circulation density, 1 
Classical electron theory difficulties, 320 
Clausius-Mossotti relation, 34, 94, 101, 
329 

Collision, relativistic, 273 


Complex fields, time average, 171 
Complex transformations, 58-65, 136 
Condensers, 110 
Conductivity, 107 
Conformal transformations, 58 
Conjugate complex functions, 54-65 
Conservation, of electromagnetic energy, 
161 

of momentum, 162-164, 267 
in radiation reaction, 317 
Conservation laws, 266, 270, 345, 349 
Constitutive equations, 26, 129, 144, 350, 
380 

Continuity, hydrodynamic equations of, 
93, 219 

Contraction, Lorentz, 236, 248 
of a tensor, 264 
Contraction hypothesis, 236 
Contravariant tensor, 263 
Convection potential, 293 
Convective current, 118, 147, 342 
Coulomb’s law, 7, 86, 103, 376 
Covariance, 261 

Covariant electrodynamics, 339-350 
Covariant mechanics, 261-273 
Covariant tensor, 264 
Cross section, for dipole absorption, 335 
for Rayleigh scattering, 327 
for scattering by a metallic cylinder, 
201 

by a sphere, 207 
for Thomson scattering, 326 
Curl, defined, 388 
Current, convective, 118, 147, 342 
displacement, 121 
four-, 277, 339 
magnetization, 119 
polarization, 118, 176 
quasi-stationary, 152 
types of, 117 

vacuum displacement, 121 
Current density, 107 
Curvilinear coordinates, 287 



396 


INDEX 


Cutoff frequency, 196 
Cylindrical ca'^ities, oscillations in, 192- 
196 

Cylindrical coordinates, 387-389 
Laplace's equation in, 80 
vector potential in, 138 
wave equation in, 195 

D'Alembertian, 211, 277, 310 
Damping, radiative, 322 
Degeneracy of eigenvalues, 189 
Delta function, 3, 22, 48, 84, 213, 310 
Depolarization factor, 77 
De Sitter, 329 
Dielectric constant, 26 
Dielectric cylinder and line charge, 66 
Dielectric sphere and point charge, 75 
Dielectric sphere in uniform field, 76 
Diffraction, 332 
Diffusion equation, 167 
Dilation, time, 246 
Dimensions, 376 
Dipole, electric, interactions, 15 
radiation, 222 
magnetic, 193 
radiation, 226, 227 
Dipole moment, 12 
volume distribution of, 20 
Dipole potential, 13 

Dirac delta function (see Delta func- 
tion) 

Dispersion, 328-331 
Displacement current, 121 
Displacement vector, 24 
Divergence, defined, 387 
tensor, 96, 97, 265 
Divergence theorem, 3 
Doppler shift, 347 
Dual of a tensor, 282 

Eclipsing binary stars, 239 
Eichenwald, 148 
Eigenfunctions, 187 
Einstein, 241, 261, 333, 351 
Electric charge density, 8 
Electric dipole, 15 
radiation, 222 

Electric displacement vector, 25 


Electric field, defined, 6 
in a medium, 29 
Electric field lines, 23, 223 
Electric flux, 55 
Electric quadrupole, 13-15 
Electric quadrupole radiation, 227, 228 
Electric susceptibility, 25 
Electric volume force, 92 
Electromagnetic field tensor, 281, 341, 
380 

Electromagnetic mass, 314, 320, 349 
Electromotive force, 108, 142, 155 
Electron optics, 351-362 
Electron radius, 88, 315, 325 
Electret, 25, 380 
Electrostatic lens, 358 
Electrostatic potential, 9 
Electrostriction, 95 
^ ^Emission" theories, 238 
Energy density, in a dielectric, 89 
in electromagnetic field, 160 
in electrostatic field, 86 
in magnetic field, 153 
in radiation field, 174 
Energy-momentum tensor, 345, 349 
Energy velocity in a medium, 332 
Equation of continuity, 93, 219 
Equipotential surfaces, 55 
Equivalence relations, 21 
“Ether drag," 236 
Ether frame, 231 

Faraday disk, 344 
Faraday’s law of induction, 142 
Ferromagnetic substances, 125 
Feynman, 351 
Field tensors, 341 
Fizeau, 174, 176 
Fluctuations, 333 
Flux, of electric field, 55 
magnetic, 130, 142 
Flux theorem, 7 
Force, on current systems, 154 
in a dielectric liquid, 100 
on a dipole, 16 
Loreiitz, 163, 172, 284, 345 
Minkowski, 272 
volume, 92, 159 
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Four-current, 277, 339 
Four-momentum, 268, 347 
Four-vector potential, 277 
Fourier components, 212-228, 294, 304, 
323, 331, 334 
Free energy density, 90 
Fresnel coefficient, 174-176, 259 
Fresnel formulas, 178-179, 184 
Functional derivative, 366 

Galilean transformation, 230 
Gauge transformation, 211, 278 
Gaussian units, 301, 377 
Gauss’s divergence theorem, 3 
in tensor form, 96 
Gauss’s flux theorem, 7 
Gedanken experimented 245, 261, 273 
Gradient, 265, 387 

Green’s function, for Laplace’s equation 
39, 45, 70, 84 

for the wave equation, 213 
Green’s reciprocity theorem, 38, 41 
Green’s theorem, 10, 50, 71 
Group of Lorentz transformations, 253 
Group velocity, 197, 331 

Harmonic functions, 5, 65 
Heaviside-Lorentz units, 377 
Heitier, 317 
Hertz, 225 

Hertz potential, 219-228 
Homogeneous wave equation, 166-209 
Hughes, 129 

Hydrodynamic equations of continuity, 
93 

Hysteresis, 154 

Images, method of, 44, 69 
Impedance, of free space, 168 
wave guide, 198 

Index of refraction, 170, 179, 328, 330, 359 
Inductance, 156 

Induction, Faraday’s law of, 142 
Induction field, magnetic, 113 
Induction zone, 225, 300 
Infrared catastrophe, 305 
Invariance, 252, 264 
gauge, 211, 278 
of phase, 347 


Inversion, method of, 42 
Joule heat losses, 155, 161 
Kennedy, 236 

Kennedy-Thorndike experiments, 240 

Lagrangian, 352, 364-373 
Langevin formula, 35 
Laplace’s equation, 9, 73, 133, 202 
in dielectrics, 38 

Laplacian operator, 2, 133, 288, 389 
Least action, principle of, 359 
Legendre functions, 13, 74, 204, 207, 221 
Lens, electron, 358-362 
astigmatic, 361 
electrostatic, 358 

Lienard-Wiechert potentials, 280, 286- 
289, 292, 318 
Light cone, 257 
Linear multipole, 13, 221 
Line element, special relativity, 252, 264 
Lines, of charge, 12 
of force, 23 

Lorentz condition, 210, 278 
Lorentz contraction, 236, 248 
Lorentz covariance, 261 
Lorentz-Fitzgerald hypothesis, 236 
Lorentz force, 163, 172, 284, 345 
Lorentz frames, 343, 362 
Lorentz transformation, 252, 253, 261, 
283 

Losses, cavity, 192 
guide, 198 
Joule heat, 155, 161 
at a metallic surface, 186 

Magnetic circuits, 130 
Magnetic dipole, 193 
radiation, 226 

Magnetic energy density, 153 
Magnetic field intensity, 124 
Magnetic flux, 130, 142 
Magnetic induction field, 113 
Magnetic interaction of steady currents, 
112 

Magnetic moment, 119 
Magnetic pole, 126 
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Magnetic scalar potential, 116 
Magnetic susceptibility, 129 
Magnetic volume force, 159 
Magnetization, 119, 125, 150 
Magnetization currents, 119 
Magnetostatic lens, 359 
Magnetostriction, 159 
Majorana, 239 

Mass, electromagnetic, 314, 320, 349 
variation with velocity, 268 
Mass-energy relation, 269 
Maxwell energy density, 87, 153 
Maxwell equations, 143, 147, 166, 282 
Maxwell stress tensor, 95, 162, 172, 345 
Metallic boundary conditions, 185 
Metric tensor, 264 
Michelson and Morley, 176, 233 
Miller, 234, 239 
Minkowski diagram, 255, 340 
Minkowski force, 272 
Modes of oscillation, 192-196 
Molar refraction, 329 
Molecular fields, 31 
M0ller, 350 

Momentum, electromagnetic, 162, 267, 
315, 347 

Motion of a conductor in a field, 148-151 
Moving medium. Maxwell's equations 
in, 147 

plane waves in, 174 
Multipoles, electrostatic, 12-15 
magnetic, 120 
radiation, 225-228 
Mutual inductance, 156 

Net point method, 52 
Neumann’s formula, 156 
Nodal lines, in radiation field, 307 

Octupole, 14 
Oersted, 107 
Ohm’s law, 107, 108 
Opalescence, 333, 337 
Orthogonality of functions, 47, 50, 82, 
189 

Permanent magnets, 126 
Permeability, 129 


Permeable media, 129 
Phase invariance, 347 
Phase velocity, 170, 330 
Planck’s hypothesis, 305, 373 
Plane of incidence, 176 
Plane waves, 168-182 
Plane wave expansion in spherical coor- 
dinates, 205 
Poisson’s equation, 9 
Polar vector, 280 
Polarizability, 33, 329 
Polarization, volume, 20 
Polarization charge density, 24 
Polarization current, 118, 176 
Polarization potential, 219 
Poles, magnetic, 126 
Postulates of special relativity, 241 
Potential, advanced, 214 
convection, 293 
electrostatic, 9 
four-vector, 277 
Hertz, 219-228 

Lienard-Wiechert, 280, 286-289, 292, 
318 

polarization, 219 
retarded, 214 
scalar, 4 

magnetic, 114, 131 
vector, 4 

of current distribution, 116 
magnetization, 120 
Poynting vector, 161, 171, 198 
Pressure, in dielectric liquids, 100-104 
radiation, 172 

Propagation vector, defined, 170 
Proper frame, 245 
Proper time interval, 247 
Pseudotensor, 280, 282 

Q for cavity, 192 
Quadrupole, oscillating, 227 
Quadrupole lens, 361 
Quadrupole moment, 13-15 
Quasi-stationary currents, 152 

Radiation, absorption ob 333-336 
from accelerated charge, 297-309 
Cerenkov, 309-312 
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Radiation {continued) 
dipole, 222, 226 
dipole antenna, 217 
dispersion of, 328“331 
Radiation field, 300 
Radiation pressure, 172 
Radiation reaction, 314-320 
Radiation resistance, 217 
Radiation zone, 225, 300 
Radiative damping, 322 
Radius of electron, 88, 315, 325 
Rasetti, 128 

Rayleigh-Jeans law, 337 
Rayleigh scattering, 327, 332 
Reciprocity theorem, 38 
Reflection, coefficient, 184 
metallic, 181 
of plane waves, 176 
Refraction, 176 

Refractive index, 170, 179, 359 
Relativity, 150, 230-284, 339-350 
Relaxation method, 52 
Relaxation time. 111, 167 
Reluctance, 130 
Resistance, 108, 155, 217 
Resonance, 324, 334 
Retarded potential, 214 
Ritz emission theory, 238 
Roentgen, 148 

Scalar potential, 4, 210 
electrostatic, 9 
magnetic, 114, 131 

Scattering of radiation, by an electron, 
325-330 

by a metallic cylinder, 199 
by a sphere, 203 
Schiff, 345 

Schwarz transformation, 59, 136 
Self-inductance, 157 
Separation of variables, 45-51, 65, 187, 
201 

Separation parameter, 46, 191, 195 
Shankland, 234 
Signal velocity, 331 
Simultaneity, 243 
Skin depth, 182, 187 
Smolukowski, 333 


SnelFs law, 178 
Sommerfeld, 331 
Source density, 1 

Space-time, average of electric field, 
29 

Space-time continuum, 254-257 
Space-time interval, 252, 264 
Specific inductive capacity, 26 
Spherical Bessel functions, 202 
Spherical cavities, 203 
Spherical coordinates, 74, 201, 387-388 
Spherical harmonics, 74 
Spherical waves, 201 
Stellar aberration, 237, 259, 348 
Stewart, 239 
Stokes’ theorem, 9 
Stratton, 133 
Stream function, 55 
Stress tensor, 95, 162, 172, 345 
at surface of dielectric, 98 
“Strong focusing,” 362 
Substantial derivative, 94 
Sum rule, 335 
Summation convention, 15 
Superposition principle, 1 
Surface charge, 12, 18 
Surface dipole layer, 17 
Susceptibility, electric, 25 
magnetic, 129 

Symmetry, of energy-momentum tensor, 
349 

Synchronization of clocks, 248 

Telegraphers’ equation, 170 
Temperature dependence of dielectric 
constant, 34, 91 
Tensor, contravariant, 263 
covariant, 264 
definitions, 263, 280 
dual of, 282 

electromagnetic field, 281, 380 
energy-momentum, 345, 349 
field, 341 
metric, 264 

stress, 95, 162, 172, 345 
Tensor divergence, 96, 265 
Tensor relations, 263-267 
Tensor susceptibility, 26 
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Thomson moving-mirror experiment, 239 
Thomson scattering, 326 
Thomson’s theorem, 91 
Time average, complex vectors, 171 
Time dilation, 247 
Time of relaxation. 111, 167 
Torque, on a dipole, 16 
on a moving dipole, 232 
on a moving lever, 272 
Total reflection, 180 
Trajectories of particles in fields, 355 
Transformation relations, of current and 
charge, 277 

of electric and magnetic moment, 342 
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Page 23, Problem 7: the upper limit of the second integral should be r". 


Page 44, line 7, for ‘'conductor, and the potential and field on the left in” 
read: “conductor and the negative charge on the right removed; the 
potential on the right in Fig. 3--2(a)” 

Page 56, line before (4-7), /or “Eq. (4-5)” read “Eq. (4-6).” 


Page 85, Problem 8, for “due to a disk” read “due to a conducting disk.” 


Page 113, Eq. (7-26), /or “r^” in the denominator, read “ri 2 ^.” 


Page 134, delete from Eq. (8-30) through end of first faragraph]^^. 135, and 
insert: 

A = + V X (a?7), (8-30) 

which obviously satisfies V*k = 0. Here a is the vector of the (in 
general curvilinear) coordinate system which is to be chosen to fulfill 
certain conditions. The expression B == V x A will not depend on V ; 
hence U is the only function necessary to specify the field. This is as it 
should be, because in a source-free region there is no distinction between 
a field derivable from a scalar or vector potential. In general, however, 

V is needed to meet boundary value requirements on A. 

The function A as given by Eq. (8-30) satisfies the condition 

V X (V X A) = 0 if a fulfills the condition that (in tensor notation) 
the function da^/dXa is a diagonal matrix with equal coefficients, that 
is, da^/dXa ~ const 5«/3. Note that this condition implies that 

V X a = 0. This condition is satisfied, for example, when a = Xi, 
yi, or Zi, or by the vector r in spherical coordinates; the subscript-1 
denotes a unit vector. 

To prove this, we note that from (8-30), 


B==VxA=-Vx(ax VC/). 


In tensor notation this becomes 


aT a 

dz^ ' 


~V X A|, 


A A 
dXB l"" J 



which can be reduced to 



X A: 


d 

dXcc 


Ct/3 


dx^_ 


, 9 da/3 
"" dxp dXa 


dU da^ 

dXa dX0 ^ 


using the condition V^{7 = 0, and the implied condition above. The 
first term of this relation is a pure gradient; the remaining terms are also 
pure gradients if a satisfies the condition above. Hence V x (V x A) 
vanishes. 


Page 177, Eq. (11-41), numerator of second member, for “E” read 


Page 180, Eq. (11-51), replace i/n^ by i. 


Page 180, Eq. (11-53), delete in the denominator. 


Page 180, Eq, (11-54), replace i by i/n^ in the first member. Read 
cos for ‘^cos in the denominator of the definition of 

Page 182, second member of Eq. (11-61), for ''E” read 


Page 184, Problem 2, numerator of first equation, for ^‘2 cos 0 cos 0'” read 
“2 cos <9 sin 


Page 266, Fig. 16-1, /or read '‘dS^'-jfor read “dS/.” 

Page 279, Eq. (17-16), /or “(.tOi “ (^^ 2 ” read '\x ^)2 — 

Page 308, Eq. (19-40), /or read 

Page 309, line below Eq. (19-43), for “per unit solid angle” read “into an 
angle dO. ” 

Page 309, line below (19-44), for “total rate of” read “total energy of the.”^ 
Page 319, Eq. {20-22) j for read 



) m,. 




Page 34S, Eq. (22-20), /or “ary 

Page 356, left-hand side of Eq. (23-28), lower limit of integral, for “x ” 
read “xa,.” 

Page 356, Eq. (23-30), limits on integral, for “ri” and “ 72 ” read “xi” 
and “;r 2 .” 

Page 370, equation below (17-30), right-hand member, /or “E = V x A” 
read “B = V x A.” 

Page 372, Eqs. (24-50), insert “i” before “k" in both. 

Page 384, Table 1-2 line 13 (volt/meter), should be f X 10~^. 



